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PKEFACE 

TT is hoped that the following Solutions of the Examples 
in my Treatise on Conic Sections will be of use to teachers, 
many of whom can ill afford time to write out detailed 
solutions of the questions which prove too difficult for their 
pupils ; and that it will also be of service to those students 
who read the subject without the assistance of a teacher. 

The solutions will, I trust, be found sufficiently full and 
clear. In some cases more than one solution is given. 

My thanks are due to several of my friends, and par- 
ticularly to Mr S. L. Loney, to Mr J. Barnard and to 
Rev, H. T. Lewis, for their kindness in reading the proof 
sheets. 



CHARLES SMITH. 



Sidney Sussex Golleoe, 
July, 1888. 
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KEY 



TO 

CONIC SECTIONS. 

CHAPTER I. 
Page 5. 

1. V{a + 3)« + (2 + l)«} = 5. 

2. (i)V{(l + l)' + (-l-l)'}=N/8; (ii)N/{(a + 6)« + (-a-6)»} = (a + 6)V2; 
(iU) V{(3+1)H(4-1)2}=V25 = 5. 

3. The lengths of the lines joining the points are JU-l+JS)^ 
( 1_^3)«}, m_ - - " - 

which IS equal to ^JS. 



+ (-1-^3)2}, ^{(-^3-l)2+(V3-l)2} and ^{{l + lf + {l + iy^}^ each of 
' • ' * 1 to V8 



4. Call the points in the order given A^ B, C, D. Then AB 
=V{2* + (-l-3)2}=V20, and CD= J{{Q-S)^ + {7- Sf}=j20, Again BC 
=V{(-2-6)2 + (3-7)2}=V80, and DA= ^{8^ + {S + iy'} =^80, Since ^B 
= CD and BC=DA the figure is a parallelogram. But -40^=62+ (7 + 1)« 
= 100=^B«+BC7«, and .*. the angle ABC is a right angle. 

5. ^Ba=(-2)« + (-l-l)«=8,B(7«=2«+(l-3)«=8, 02)2= 23 + (3 -1)2= 8, 
and D^2=(-2)2 + (l + l)«=8: the sides of ABCD are therefore all equal. 
Also ^C72=(-l-3)2=16=i4B2 + £(72^ an^ therefore 4B is perpendicular to 
BC. Henoe ABCD is a square. 

In the second example, ^£2= (2 -4)2+ (1-3)2=8, BC2=(4-2)2 + (3-6)2 
=8, C7D«=22 + (5-3)2=8, and D^2=(-2)2 + (3-l)-'=8: the sides are 
therefore all equal. Also ^ (72 ^ (2 -2)'» + (1-6)2 =16=^^2 +£(72, . ^^ jg 
perpendicular to BC. 

6. ^B2=(2- 5)2+ (1-4)2= 18 and CD2=(4-l)2+(7-4)2=18; /. AB 
= GD. Again, 50*= (6 -4)2 + (4 -7)2 = 10 and D^2=(l-2)2+(4-l)2=10; 
.*. BC=DA. Hence opposite sides of ABCD are equal, and therefore ABCD 
is a parallelogram. 

7. We have (x - 3)2 + (y _ 4)2 = (x - 1)2 + (y + 2)2, whence 4x + 12y = 20. 
S. C. K. ^ 1 
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2 CONIC SECTIONS. [CHAP. 

Pages 7 and 8. 

1. i(2.8-4.1 + 4.6-2.3 + 2.1-2.6)=4. 
^{4(-6)-6(-6)+6.1-3(-6) + 8(-6)-4.1}=i. 

2. i{1.4-3.2 + 3.3-6.4+6.2-6.3 + 6.2-i.2}=V. 
i{2.3-(-2)2 + (-2)(-3)-(-3)8 + (-8)(-2)-l(-3) + 1.2-2(-2)} 

=20. 

Page 9. 

1. Let {x, y) be any point on the locus; then we have 

(a;-8)2 + (y-4)«=(a;-6)2 + (y + 2)«, 
whence 4x - 12y =4, or x - 3y = 1. 

2. Let (Xf y) be any point on the locus ; then we have 

{(a;-a)«+y'} + {{x+a)*+y^] =2c«, 
whence a^+y^=c*-a\ 

3. Let (:r, y) be any point on the locus ; then 

{{X - a)« + y«} - {(x + a)2 + y«} = c*, 
whence 4xy=±c». 

4. Let the fixed points be (xj, y^) and (x,, ys), and let any point on the 
locus be (a:, y); then the ratio of {x - x^)^ -^ {y - y^)^ to (a!-a;2)*+(y-y^2 jg 
constant, k : 1 suppose. Hence {x - Xj)^ + (y - yJ' = Aj {(« - Xj)* + (y - yj)*}, 
which is the required equation. 

5. Let {Xi y^ be any point on the locus ; then the distance of this point 
from the origin is nJix^+y^) and its distance from the axis of x is y. Hence 
y=is/(x^+y^9 whence 8y«=«2. 

6. Let (Xt y) be any point on the locus ; then we have 

y=V{(x-l)2+(y-in, 
whence x2-2x-2y + 2=0. 

Page 11. 

1. x = l.cos| = 0, y = l.sin^ = l; ar = 2cos| = l, y = 2sin^ = ^3; 
x=-4co8r- j) = -2V2, y=-4sin(-^^=2V2. 

2. For the point (-1,-1): r=s/{^^ + y^=^{{-l)^+{^l)^] = ^^2, 

and ^=tan-i ^ = tan-^ ^ =tan-i 1= ^ or -^ . Now, in order that r cos $ 
X —1 4 4 
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I.] CONIC SECTIONS. 3 

Bit 
may be - 1, if we consider that r=+^2 we must suppose ^ = -j ; a^d if 

we take r = - ^2 we must have ^ = 7 • ^® ^^^ therefore consider the polar 

coordinates to be either r = ^2, = -j ; or r = - ^2, ^ = 1 • [I* ^^ l>6 

obvious from a figure that these represent the same point.] 

For the point (-1, ^3): r=V(l + 3)= ±2, and ^=tan-i ~| = y or 

Bit 2ir 

-S-. If we take r= +2, we must take 6= -^ , since a;=rcos^= - 1; so also, 

Bit 

if we take r = - 2 we must take = -^, Hence the coordinates required 

o 

arer=2,^=y; orr=-2,^=^. 

For the point (3, -4): r=V(3»+42)= ±6 and ^=tan-i-^; but, since 

o 

r cos is positive, r and ^ must be so chosen that r and cos may be both 

positive or both negative. 

3. V{2'+4«-2.2.4cos60«}=V12. 

4. ±4Jl.lBin| + l.V2.Bin(|-^)W2.1.sin(-|)j=4. 



1—2 
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CHAPTER II. 



Page 21. 

1. Substitating the coordinates in the left-hand members, we have 
2(3)-3(2)-l and 3(3)-2(2)-l which are respectively negative and 
positive, 

2. Substituting (2, - 1) and (1, 1) in 3a;+ 4y - 6, we have 3 (2) + 4 (-1) - 6 
and 3 (1) + 4 (1) - 6 which are of contrary signs. 

3. Substitute the coordinates of the four points in the left-hand members 
of ^e two given equations: the signs of the results will then be found to 
be+,+; -,-; -,+; and + , - respectively. 



Pages 22—24. 

1, The lines can be drawn by finding the intercepts on the axes, as in 
Art. 21. The intercepts are 

(i) 2, 2. (ii) 4, -3. (iii) - J, i and (iv) -h -h 

2- « |^? = 2^)»^^^-^^ + ^=^- . 

.... x-a y-h ,/N 

(u) - — 7=f--, or x + y-a-h=Q. 
^ ' a-^o o — a 

3. tan ISDN's — 77, = - tan 30<'. Hence [Art. 23] the equations are 
respectively y-\-l=- -^^(x-'l) and y + 1= -^ (a; - 1). 

4. See Art. 20. 

5. The line is to pass through the point (4, 5) and to make an angle 
tan"i| with the axis of x. Hence its equation is y-5=|(a;-4), that is 
3y-2a;-7=0. 
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CHAP. II.] CONIC SECTIONS. 5 

6. The equation of the line joining (2, 3) and (3, - 1) is ^^ = ^^_ ; 

3+1 2—3 
hence the line makes with the axis of x an angle tan~^ (-4). The equation 
of a parallel line through (2, 1) is therefore y-l=-4(aj-2), or4a: + y-9=0. 

7. Let a be the length of the intercept on either axis ; then the equation 
of the line will be - + ^ = 1. Now in order that the line may pass through 

(5, 6) we must have - + - = 1, that is, a =11; and hence the required 
equation ia x+y = ll, 

8. (i) '- ^ 



7. 77 -2 (-99) ""3 (-99) -77. 5 "5.2-7. 3* 
*^^*^« Wl^-m-^V ••.-=-67,y = 62. 



(ii) 



y 1 



-6.4-1.1 "1.1-2.4 2.1- (-6)1' 



thatis JL = ±=^; /. a;=-3, y=-l. 

..... X y 1 ah 

h a h a a? }^ 

9. The first two lines meet in the point given by 

a? _ y _ 1 
-30-28" -21 + 60" -20-9* 

that is in the point a;=2, y= -1; and (2, - 1) is obviously on a; + 2y=0. 

10. The equation of the line through the first two points is -^^ = ^ ~ , 

— a 11 — O 

that is 4a; + y- 11=0; and the point (3, -1) is on the straight line 
4a;+y - 11=0 since 4 (3) + (- 1) - 11=0. 

The equation of the line through (3a, 0) and (0, 36) is g - + Jr = 1} and 

oa oo 

(a, 26) is on this line since s- + ;rr=l- 
^ ' oa oo 

,, mi_ X. «-2 y-3 aj+3 y + 6 , a?-l y-2 

11. The equations are 2-^ = |^. ^33-1 = ^2 "''* rr2 = |r3 

respectively. These reduce to 8a;-6y-l=0, 7a;-4y+l=0 anda;-y + l=0. 

12. The middle points of the sides opposite to (1, 2), (2, 3) and 
(-3, -5) are (-i, -l).(-l. - |) and (|, |) respectively [Art. 5]. 
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6 CONIC SECTIONS. [CHAP. 

Uenoe the required equations are — i^ = ^— = , ^ — := = ?-— « and 

-ii2- = -lii-» respectively, that is 2a;-y=0, 3a;-2y=0 and 6aj-3y=0 

-8-1 -6-§ 

respeotiyely. 

13. The extremities of one diagonal are (a, c), (&, d) and its equation is 
therefore — ^, = ^^—3 which may be written (d-'C)x+{a-b)y + b€-ad=0, 

The extremities of the other diagonal are (a, (2), (6, c) and its equation is 
therefore t =^—- which may be written {d-c)x+{b-a)y + ae-bd=0. 

14. The point of intersection of 3a; + y-2=0 and 2a; -y- 3=0 is 
(1, - 1), and the point (1, -1) willbeonaa; + 2y-3=0provided a-2-3=0; 
hence if the lines meet in a point a must be 5. 

15. The equations of the lines are a? - 3y +6=0 and ar+y - 6=0, which 
meet in the point x=y=^; and the point ( h * h ) ^^ clearly midway between 
(1, 2) and (4, 3). 

16. Substituting the coordinates of the two points in the left-hand 
member of 6y-6a;+4=0 the results are 7 and -4 which are of different 
signs, and hence the points are on opposite sides of the line. 

17. The results of substitution are + It and - 1 ; hence the points are 
on opposite sides of the line. 

18. In order that any particular point may be within a triangle it 
is necessary and sufficient that each angular point of the triangle and the 
point in question should be on the same side of the opposite side of the 
triangle. In the present case the angular points of the triimgle will be found 
tobe(-l, -2), (3, 4) and (-4, 3). Now (0, 0) and ( - 1, - 2] are both on the 
positive side of a?- 7y+25=0 ; also (0, 0) and (3, 4) are both on the positive 
side of 6a; +3^+11 =0 ; and (0, 0) and (-4, 3) are both on the negative side 
of 3a; - 2y - 1 = 0. Hence the origin (0, 0) is within the triangle. 



Pages 30—31. 
1- <^) ^"' l2'.3+i!l =*"^"'^=^^'' 

^^^ *^°"^ i:2+2";-ir ^^"^"-^^' 



<^") '^''-' A(AjHB(B^Ar '^^-'^=^''' 
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II.] CONIC SECTIONS. 7 

2. 7(a;-3)-2(y-l)=0, thatis7a;-2y = 19. 

3. The line through (0, 0) perpendicular to 3a; + 22/ - 6 = is 2a; - 3y = 
and the foot of the perpendicular is { tq > Tq ) • 

The line through (0, 0) perpendicular to ix + Sy -7 =0 is Sx - iy=Q and 

(28 21 \ 
25* 25/ ' 

Hence the line joining these points is .. ^o = ,q o, > 

13"25 13'"25 
13a; -15 13y-10 



11 ~ - 23 



-, which reduces to 23a; + lly=36. 



4.2 + 3.3-7 10_g 5.2 + 12.3-20 26 3.2 + 4.3-8 

*' V(42 + 32) "5"^' V(5«+122) -13-^' ^(32 + 4'*) 

5. The lines are 3 (a;-l) + 4 (y-lj=0 and 3 (a;+2) + 4 (y + l)=0, that is 
3a; + 4y - 7 = and 3a! + 4y + 10 = 0. Tne distance between two parallel lines 
is the length of the perpendicular on either line drawn from any point on 
the other; and the perpendicular from (-2, -1) on 3x + 4y-7=0 is 

3(-2)+4(-l)-7 17 .u^,u A'4. • ^ • 17 

-^ — r-^ — - — = --=-, SO that the distance required is -=-. 

o 

6, The equations are of the form y-3=m(«-2), where m is found 

_1_ 

from=t 1= , .., = -. The two values of wi are - 3 and 7; , and 

i+f ^^- ""-^ ' 



Tl> 



the corresponding equations are y - 3 + 3 (a; - 2) =0 and 3 (y - 3) - (a; - 2) =0, 
that is 3a;+y-9=0 and 3y-«-7=0. 

7. Any straight line parallel to a;+7y+2=0 is x + 7y + c=0; and 

the lines whose perpendicular distances from (1, - 1) are ^ 1 are those for 

1 — 7 + c 
which c is given by ' . =s=fcl. Hence the equations required are 
voU 

a; + 7y + 6=fc/^60=0. 

8, Any line through the intersection of the given lines is 

a;-4y-7 + X(y + 2a;-l) = [Art. 33]; 

this will go through the origin if X= - 7, and hence the required equation is 
13aj+lly=0. 
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8 CONIC SECTIONS. [CHAP. 

Or thus : 

The point of intersection of the lines x-4y-7=0 and y + 2x-l = is 

(-Q-, --Q-)' •*• til® liii® J^^^ed is «^ = J9, or 13x+lly=0. 

"9 "9" 

9. Any line through the intersection is given by 

3x + 4y-2+\(aj-2y + 6) = 0. 
This will pass through (1, 1), if 6 + X (4)=0, that is if X= - 1 . 

4(3a; + 4y-.2)-6(a5-2y + 6) = 0, 
or 7x-\-26y - 33=0, is the equation required. 

10. Any line through the intersection is given by 

y-4x-l+X(2aj+5y-6)=0. 

This will be perpendicular to 3y + 4a; = 0, if 4 (- 4 + 2X) + 3 (1 + 5X) = 0, that 
is if 23X - 13 = 0. Therefore the required equation is 

23(y-4a;-l) + 13(2a; + 6y-6)=0, or 88y-66x- 101=0. 

11. The equations of the sides are 

a?-3 _ y-2 x+1 __ y + 1 , x-2 __ y-1 
3 + l"2 + i' -l-2"-l-l 2-3"l-2' 

that is 3aj-4y-l=0, 2a5-3y-l=0 anda;-y-l=0. 

Hence the lengths of the perpendiculars on the lines from(0, 0) are 

reapectively^.-igand-i. 

12. The equations of the bisectors are 

4y + 3j;-12 3y+4j;-24 

V(4« + 3'') - V(3» + 4«) ' 
which reduce to y-a; + 12=0 and 7y + 7a?-36=0. 

13. The lines a;+3y-10=0 and 3a;-y + 6=0 will be found to intersect 
in the point (-o» o)» and the lines x + 3y-20=0 and 3a;- y- 5=0 in 

the point ( « » "o" ) • Hence the equation of one diagonal is 2aj - 4y + 16= 0. 

Again, the lines a; + 3y - 10 = and 3a! - y - 5 = will be found to intersect 
in the point ( ^1 0)1 and the lines a; + 3y-20=0 and 3a;-y + ^=0 ^^ ^^ 

point ( 9 » -«- ) • Hence the equation of the other diagonal is 4a; + 2y - 15 = 0. 

Also the two diagonals 2a; -4^+15=0 and 4a; +2y- 16 = will be found 

(3 9\ 
2* 2 ) • 
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II.] CONIC SECTIONS. 9 

14. The angular points are (c, -c), (c, c) and (0, 0). Hence, from 
Art. 6, the area = gz{c,c-c{-c)}=c*. 

a 

The result will be obvious if the three lines are drawn in a figure. 

15. The angular points of the triangle will be found to be ( - 2, - 6), 
( - 5, - ^ ) and (0, 0). Hence the area 

/ 6 2\ / 3 22*\ 

16. The angular points are (7, -8), (-«» «) and (-«i -=-); and 

therefore the area of the triangle is 
^1(, 2 / 6\, ^, / 6\22 / 3\2 / 3\ , ^, „ 22) 338 

17. The lines intercept a length c^ - c^ on the axis of ^, and the abscissa 
of their point of intersection is — ? — ^ ; hence the area of the triangle is 

2<^2""^^^i^- 

18. If the lines be called respectively BCP, CA(^ and ABB.y where 
P, Q, B. are the points of intersection with the axis of y\ then, it will be 
seen from a figure that 

aACB=z AAQR+ ABRP+ aCPQ, 

provided that the area of a triangle is considered to be positive or negative 
according as the triangle lies on the left-hand or on the right-hand in going 
round in the given order of the angular points. 

Hence, from the preceding example, 

19. Let the equations of the two given straight lines be 

a;cosa+ysina-^=0 and a;cos/3+ysin^-^=0. 
Then, if {x'y y') ^ any point on the locus, we have 

a/ coa a+y^ Bin a-p+x' coBp+y* sin p - gr= constant = ft suppose. 
Hence (x', y') must always lie on the straight line whose equation is 
« (cos a + cos /3) + y (sin a + sin /3) -^ - gr = ft. 
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10 CONIC SEcnoNa [chap. 

Pages 34—35. 

1. The lines are [Art. 86] inclined at an angle 

tan->ii^<?!j*:il>=t«n-Mtan*)=». 

2. The equation is equivalent to (oc + 8y - 2) (aj - 2y + 9) = 0, and therefore 
represents the two lines « + 3y-2=0, «-2y + 9=0, which are inclined 

[Art. 29, iii] at any angle tan-i v-^ ffa"/'^ =tan-i 1=460. 

1 . 1 + o { — ^) 

3. (i) The lines are x=a and y=^a, which are obviouslj at right 
angles to one another. 

(ii) The equation is equivalent to (a;-2y)(x+2i/)=0 and therefore 
represents the lines x-'2y=0, x + 2y=0: tibese are inclined at an angle 

1.2-l(-2) ^ 4 

"^ l.l + 2(-2) ^^ 8* 

(iii) Thelinesare theaxesa?=0, y=0. 

(iv) The equation may be written (x-8)(y-2)=0 and therefore re- 
presents the lines a;-3=0, y-2=0 which are obviously at right angles 
to one another. 

(v) The equation may be written (a;-4y)(x-y)=0, and therefore re- 
presents the lines x - 4^^ = and x-y=0 which are mclined at an angle 

^ , l(_4)-l(-l) ^ ,-3 

(vi) The equation may be written (x - 4y + 4) (x - y - 1) = and therefore 
represents the lines x-4y+4=0, x-y-l=0; the lines are parallel to 

— 3 
the lines in (v) and are inclined at an angle tan-^ — . 

(vii) Writing the equation in the form (x + y cot 2a)^ - (y^ + y^ cot' 2a) = 0, 
that is (x+ycot 2a)'-^cosec'2a=0, we see that the equation represents 
the two lines x+ycot2a=i:ycosec2a=0, that is xsina+ycosa=0 and 
xoosa-ysina=0. 

4. From Art. 87 (iii)* the condition is 
X....X-X..(-|y-.(Hy-X(-5,.2(-|)(-)(-5) = 0. 

whence X= 2. 

The lines are parallel to 12flE^-10a^+2y*=0 and are therefore inclined 
, ^ ,2^(25-24) . ,1 
at an angle tan-i ^^^ ^ ' = tan"i - . 
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II.] CONIC SECTIONS. 11 

5. From Art. 37 (iii) the condition is 

— "(-I)"-(?)"-G)'-K-S(t)^»- 

whence 2X2 + 65X + 350=0, so that X= - 10 or X= - 17i. 

6. The condition is 

12 . X . 3-12 . 32-X . 32-3 . 182 + 2 .3.3. 18=0, 
whence X= 28. 

The lines are imaginary since 182 _ 12 . 28 is negative. 

7. The condition is - 2 (^)'+ 2 • | • | • ^ =0, whence X= y . [For the 
value X=0 the equation would represent one straight line.] 

8. The equation of the lines is Sx^ + 5xy'-Sy^+{2x + Sy)(Sx-2y) = 0, 
that is 9x^+10xy-9y*=0; and the paur of lines 9a;2 + 10iC2/- 93/2=0 are at 
right angles since the sum of the coefficients of x^ and y^ is zero. 



Page 39. 

1. Put a= - 1, 6=1, h=0 in the formula of Art. 44. 

2. The equation is of the form a{x-l)-\-b{y-2)=0 and if the line is 
perpendicular to a;+2y=0 we have [Art. 42, (iii)] a + 26- (2a + 6) cos 60*^=0, 
whence 6=0, so that the required equation is as- 1=0. 

- . , 5 sin w ^ , 

3. tan-i , — = = tan-i 

1 + 6 cos w 

4. The lines y = m^x, y = m^ make equal angles with y=Oit 

mi sin w _ m, sin a; 
l+jWiCosw"" 1+9% cos a;* 
whence % + wij + 2mim2 cos w = 0. 

2B A 

5. wij + 7w,= - — and TOiTOjss ^ ; hence, from 4» - B + -4 cos w =0. 

6. The lines are inclined at an angle 

tan-i 2 sin w /^ (cos^ w - cos 2w) / (1 + cos 2w - 2 cos2w) - tan"»oo =• 5 . 

7. The polar equation of the line joining (r^, ^j), (rj, ^a) i" 

rjT^ sin (6^ - e^) + r,r sin (0 - ^2) + rr^ sin (^^ - ^) = 0, 
or r cos ^ (r^ sin 0^ - rg sin ^J + r sin ^ (r^ cos 62 - r^ cos 0^) - rir^ sin {0i - 0^) = 0. 
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12 CONIC SECTIONS. [CHAP. 

Comparing with p=r cos (6 -a), that is with 

rcoB^co8a+rsin^sina-|)=0, we have 

COS a sing p ^ 

r^ sin ^1 - rj sin ^j ~ fj cos ^a - r^ cos B^ "~ riV^ sin {S^ - 0^ ' 
P = '•i'*2 sin (^1 - ^a) / V {(''i sin ^1 - ^'a sin ^a)* + (r, cos ^, - r^ cos 0j)^ 
=riraSin(^i-^a)/V{ri8+rj»-2rir,cos(^i-^a)}, 

, ^ , r, COS ^« - fi COS 0. 

and o = tan~i -^ — -^ — ^ . / . 
Ti sin ^1 - fj Bin 0^ 

The required polar coordinates are p and a. 



Pages 43— 46< 

1. Let the equation of the straight line in any one of its possible 

XV 11 1 

positions be t + | = 1 ; then we have t + ^ = const. = - suppose, that is 

V + r = 1} from which it is clear that the line always passes through the fixed 
point (a, a), 

2. From Art. 29 it follows that two lines y=:miX and y=m^ are at 

right angles when the value of - for one line is equal to the value of 

X y 

for the other. Hence the two lines through the origin perpendicular to 
a»* + 2fecy + 6y'=0, 

that is toa+2;i^ + 6 f ??) are given by 

<»-^2*(j) + 5(-f)'=0, 
that is ay2 _ ^ij^ + 6a^ = 0. 

3. The line through (a, 6) perpendicular to 

y- ma?=Ois (a?-a)+wi(y-6)=Q, 

so that the value of - for one line is equal to the value of -^"^^ for the 

X ^ y-b 

perpendicular line through (a, b). Hence the lines through (a, b) perpen- 
dicular to the lines 

that is to po {^ly+Pi (|)'^'+^a {ij '+ - '^Pn=0 

( x-a\^ 
are given by i'ol-^r^j + -^Pn^^^ 

that is p^ [y-hy- + ( - l)"i?o (a;-ar=0. 
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II.] CONIC SECTIONS. 13 

4. The angles the lines make with the axis of x are given by 

l + 3tan^-3tan2^-tan»^=0, 
whence tan 3^= - 1. Hence the lines make angles 

with the axis of x, and therefore are equally inclined to one another. 

5. Take OA for the axis of x and OB for the axis of y. Let OA = at 
OB=b, and let AP:BQ=m:n, Then if AP=mk, BQ will be nk. The 
coordinates of P will be a + mk, and those of Q will be 0, & + nk. Hence, 
if (x, y) be the middle point of PQ, we have 

1 / . 1 \ 1 /i . 7 \ 2x-a 2w - 6 
x=:^{a + mk),y = -{b+nk); .-.-^ = *— . 

which is the equation of the required locus. 

6. Let the equation of the straight line in any o;ie of its possible 
positions be xooBa-hysina-p=0, where a and p are unknown; and let 
(^1* ^i)> (^2> ^2)* ^^* ^ ^^^ given fixed points. Then 

(aiCOSa + 6iSina-^) + (a2COSa + 62 8ina-j>) + =0 (i). 

Let 2a=ai+a2+..., and S6=6i + 6j+..., and let there be n of the given 
fixed points; tiien (i) may be written 2a .cosa + 2& . sina-np^O, tlmt is 

— . cos aH . sin a -p=0; whence it follows that the fixed point ( — , — ) 

n n-^* '^ \n * n J 

is always on the straight line. [The fixed point through which the line 

always passes is the centre of mean position of the given points.] 

7. Let the fixed lines OM^ ON be taken as axes, and let to be the 
angle between them. 

Let Xf y be the coordinates of P and ^, 77 the coordinates of Q. Then 
it will be seen from a figure that 01f=x+y cos w, and 0-y=y4-a!Cos w. 
Hence, as 0M=^ and ON^^rjt we have 

^=x + yeoa(a and rf=y+xcoBuj\ 

/. xain^(a=^-rjcoB(a and y sin^w=77-^cosw (i). 

Hence, it Ax + By-\-C=0 be the equation of the straight line on which P 
moves, we have, by substituting from (i), 

A (^-»7Cosw) + B(i7-|cos«) + Csin'w = 0, 

which is a relation of the first degree in ^ and 77, and therefore shews 
that Q (^, rj) is always on a fixed straight line. 

8. Take the point O for pole and any straight line through O for initial 
line, and let the equations of the fixed straight lines be pi = rcos{0-aj) 
and po=rooB(0-a^. Then, if the line OPQ make any angle 6 with the 
initi^ line, we have 

Pj^ = OP 00a (e-ai) and p2=OQcos(^-a2); 
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14 CONIC SECTIONS. [CHAP. 

JL 1 _ C08(g-tt|) C0S(tf-C4) 

Au i. ^ COS (^ - ai) . 008(^-0.) . ^ T> . .1 

BO that 77= = ^ i^ + — i -^ =-4 cos ^ + B Bin d, 

OH pi p, 

, ^ COB a, COBOL, - _ sinou Bincu 

where A = ^ + ^ and B = -* + — -? . 

Pi Pi Pi Pi 

Hence the equation of the locos of i2 is 

2= A, OR ooB $+B. OR Bine 

=Ax+By, 

where Xy y are the rectangular coordinates of R, 

9. One diagonal is the line joining the point of intersection of a=0 
and a'=0 to the point of intersection of a^c and a'=c. 

Now any line through the point of intersection of a=0 and a'=0 is 
given by 

o-Xa'=0 (i) [Art. 33]. 

The equation (i) will therefore be the equation of one of the diagonals 
provided X be so chosen that (i) goes through the point of intersection of 
a=c and a'=Cy tiie condition for which is c -Xc=0, so that X=l. 

Hence the equation of one diagonal is a- a'=0. Similarly the equation 
of the other diagonal is a + a' - c= 0. 

10. Let AB = a, AD = 6, and angle BAD = o. 
Then the equation of AB is ^=0, and of AD ia$=a. 

The perpendicular from A on BC is a sin a, and it makes an angle 

a - ^ with AB ; hence the equation of BC is a sin a=r cos ( ^ ' <^+ ^ ) • 

The perpendicular from ^i on CD is & sin a and it makes an angle x 
with AB ; hence the equation of CD is 

6sina=rco8f d- ^ j . 

The line AC makes with AB an angle tan-^6sino/(a + 6cosa), and 
therefore its equation is ^ = tan~^ 6 sin a/ (a + 6 cos a). 

The equation of BD referred to AB and AD as oblique axes is obviously 
xla+ylb=l. 

But a;/sin (a - ^) =y /sin ^=r/sin a ; hence the polar equation of BD is 
rsin (a-^)/a+rBin^/&=8ina. 

11. Let X be the point {h, k), and let Jif , ^ be the feet of the per- 
pendiculars on the axes, and LK the perpendicular from L to MN, 

Then LK . MN = 2aMLN = ML . NL Bin to. But ML = kBm(a and 
J^L=^ sin w ; also, since 0, M, Ly 2^ are on a circle whose diameter is Oi, 

MN= OL sin w= sin w J(h^ +k^-{- 2hh cos w). 
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II.] CONIC SECTIONS. 15 

Hence LK = hk Bin* to I ^(h^ + k^+2hkcoa<a). 

Again, since 0M= h+JccoB(a and 0N= k + hooB w, the equation of MN is 

^ + y =1. 

h + k cos (a k-hh cos w 
Also the equation of LK is of the form 

A{x-h)+B(y-k)=0 (i). 

But LK is perpendicular to MN; hence [Art. 42] 
A{k + hooBi/j+B(h + kcoBb))-Acoau) {h+ k cob u) - B coa to (k + h cos w) = 0, 

that is AkBia^(a + Bhaii^(a=0 (ii). 

From (i) and (ii) it follows that the equation of LK is 
h(x-h)^k{y-k)=0. 

12. Let y=mx he the equation of a straight line through (0, 0) which 
is at a distance 8 from (x^, y^) ; then 

But m= - ; and therefore 

(».-i'.)'=K'*S)' 

that is {xyi-Xjy)*=8^{x^+y% 

13. Take AB for the axis of x and AC for the axis of y, and let AB — a, 
AC=b. 

Then F is (a, -a) and C is (0, b); /. equation of FC is ^^ = z~b* 
that is (a + &) as + aj^ - a& = 0. Similarly the equation of KB is 
(a + 6) y + 6a; -a6 = 0. 

Hence (a+6)a: + ay-a6- {(a + 6)y + 6a;-a6}=0, 

that is ox- &2/=0, is the equation of a line through the intersection of FC 

and KB, But ax-}yy=0 is obviously perpendicular to - + | = 1, that is 

to BC; hence (ix-by=0 is the equation of ALy so that AL passes through 
the intersection of FC and ^£. 

14. The equation of the line joining (3, 4) and (1, - 1) is 6a; - 2y - 7=0. 

L tl: 

5 



A side of the square makes an angle j ^^^ ^^ diagonal, and hence if a 



^^2 7 3 

side be parallel to y=mx, we have =fcl= j , whence m= - « or to=- . 

l + ^m 

Hence the required equations are 3 (a; - 3) - 7 (y - 4) =0^ 3 (« - 1) - 7 (y + 1) = 0, 
7(a?-3) + 3(y-4)=0and7(a;-l) + 3(y + l)=0. 
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16 . CONIC SECTIONS. [CHAP. 

15. Take A for origin and ABX for the axis of Xy and let AB=c, 

Then if y=mx be the equation of ^C and y=m'{x-c) the equation 
of BC; then m=i&nXAG and m'=tanXBC. But since ABC -^ BAG is 
constant, it follows that the sum of the angles XAC and XBC is constant, 

and therefore -z , = const. Hence, putting - for m and — — for m', we 

1 - mm' *^ X x-c 

have for the required equation ->-^— ^— ^ = const. =zk suppose; therefore 

y(2x-c) = k(x^-y^-cx), 

16. Take the given line as axis of x and any perpendicular line as axis 
of y. Let AB and CD be the fixedlengths, and let OA=a, OB = by OC=c 
and OZ)=(i. 

Then, if {x\ y') be any point P on the locus, the equations of PAy PB, 
PC and PD will be respectively 

x -x' _ y-y' x-x' __ y-y' x-x' _ y-y' x-x' _ y-y' 

x'-a y' * x'-b \f * x'-c y' xf-d,~ y' ' 

Hence the angle APB is tan-i (-/ r—^)/ i I + 7-? — ^ , , . ]■ 

\x'-a x'-b J/ \ (x' - a) (x' - b)f 

= tan-i (a - 6) y'l{(x'- a) (x'- b)+y'^U and so also the angle CPD is 
tan-i (c-d) y'l{{x'-c){x'-d) + y'^}. But the angles APB and CPD are 
equal; hence 

(a-b)y'l{{x'-a){x'-b) + y'^} = {c-d)y'l{{x'-c){a^-d) + y'^}. 

Hence, rejecting the solution |/=0 for which each of the angles APB and 
CPD is zero, the equation of the required locus is 

{a-b){{x-c)(x''d) + y^} = {c-d){{x-a){x-b) + y^}. 

17. If (x', y') be any point which satisfies the given condition, we have 

(x' cos 6+y' sin d-a) (01! cos 0+y'8in 4>-a) 

= ( x'cos — 2^ + y sm — 2^-acos— 2^1 ; 

.-. a;'«( cos ^ cos - cos^ -4~ ) +y'^ (sin ^ sin - sin^ -^ j 

. . / . . . + d> 6 + 4>\ 

+ xy ( sm^cos0+cos^sm0-2 8m— ^cos— ^ J 

. / 6 + d> d-d>\ 

- ax ( cos ^ + co8 - 2 cos —^ cos — ^ J 

-/ . . . d + <i> 6 — d>\ - . ^0-<b 

- ay' ( sm ^ + sm - 2 sin — ^ cos ~- \-\-a^ sm* — — ^ = 0. 
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II.] CONIC SECTIONS. 17 

...sin2^(a;'3+y'«-a«) = 0, 

the coefficients of x'y\ x' and y' being zero. 

Hence (a;', y') is always on the locus whose equation is x^+y*- 0^=0. 

18. Take the given straight line for the axis of y and the line AB for 
the axis of x^ and let A be (a, 0) and B be (&, 0). 

Then, if (a?', y') be any point P on the locus, the equations of PA^ PB will 
, x-a y , x-b y 
be -> = -^ and V-— > = -^. 

a-ar -y' b-xf -y 

The intercepts made on the axis of y by PA^ PB respectively are 

therefore — —. and =— =^ . Hence — —, - :r-^,= constant =Z suppose. 
a-x, b-x' a-x b-x' 

Hence (x', y') is on the locus whose equation is 

ay ^ ^i 
a-x b-x ' 

or {b-a) xy = l(a-x) (b-x), 

19. The area of a parallelogram is easily seen to be equal to p^p^ cosec 0t 
where p^, p^ are the perpendicular distances between the pairs of parallel 
sides, and is the angle between two intersecting sides. In the present case 
we have 

^ ^ ,4.4-3.3 ^ I 7 ,25 

also ^=^^ 3.4 + 4.3 = ^^ 24 "^^^^^ T ' 

Hence the area 

7 7 25 

20. IJet the two straight lines given by aQiP + 2hxy + by^=0 be y=miX 
andy=m2a?; then mi+wi2= - — , mim2=^. 

Now y = miX and yrrwija? meet lx+my+n=0 in the points 

(^ ^_ ^^1 ^ and /" "^ ^J^a^) 

\ l + mnii* l-\-mm^j \ l + mm^* l + mrn^J 

respectively. Hence the area of the triangle is 

1 n*{m^-m^) 1 n° s/{{mi + wig)* - ^rriim^} 

2{l+mmi) (l-^-mm^)" 2 P + lm{rni + m^+mhnjrn^ 



2 /f^ A^\ 
6 



S. C. K. 
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18 CONIC SBCTX0N8. [CHAP. 

21. The equation of the bisectors of the angles between the lines 

Also the equation of the bisectors of the angles between the lines 

(a+\)~(6+X)'' h ' 

Hence the two pairs of lines have the same bisectors, whence the result 
obviously follows. 

22. If one of the lines given by oaj* + 2hxy + 6y'=0 is the same as one of 
the lines given by a'x*+2h'xy-\-b'y*=30, then the two equations 

a+2hm+hm*^0 and a' + 2Vm+6'm"=:0 

will both be satisfied by some value of m, and this value of m is given by 

w' _ , 2m _ 1 

whence it follows that 

4 (ah' - a'h) (W- h'b) = (ba' - b'ay, 
which is the condition required. 

23. The two lines through the origin perpendicular to ax'* + 2hxy + 6y* = 
are given by bx^ -^hxy + ay^ = 0. [See question 2. ] 

The condition required is therefore the condition that one of the lines 
bx^-2hxy + ay^=0 may coincide with one of the lines a'a;'+2^Vy'+6V=0. 
Hence, from we result of the preceding example, the condition required is 

4 (6 V + a'h) (- W - h'a) = (oa' - bb')\ 

24. The perpendiculars on the sides of a triangle from the centre of any 
one of the four circles which touch the sides are equal in magnitude. 

Hence the four centres are given by 

4y + 3a! ^12y-6« .y-16 

Now the angular points of the triangle are (36, 15), ( - 20, 15) and (0, 0) ; 
and when the coordinates of these angidar points are respectively substituted 
in the left-huid members of the equations 4y + 3a;=0, 12y-5a;=0 and 
y -15=0, the results are +, +, - !• These must also be the signs of the 
results when the coordinates of the inscribed circle are substituted, since the 
centre of the inscribed circle is within the triangle. [See solution of 18, page 
24.] Hence the coordinates of the centre of uie inscribed circle satisfy the 
relations 

4y+8a ; 12y - 5a? _ y - 16 
6 "^ 13 ~ 1 ' 
.-, 9y + Bx=75 and 26y - 5iB= 195, whence x^ 1 and y =8. 
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25. The equations of the sides are 

2aj+y-7=0, 05+2^-6=0, «-y + l=0; 

and when the coordinates of the angular points are substituted in the 
left-hand members of the equations of the opposite sides of the triangle the 
results are -, +, + respectively. These must also be the signs of the 
results when the coordinates of the inscribed circle are substituted, since the 
centre of the inscribed circle is within the triangle. Hence the coordinates 
of the inscribed circle satisfy the relations 

2x+y-7 _ x+2y-5 _ x-y + l 

V5 " V5 " n/2 * 

whence x= g (8+^10), y^^iU-^lO). 

The centre of the escribed circles corresponding to the points (1, 2), (2, 3) 
and (3, 1) are given respectively by the relations 

2x+y-l _ x + 2y-5 _ x-y + l 
2x + y-7 x+2y -5 x-y + l 
- 2x+y-7 x + 2y-'5 x-y + 1 

"""^ — ^ — ;76-= — V2-- 

26. Putting y=x tan ^, we have 

l-3tan2^=m(tan8^-8tan^); 

/. tan 3^=- -. 
m 

Hence, if o be any one value of « tan"~^ ( — ) , a+ -^ and a+ -77- will 

o \ mj o 6 

also be values, and the three lines represented by the given equation will 

2t 4t 

be those for which ^=0, ^=0+ -^ and ^=0+ -5- . 

o o 

27. Let the lines be y-miX=0 and y-m^x=0; then wii+m2= -2r , 

and mim2= j- . 

The product of the perpendiculars from (x', y') on the two lines will be 
y' -mixf y' - m^ _ y'^ - {jn^-Vm^ x'y' + m^^m<fl''^ 

25 
h 



y'« + — ii 



VFf^f^ 



_ hy'^ + 2hx'y'-{-ax'^ 
- ^/{(a-6)H4/^a} ' 



2—2 
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20 CONIC SECTIONS. [CHAP. 

28. I^et ox* + 2hxy + by^= b(y- niix) (y - mjx), bo that the lines are 
y-miX=0 and y-m^=0. 

Then p<,^,^^Jy^^iM^ 

1 + nil* 1 + m J-* 

^ 2y« + y* (TOt« + m,*) -2xy{l + miWg) (wii + m,) + a;» {nij* + m,« + 2?ni%g«) 
1 + WH* + wig* + mi'-'mj^ 

••• (Pi^-^Pi*) {(a'by + ^h^ = y^(2b*-2ab + Ah^) + Ah(a+b)xy 

+x^2a*-2ab+4h^). 

29. If the straight lines be y - mjX=0, y -m2X=0f y ~m^=0\ then 

1^ _ (y - wiig)« (y - wi^)« (y - msx)' 
'*^"" (l + mi«)(l+ma2)(l+m32) ' 

But ay» + 6xy» + ca;2y + dx^ = a (y - wija;) (y - mgx) (y - mgx) . 

Hence fnj+m2+m8= — » 

c 

and mjm2mj= — . 

Hence (1 + m^) (1 + m^) (1 + wij') 
= 1 + (wij + wij + mj)2 - 2 (wijmg + wi3% + miTnJ + (wijTng + mgWij + mima)^ 

- 2771^7712774 (77li + 77I2 + TTlg) + m^hn^^ 

a^ a a* a* a^ 

ay»+bxy*+cxh/ + difi 
^*'"* * ~ ^l{a-c)* + {b-df\ ■ 

30. If the three lines bey- f7*iX=0, y-»7i2a;=0, and y- 77133;= 0; then 

A 

77li77l277l8=-g. 

And, if the first two lines are at right angles, 77117713= -1; .: m^=—. 
But fn, is a root of the equation A+SBm+ZCm^+Dm^=0; 

,. ^+3B.^ + 3C.^,+D.^=0, 

that is AD^+SABD + SA^C+A^=0. 



Digitized by VjOOQ IC 



II.] CONIC SECTIONS. 21 

31. The eqnations of any two pairs of perpendicular lines through the 
origin are of the form 

x^+\xy-y*=0 and x^+fixy-y^=0. 

Hence we have to shew that for some values of X and /a the equation 

must be identical with the given equation. 

Comparing the coafficients of a^, x*y^ and xy^ we must have 

-45=a(\+At), 

6c=a(\/A-2), 

and -46=a(X + Ai). 

Since there are only two different conditions to be satisfied by X and fit 
these conditions can always be satisfied. 

The two pairs of lines will coincide if \=n\ ai^d in this case a\= -2b 
and oX^ = 2a + 6c ; .*. 25^ = a^ + Sac, 

32. The equation of any pair of perpendicular lines through the origin 
can be put into the form y^ + \xy-x^—0. Hence the necessary and suffi- 
cient condition that two of the lines represented by the given equation may 
be at right angles is that the left-hand member of the given equation may 
have a factor of the form y^+\xy - x^. 

Hence 

ay*+bxy^-[-cx^y*+dx^+es^={y*+\xy-it^) (ay^-h/ixy-ex^); 

.*. 5=aX+/A, c=X/i-a-« andd= -/A-eX. 

Eliminating X and ft we obtain the required result. 

33. The locus of the equation 

g' (ax^+2hxy + by^+2gx)-'g(a'x* + 2h'xy + h'y*+2g'x)=0 (i) 

clearly passes through all points which satisfy both ax^ + 2hxy + by^ + 2gx= 0, 
and a'a^ + 2h'xy + hY + 2p'a? = 0. 

But (i) is a homogeneous equation of the second degree, and therefore 
represents two straight lines through the origin. Hence (i) is the equation 
of the straight lines joining the origin to the points of intersection of the 
given curves. The condition that the lines represented by (i) are at right 
angles is [Art. 86] 

ag' - a'g + bg' - b'g = 0, 

or g'{a+b)=g(a' + b'). 

34. Let ABC, A'B'C be the two triangles, and let ^, B, C, be (oj, fej, 
(og, 6j) and (a„ 63) respectively, and A\ B\ C be (a^, ft) (o,, /SJ and (oj, ft) 
respectively. 

The equations of the three perpendiculars from A', B\ C on BC,CAy AB 
respectively are 
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i;(a,-o,)+y(6,-6,)-ai(aj-a^-ft(6,-6,)=0 (i), 

«(a,-ai) + y(6,-6A)-a,(aj-ai)-ft(6,-6i)=0 (u), 

and a;(ai-a,)+y (5i-6,)-o,(ai-a2)-ft (61-62)=^ (iii)- 

From (i) and (ii) by addition, we haye 

«(a2"ai)+y(62-6i)-ai(a2-aj)-ft (63-63) 

-a.K-«i)-ft(^-&i) = (iv). 

Now (iv) is the equation of a stoaight line throngh the point of intersec- 
tion of (i) and (ii) [Art. 33], and this straight line is clearly parallel to (iii). 
Hence in order that the lines (i), (ii), (iii) should meet in a point it is necessary 
and sufficient that (iv) and (iii) should represent the same straight line ; and 
the condition for tms is that 

oi(a2-a,)+ft(6j-63)+a,(a8-ai)+ft(6i-6i) + a3(a,-aJ + ft(6i-62)=0, 

which may be written in the form 

ai(a,-O8) + 6i(/3a-ft) + «2(«8-«i) + 2>2(A-i3i) + a8(ai-o,) + 68(i3i-i3a)=0, 

and this is the necessary and sufficient condition that the perpendiculars 
from Af B, to the sides B'C, C'A\ A'W respectively should meet in a 
point. 

35. Ii©* A'ffC' be any triangle having its angular points A\ B\ C on the 
fixed straight lines OA, OB, OC respectively; and let the side A'B' pass 
through the fixed point P and the side B'C through the fixed point Q. 

Take OA for axis of x, and OC for axis of y, and let the equation of OB 
be y =mx, and let P be (a, p) and Q be (7, d). 

Then, if the co-ordinate of B' be (^r', mx'), the equations of B'PA' and 
BQC ynH be respectively 

^-tt = V'P and ^^^ = y-^ . 

• • ^^ """ p-mx' p-mx' ' 

andOC'=3-li^::^ = x'5^. 
7 - ar 7 - «' 

Henoe the equation otA'C is 

xip-mx^ y(7-aO .. 
x' {fi-ma)'^ of {myS) " * 

which shews that A'C always passes through a fixed point for all values of 
of, namely through the point of intersection of the straight lines 

^ + Jfl-,=0 and ,J!!£- + -L-+1=0. 
/S-ma my-S p-ma my-d 
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Page 49. 

2. The equation becomes (aj-l)«- (y+2)2+2(a;- l) + 4(y + 2)=0, that is 
a:2-2^ + 3=0. 

3. Beferred to parallel aices through the point (a, /3), the e<[uation will be 
6(a;+o)«+6(x + o)(y+i3)"6(y+/S)«"17(aj+a) + 7(y+i9) + 6=0, thatis 

6x2+6a^-6y«+flj(12a+5/8-17)+y(6a-l2/8+7)+6a«+6dj3-6)3« 

-17a + 7/5+6=0. 
If a and /3 have the values given by 12a + 6/3 - 17 = and 6a - 12/3 + 7 = 0, 
namely the values a=/3=l, the coefficients of x and y in the transformed 
equation will be zero; and we have to shew that the terms which do 
not contain x ox y will also vanish for the values a=l, /3=1, and this 
is at once seen to be true« 

4. The equation becomes 

thatis5x2 + y2=l. 

5. Transform to parallel axes through (-1, 0); then the equation 
will become 

(«-l)»-2(«-l)y+y«+(a;-l)-3y=0, 

that is a;*-2ary+y*-a;-y=0. 

Now turn the axes through 45<^ ; then the equation will become 
f^-yV o^-y x+y fx+yy x--y x±y 

thatis^2y*-x=0. 

6. The transformed equation will be 

thati8(2 + c)a5»+(2-c)y«=2a2. 
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Page 52. 

1, By turning the axes through any angle $, ox' + 2hxy + hy^ will become 
a {x' cos e-y' sin 6) + 2h (x' cos ^ - y' sin 0) (x' sin ^ + y' cos 0) 

+ 6 {x' sin e+y' cos ^)2, or 
x'^ (a cos^ ^ + 2ft sin ^ cos ^ + 5 sin^ 6) + 2a:'2/' ((^ "" <») sin ^ cos ^ + ft (cos* e - BmH)} 
+ y'2 (a Bin2 ^ - 2ft sin ^ cos ^ + 6 cos* e). 
Hence a' + 5' = (a cos' ^ + 2ftsin^cos^+6 sin' e) + (a sin' ^ - 2ft sin ^ cos ^ 

+ 6cos'^)=a4-6. 
Also ft'' - a'6' = { (6 - a) sm ^ cos ^ + ft (cos* ^ - sin' ^)}' 

- (a cos' ^ + 2ft sin ^ cos ^ + 6 sin^ e) (a sin'^ - 2ft sin ^ cos ^ + 6 cos'^) 

= (ft'-a6) (sin'^ + cos'^)', the other terms all vanishing, 

= ft»-.a6. 

2. Since ic'+y'+2ajy cos w is the square of the distance of the point 
(as, y) from the origin, 

a;'+y'+2ary cos a; must he changed into a:"+^'+2a?'y' cos w'. 
But jK? + y' + 2a5y cos (i> will become 

(mx' + w/)' + (mV + n'y'Y + 2 (jwo/ + ny') (mV + w'y') cos w 
= a;" (w' + m" + 2mm' cos w) 
■\-y^(n^-\- n'^ + 2nn' cos w) 
+ 2x'y ' {mn + m'n' + (mn' + m'n) cos w } . 
Hence m^-\-'mf^-\- 2mm' cos w = 1, 

and n' + w" + 2wn' cos w= 1 ; 

. m'+m''~l _ n'+n''--l 
mm' "" wn' 

Page 59. 

1. PQ.RS+PJt.SQ+PS.QR 

= {P8 + SQ)RS+{PS + SR)SQ+P8.QR 

=P8(R8+SQ + QR) + SQ{RS'¥SR) 

=0, since RS+8Q-¥QR=0 and RS + 8R=:0, 

2. {PQR8}=:PQ.R8IPS.RQ. 
{QPSR} = QP.SRIQR,8P 

^(-PQ)(-RS)I{-RQ)(-P8) 

^PQ.R8IP8.RQ. 
{R8PQ} :^R8.PQIRQ . P8. 
{8RQP}=:8R,QPISP.QR=R8.PQIRQ.P6. 
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3. {PQRS}=PQ,RSIPS,RQ, 
and {PSRQ} =PS . RQ/PQ . RS ; 
1 



/. {PQRS} = 



{PSRQ\ ' 



Again {PQie5}=^|-^^and {PBQS} =^§^^'^; 

.{PQRSH{PBQSi=?^^^^^^- 

= 1, (from question 1). 

4. The four points can be taken in 24 different orders. From question 2 
if the points be taken in any particular order there are three other orders for 
which the cross ratio is the same, and therefore there can only be 24^4, 
that is 6, different cross ratios ; and it follows from question 3 that three of 
the six different cross ratios are the reciprocals of the other three. 

5. From 2 it follows that {8RQP) is always equal to {PQRS] ; and from 
3 it follows that {PQRS\ + {PRQ8]=zl, 

Hence, when {PQRS]=-ly {SRQP)=-1, and {PRQSl = 2. 

PS,QR 1 



Also {PSQR} = 



PM.QS" {PRQS} ' 



hence when {PRQS \ = 2, {PSQR } = ^ . 

6. We have PQ.RS=P8 ,QR; 

.'. {PO + OQ) (OS - OR) = [PO + OS) {OR - OQ) ; 
or, since P0=02J, 

{OR + OQ) {08 - OR) = {OR + 08} {OR - OQ) ; 
whence OQ . 08= OR*=OP^. 

7. We have PQ , R8=: -PS , RQ ; 

.'. PQ{P8-PR)=z-PS{PQ-PR); 
\ .'. 2PQ .P8=:PQ.PR+PR.PS ; 

"PR PQ^PS 
So also from PQ ,RS=-P8 , RQ, 

we have R8{-RP+RQ)= -RQ{-RP + R8); 

:. 2RQ . RSrzRP . R8+RP . RQ ; 

RP RQ^RS 
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Pages 63—64. 

1. (i) We have (« - g) "^ (^ "" 2) "^ 2 * ^^^^ *^® ^^^^^ ^^ \2* 2)' 
and the radius = ^ ^2. 

(ii) We have x^+y^+x-'2y+^=0, or (x+ IV + (2^^1)2= ^ +1_ | . 

Hence the centre is f - - , 1 V and the radius = 5 »J2. 

2. The general equation of a circle is x^+ y^ + 2gx + 2fy +c=0. This 
circle will pass through the given points provided c=0, a'+2ga+c=0 and 
62 + 2/6 + c = 0. Hence 2flr = - a, 2/= - 6, and c=0 ; and therefore the 
required equation is «' + y^ - oj; - 6y = 0. 

3. Substitute successively the co-ordinates of the points {a, 0), (-a, 0) 
and (0, 6) in the general equation of a circle, namely in the equation 
x^ + y^+2gx + 2fy+c=0; then we have a^+2ga+c=0, a^-2ga+c=0, 
6a + 2/6 + c=0. 

Hence ^=0, c^ - a^, 2/^ — ^ — : the required equation is therefore 

a3-6' 
a^+yH— y-y-a2=0. 

5. Let (^, ri) be the co-ordinates of any point P on the circle ; then the 
equations of the lines joining P to the given points {xf, y'), (oj", y") will be 
respectively 

Since these lines are at right angles, we have [Art. 42, (iii)] 
(x'-|)(a:"-^)+(y'-.^)(y"-i,) + {(a/-e(y"-i7) + (^'-«(y'-^)}cos«=0. 

Thus the equation of the locus of ((, rj) is 
{x-x'){x-'X") + {y-y'){y-y") + {(x-'ixf){p-y") + (x~a/'){y'y')}0OB(o=0. 
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6. Let the centre be (d, e) and the r»dias a ; then [Art, 67, (ii)] the 
given equation is the same as 
a;"+y'+2a:ycoflw-2«(d+«coBw)-2y(dooB«+«)+(P+«'+2d<oo8cii-a'=0. 

Henoe2cos w=l, d+eoosu= -l=(2oos(ii+e, and d* + ^ + 2de cob u) - a* 



«=600,d=<;=-|,a=?V8 



= 0; 



7. Let the equation of the circle be 

a^+y^+2gx+2fy-^e=0 (i). 

Then, since (x', y'), {x'\ y") and {x"\ y") are all on the circle, we have 

a;'»+2/'2+2^a?' + 2/y' + c=0 (ii), 

x"^+y"^+2gx''+2/y"+c=0 (iu), 



a;'"a + y'"a + 2gx'" + 2/y'" + c= . 



(iv). 



Eliminating g, /, c from the equations (i), (ii), (iii), (iv), [Smith's 
Algebra, Art. 428] we have the required equation, namely 

ac'+y" , X , y , 1 =0. 

^'^ + y'^ , X' , y' , 1 

x"^+y"\ x\ y", 1 

x""+y'"», x"\ y"\ 1 



Pages 69—70. 

1. The abscissae of the common points are given by 

a^+(2a?+l)«=2; .-.«= -1 or x=g . 

1 7 

If «= -1, y=2x+l= -1; andif a;=-, y=2x + l = 



5* 



Hence the points 



are (-1,1) and^g,?j. 

2. The abscissae of the points of intersection are given by 

x»+(5y-3x + 3a;=0, 

whence x'=0 ; hence the two values of as, and therefore also the two values 
of y, are equal, so that the line touches the oirde. 

3. It is obvious that the point (1, 1) is on both circles; and the tangent 
to the first circle at (1, 1) is ac + y=:2 ; and the tangent to the second cirde is 
a;+y-8(af+l)-3(y + l) + 10=0, which reduces to ai+y =2. Hence the two 
circles have the same tangent at (1, 1). 

4. To find where the circle cuts the axis of a;, put y=0 ; then we have 
a? - 2ax + a' = 0. Hence the circle cuts the axis of x in coincident points, and 
so also for the axis of y. 
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5. Let the equation of the chrcle he a;*+y*+2par+2/y+ife=0. Since 

a? = is a tangent, the roots of y*+2fy + k=0 must be equal ; /. k =/«. Again, 

since y=0 is a tangent, the roots of x^ + 2gx+k=0 must he equal ; .•.k=g\ 

Also, since a; - c = is a tangent, the roots of c' + y' + 2gc + 2fy + k=0 must he 

equal ; .-. c'^ + 2gc + k =/*. From the equations c' +2gc-hk =/^, k=g* and k =/*, 

, c , c* . c 

WQh&Yeg=-^, A=-^,/=j=-. 

Hence the two circles which satisfy the conditions are given by the 
equation x' + y' - ex ± cy + ^ = 0. 

6. Let the equation of the circle be a;' + y^ + 2gx + 2/y + c = 0. Since the 
circle touches 05=0, the roots of y^+2fy + c=0 must be equal, and therefore 
c =/«... (i). 

Since the circle touches 05= a, the roots of a^+y^+2ga + 2fy + c=0 must 
be equal, and therefore /« = a* + 2ga + c . . . (ii) . 

Since the circle touches 3x+4y + 5a=0, the roots of 

- . /3a; + 6a\2 /3a? + 5a\ , . 

^+[—r-) +2px-2/(^— ^— j+c = 0, 

that is of 

25x^ + (30a + 32^ - 24/) x + 25a^ - 40a/+ 16c = 

must be equal, and therefore 

(16a + 16^-12/)«=26(26a«~40a/+16c) (iii). 

From (i) and (ii) we have c=/', 2^= -a ; and therefore (iii) becomes 

{la - 12/)2= 26 (26aa - 40a/+ 16/^) ; 

or 676a«-832a/+266/«=a, 

that is (a -/) (576a - 266/) = ; 

9 
.-. /=a, or/= ja. 

Hence the equations of the two possible circles are 

a;'+y2-aaj+2ay+a*=0, and 

9 81 

x* + y^-ax+ ^ay+ jg<*'=0. 

Or thus:— 

Having found, as above, e =/*... (i) and/'=a*+2^a+c...(ii), the equation 
of the circle may be written in the form a?+y^-ax-\-2fy+f*=0, that is 

( ar- 5 ] + (y + /)'= — , so that the centre of the circle is ( „ , - / ) and the 
radius k« 
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Hence the perpendicular distance of the line 3a; + 4y + 5a=0 from the 

3(|)+4(-/) + 5a 



point (^, -/)is ±^, and therefore ^ / ~ '*' 2 » whence we 

9 
we find f=a or /= - a. 

7. Writing the equation of the circle in the form (x-a)*+y'=a', we 
see that the centre is (a, 0) and the radius a. 

Now any straight line whose perpendicular distance from the centre of a 
circle is equal to the radius, will touch the circle ; and the perpendicular 
distance of (a, 0) from y-m{x-a)- a/^(l +m*) =0 is a, so that the requisite 
condition is satisfied. 

8. Let (^, ri) be the co-ordinates of the point of intersection of the 
straight lines ; then the equations of the lines will be 

x-a y , x+a y 
= -s^ and y = — . 

jn V_ 

Hence tan ^= ^ ^ = ^:^—,^ 

Hence the locus of (^, vj) is the circle 

x*+y^^2ay oote - a^=0. 

9. Take the given perpendicular straight lines for the axes of x and y 
respectively. 

Let x^+y^ + 2gx+2fy-\-e=0 be the equation of the circle in any one of 
its possible positions ; then, since the circle touches the axis of x, the roots 
o{x^+2gx+c=0 must be equal, and therefore c=g'^...(i) 

The circle cuts the axis of y w here y ^+2/y + c=0, and the difference of 
the roots of this equation is Jip~4c; hence 4P=4/«- 4c =4/2-4^3^ or 

But, if (a?, y) be the centre of the circle x= -g and y = -/, and therefore 
the locus of the centres is given by y^ - «•= P. 

10. Let the equation of the straight line be a: cos a + 1/ sina-|)=0; 
then we have 

a cos a -J) + ( - a cos a-p)= constant. 
Hence p is constant, which shews that the line always touches a fixed 
circle whose centre is at the origin. 

11. The equation of any line which makes an angle of 60® with the axis 
of X is y = JBx + c. This line meets the circle x^+y^=S where 

x2 + (^3aj+c)2=3, 

or 4x^ + 2cJ^x+c^-S = 0, 
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The line will tonoh the circle if the roots of the above qnadratio equation 
be equal, the condition for which is 4 (c' - 3) = 8c*, or c = :k 2/^3. Hence the 
required equations are y =: <v/3 (« ^ 2). 

12. The angular points of the triangle opposite to the sides xb- 1=0, 
2y-6=0, 3x-4y-6=0 are (6, ^ j , (if -n) *^^ (^' 2/ '^^P®^^^®^' "^^ 
the results of substituting tne co-ordinates of the angular points in the 
left-hand members of the equations of the opposite sides are +, -, - re- 
spectively. 

Now, if (a, /3) be the centre of any one of the four droles which touch 
the sides, then a - 1, P~ - and ^r are equal in absolute magnitude ; 
and for the centre of Uie imcribed circle these quantities are respectively 

Hence the centre of the inscribed circle is given by 
2/8-6 3a-4/3-6 
«-^=^ 2 == 5—. 

whence o=2, /3=-. 

Thus the centre of the inscribed circle is ( 2, ^ j , and its radius is the 

perpendicular from f 2, ^j on a; -1=0, so that the radius is 1. Hence the 

required equation is (a; - 2)' + (y - - J =1. 

13. Writing the equations of the circles in the forms 

(a;-a)2+(y-6)a=(a+6)2and(x + 6)«+(y+a)«=(a + 6)», 

we see that the square of the distance between their centres is 

(a + 5)>+(a+6)«, 

which is equal to the sum of the squares of the radii of the circles. Hence 
the lines <&awn from a common point to the centres of the circles are at 
right angles, and therefore the tangents to the circles at a common point are 
at right angles. 

14. The equations of the circles may be written 

(x+d)«+y2=d2-;fca, and«2+(y + d')a=<i'3+jfe2. 

The square of the distance between the centres of the two circles is d* + c^^, 
and this is equal to (cP - k^) + (df* + k^) which is the sum of the squares of 
the radii of the circles. Hence the circles cut orthogonally. 

Page 73. 

1. (i) 2a; + 3y=4. (ii) 3«-y=4. (iii) «-y=4. 
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2. (i) If 4a; + 6y-7=0i8theBamea8xa?'+yy'-35=0, we have 

4 " 6 ~ 7 ' 
.-. a;'=20 and |/'=30. Thus the pole is (20, 30). 

(ii) If 3a; - 2y - 5= is the same as xv! + yy' - 35 = 0, we have 

I' = r^ = y; .-.the pole is (21, -14). 

(iii) If aaj+&y-l=0 is the same as xx' + yy' - 35 = 0, we have 
^ = ^=36 J .-.the pole is (35a, 366). 

3. At the intersection we h ave 1 6H-y^=4; :.y=^J -12. Thug the 
points of intersection are (4, i J - 12), and therefore the tangents are 

4x+,y-12y=4and4a;->y^2y = 4, 

which clearly intersect in the point (1, 0). 

4. The polar of (a/, y') with respect to the circle 

{B2 + y«=a'isaa' + yy'-a«=0. 

This line will touch the circle (x - a)' +y^=a^ if its distance from the centre 
(a, 0) is equal to the radius ; the condition that this should be the case is 

^^^-<^^0Ty'^ + 2ax^ = a^, 

Pages 79—80. 

1. From Art. 82, the lengths of the tangents are 

^/(2« + 52-2.2-3.5-l) = 3, 

and ^^4« + 12.3.4_l.i.7j^^i2. 

2. The circle will be a:'+y2+2yar+2/y + c=0, where y, /, c satisfy the 
relations 9 + 6y + c= 0, 4 + 4/+ c=0 and 1 + 1 - 2y + 2/+ c = 0. 

Hence *^= " "F * "^^ ~ 10 *^^ ^~ ~ To' ®^ *^* *^® equation of the circle is 
2^ a 9 1 18 ^ 

The rectangle of the segments of any chord through the origin is foxmd by 
Bubstitating the coordinates 0, in the equation of the circle ; this rectangle 

is therefore - -=- . 
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3. The equation of the radical axis is 

a;« + y2 + 2j; + 3y-7-(«*+y«-2ar-y + l)=0, 
that is 4x + 4y-8=0, or x + y-2=0. 

4. The equation of the radical axis is 

that is {b-ajx-h (b )y-c=0, 

or ax-by-h ,=0, 

a-b 



5. The equation of the radical axis is 

{B*+y' + aa; + 6y + c-({B» + y' + 6aj+ay + c)=0, 
that is x-y=0. 

The line x-y=0 meets either circle where x^ + a;* + oa; + 6a; + c = 0, whence 

Now the length of the common chord 

=>/{(«i-«,)* + (yi"l/,)»}=-v/{2{^i-x,)«}=s/g(a + 6)«-4cj. 

6. The radical axis of the first and second circles is a; - 2y - 4=0. The 
radical axis of the second and third circles is 2x-4y-8=0, which is the 
same as the radical axis of the first and second circles, from which it follows 
that the three circles have a common radical axis. 

7. The radical axis of the first and second circles is 

that is x-y + l=0. 

The radical axis of the first and third circles is4a:-y + 7=0. 

Hence the radical centre is the point of intersection of the lines x - y + 1 = 
and 4ar - y + 7=0, and this point is ( - 2, - 1). 

8. Any tangent to a5*+y'-4=0 is xcosa+y sina-2=0; and the 
condition that this line should touch (x - 4)* + y^ - 1 = is 4 cos a - 2 = ± 1, 

1, 8 1 

whence cos o = -r or cos o = 7 . 
4 4 

3 1 11 

If cosa=2, sina=±2,^7; and, if cosa=7, sina= ±2*^15. 

Hence the tangents are 3x±y,^7-8=0, and x±y^l5-8=0. 
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The centres of similitude are the points where the common tangents cut 
the line joining the centres of the circles, and the line joining the centres is 
the axis of x; hence the centres of similitude are the points (8, 0) and 



(?•»)• 



9. The square of the tangent from (/, g) to the first circle is /^ + y'^ - G, 
and the square of the tangent from (/, g) to the second circle is 

P+g^ + Sf+Sg, 

Hence P+g'^-&=^(P + g^ + ^f+Sg); 

.•.p + g^ + 4f+4g + 2=0. 

10, If (^f y) be any point which satisfies the condition we have 

.-. «2 + y2 + 2x=9(x2 + y3_4), 
or 4jc2 + 4y«-a:-18 = 0. 

11. The equation of any circle through the intersection of the two given 
circles is found by giving a suitable value to \ in the equation 

a;« + y' + 2aj+3y-7-X(aj2 + 2r' + 3a;-2y-l)=0. [Art. 86.] 

The above circle will pass through the point (1, 2) provided 

l + 4 + 2 + 6-7-X(l + 4 + 3-4-l) = 0, 

or X = 2. 

Hence the required equation is 

a2 + y2 + 2a;+3y-7-2(x2 + y2 + 3x-2y-l)=0, 

or x* + y2-|-4x-7y + 6 = 0. 

12, The equation of any circle through the points of intersection of the 
given circles is given by 

X(x2-|-/-4)+x« + y2-.2x-4y + 4=0. 

The above circle will touch x + 2y=0 provided that 

X(42/« + y«"4) + 42/' + 2r' + 4y-42/ + 4, 

that is 5(X + l)y2-4(X-l), is a perfect square, the condition for which is 
X = 1. Hence the equation required is 

x2 + y9_4 + a;2 + y«-2x-4y + 4=0, 

or x^-\-y^-x-2y=:0. 

Pages 83—87. 

1. Let the fixed point be {hy k)y and the fixed line 

xcosa + y sino-jp = 0. 
Then (x-h)^+(y -k)^cc (xcosa + y sina-i?). 

S. C. K. 3 
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Hence the equation of the locus is 

{x - /i)'+ (y -kY^c (.T cos a + y sin a -p), 
where c is some constant : the locus is therefore a circle. 

2. Take axes parallel to the sides and midway between them; then, 
if 2a be the length of a side of the square, the equations of the sides will be 

x-a = 0, ac + a = 0, y-a=0, y + o=0. 

Hence {x - of + (a; + a)^ + (y - a)^ + (y + a)* = constant = 4c' suppose ; 

.-. a;2 + 2/2 = c2-a2. 

3. Let the n given points be (aj, ^J (oj, 63), <fec.; and let (a;, y) be any 
point on the locus ; then we have 

S { (x - aj' + (y - \f] = constant ; 

.-. w(a;2+2r')-2a;Sai-2y26i + Saia + S6i2=const.; 

/ 2a,\a / 26A2 ^ ^ 

/. [x * j + ( y ) =constant. 

Hence the requu-ed locus is a circle whose centre is the point 



/2ai 26i\ 
\n ' n J' 



4. Take the line joining the two given points for axis of a;, and its 
middle point for the origin, and let the given points be (a, 0), (-0, 0). 
Then, if (a;, y) be any point on the locus, we have 

(a;-o)2+y2=n«{(a? + a)2 + yM; 
.-. a;2 + y2_2aa;^a + a2=0. 

Thus the locus, for any particular value of n, is a circle; and it is 
obvious that all the circles, obtained by giving different values to n, will cut 
a; = in the same (imaginary) points. 

5, Take the base and the bisector of the vertical angle for axes ; then 
the equations of the three sides are of the form (i) 2/ = 0, (ii) - + ^=1, 

(iii) -- + 1 = 1. Hence, if (x, y) be any point on the locus we have 
^ a a ad 

y2 = - 



^'(^a'X^J') 



a:2 + y2 + 2y--a2 = (i). 

The locus is therefore a circle. 
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The circle (i) cuts y=0 where a;=±o; and the tangents at the points 
(io, 0) are ± aa;+y " -a'=0, that is±- + ^=l; hence the circle (i) 
touches the sides of the triangle at the extremities of the base. 

6. The angular points of the triangle will be found to be (1, 2), (7, - 1) 
and ( - 2, 8). 

Hence x' + y* + 2^x + 2/y + c=0 will be the equation of the circle, provided 

l + 4 + 2</ + 4/+c=0, 49 + l + 14^-2/+c=0 

and 4 + 64-4^ + 16/+c=0, whence 2^= -17, 2/= -19, c = 50, so that the 
required equation is 

x^+y^-17x-19y + 50=0. 

7. The common chord is 2a?+ 1 =0, which meets the circles where 

y* + 8y + ^ = 0, 2a; + l = 0. 

Now the circle on (a;^, ^j), (xg, y^) as diameter is 

(x-Xi){x-x^)-\-{y-yj){y-yi)=0, 
or x^-x{x^ + x^)+XiX^ + y^-y{yi-\-y^) + yiy.^ = 0. 

Hence the equation required is 

s(P + x + ^ + y^ + Sy + -=^0, 

8. The equation of the lines is 

x^ + y^-{2x+2y) -^^ =0 [Art. 38] ; 

and the lines are at right angles since the sum of the coefficients of a^ and y^ 
is zero. 

9. Taking the point for pole, and the initial line perpendicular to the 
fixed straight line on which P moves, the equation of the locus of P is 
r cos 0=af where a is the length of the perpendicular ON, 

Let the coordinates ot Qhe p, 6; then pr = k^; and therefore 

p -= k\ or p= — cos d. 

Hence, from Art. 81 (iii), the locus of Q is a circle whose diameter 
. k^ 
a 

[The result is easily proved geometrically : for if A be the point in the 
perpendicular ON such that OA . ON=k^=OP . OQ, it follows that A, N, P, 
Q are on a circle, and therefore the angle OQA is a right angle, whence Q is 
always on the fixed circle whose diameter is OA,] 

3—2 
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10. Take O for pole and the initial line through the centre of the cii'cle 
on which P moves, and let a be the radius of the circle and c the distance of 
its centre firom O. Then the equation of the locus of P is [Art. 81] 

f»-2crcoB^+c«-o«=0. 

Hence, ii p, 6 he the coordinates of Q corresponding to the coordinates 
r,0 of P, we have since rp= k^ 

k^ k* 

r P 

which shews that the locus of Q is a circle whose centre is on the initial line 
at a distance -5 — s from the pole. 

11 and 12. The tangents to all the circles of a co-aidal system drawn 
from any point T on their radical axis are all equal. Hence, if P, Q be the 
points of contact of a line through T which touches two of the circles, and if 
O be either of the two point-circles of the system, we have TP= TQ = TOt so 
that PQ is bisected at T, and O is on the circle whose diameter is PQ. 

13. The equations of any two circles take the required form when the 
line of centres is the axis of x and the radical axis is the axis of y. [See 
Art. 85.] 

If one of the circles is within the other (1) their radical axis must cut 
them in imaginary points, and therefore 5 must be positive ; and (2) the 
centres of the circles must be on the same side of the radical axis, and 
therefore a and a' must be both positive or both negative. Hence the 
necessary conditions are that 5 and aa' should both be positive, and these 
conditions are also easily seen to be student, 

14. Let P, Q be the two points, and let their coordinates be Xi, y^ and 
Then the ratio of the distances P, Q from the centre is 

The polars of P, Q are aa?i + yyj - a* = and xx^, + yy^ - a^ = respectively ; 
and therefore the distance of P firom the polar of Q is — 77-?"-'-9r- » and the 

distance of Q from the polar of P is A o «v • Hence the ratio of 

these two distances is also equal to 'sKx^+yi) : V(^2^ + 2/2*)» which proves 
the proposition. 

15. Let the equations of any two circles be 

a:2 + y8_a2 = 0and (a;-a)- + 2/*-6«.-=0. 
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Then if {x, y) be any point such that the tangents from it to the two circles 
are in the ratio of the radii, we have 

x^ + y^-a^ : (x - a)^ + y'^ - b^ = a^ : 6^. 

Hence the locus of points which satisfy this relation is the circle whose 
equation is 

[;2(x» + y2-a2) = a«{(a;-a)« + y»-&«} (i). 

Now the centre of the circle (i) is clearly on the axis of x ; also the circle 

meets the axis of x in points given by x= — -^ a, and these are the points 

which divide the line joining the centres of the given circles internally and 
externally in the ratio of the radii. Hence (i) is the equation of a circle 
having the centres of similitude as extremities of a diameter. 

16. Let the circles heai?+y*-a^=0 and x^ + y^-b*=0; then we have 

a;a + y9_aa . x^-hy^-^ :: b^ : a^ ; 
.: a^(x^ + y^-a^ = b^{a^-hy^-b^); 
.-. x*+y^=a^ + bK 

17. Let T be the middle point of AB, and let P be one of the points of 
intersection of the circles whose diameters are AB and CD. Then [see Ex. 6 
page 69] TO , TD=TB^=TF^. Hence TP touches the circle CPD at P; 
but the tangent at P to the circle APB is perpendicular to TP; the two circles 
must therefore cut orthogonally. 

18. Let T be the centre of one circle, and let any diameter A TB of that 
circle cut the other circle in C and D. Then, if P be one of the points 
of intersection of the circles, TP is a tangent to the circle CPD, and there- 
fore TC . TD = TP^=AT^, 

Now J, B, C7, D is an harmonic range provided AC . BD=AD . CP, or 
(AT+TC) {TD -AT) = {AT+TD){AT - TC), or AT^ = TC . TD, 

19. We may take 

xcosa + y8ina-a = 0, 



a; cos 



(«+~)+y«^(« + ^)-« = <^' 



xcos la+ ^^ '\ +ysm ja+ ^ 'S -a=0, 

for the equations of the sides. 

The sum of the squares of the perpendiculars from {x, y) is the sum of the 
squares of the left-hand members of the above equations ; and in this sum 
the coefficients of x^ and y^ are equal, since 

co8 2a + co82^ + —\ + + COS2 L^. ^^(^-^) | =0; 
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also the coefficient of xy is zero, since 

Bin2a + 8in2(a+^) + + 8m2 |a + ?^^H =0. 

Hence the required loons is a circle. 

20. Take the point for origin and the fixed straight lines for axes. 
Then the equation of every circle through the origin is 

«* + y» + 2i;x + 2/y=0 (i). 

This circle cuts the axis in the points (-2^, 0), (0,-2/). Hence the 
equation of PQ is 

-2p+-2/ 
But PQ passes through a fixed point, (a, /3) suppose. 

Hence - + § + 2=0 (ii). 

9 f 

Now the centre of the circle (i) is the point x= -'g,y= -/. Hence, from 

(ii), the equation of the required locus is - + - - 2 = 0. 
\ f X y 

21. Let A be the point (a, o) and B the point (6, /3) and let (r, 0) be any 
point P on the locus. Them, since -4P*+BP*=-4B', we have from Art. 10 

{o«+r2-2arcos(d-a)} + {6« + r'-26rco8(^-/3)}=a> + 6«-2a6co8(a-/3): 

r*-r {acos(^-a) + 6oos(^-/3)}+a6cos(a-/3) = 0. 

22. We have to eliminate $ between the given equations. We have 

r cos B cos /3 +r sin ^ sin /3=j? ; 

(r cos ^ cos /3 - 2?)* = r* sin* /3 (1 - cos' ^) ; 

(r« cos /3 - 2ap)« = r* sm^ p (4a2 - r'), 

or r*-4a(i)cos/3 + asin*/3)f» + 4aV=0, 

the equation required. 

The line will touch the circle when the two values of r' are equal, and the 
condition for this is that 

4a^* = 4a* {jpooBp+a sin» p)*, 

or =fcj?=2)C08/3 + asin*/3; 

jp = 2acos' 5 or J? = - 2a sin' 5 . 



2 



23. 



. The angular points are (24, 7), { -9, - — ) and (0, 0) ; and when 

the coordinates of the angular points are substituted in the left-hand members 
of the equations of the opposite sides of the triangle the results are 
+, + , - respectively. These must also be the signs of the results when the 
coordinates of the centre of the inscribed circle are substituted. 
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Hence the coordinates of the centre of the inscribed circle satisfy the 
relations 

3 ag-4y _ 7x - 24 ?/ _ _ 5x - 12y - 36 

^/{^•' + 4-0 ~ V(7M^4"2) - ^(52 + 12') ' 

u 5 6 

whence a;=-,y=--. 

24. Let the equations of the circles be 

x^ + y^ + 2gx + c = and x^ + y^ + 2g'x + c=0. 
Then the polars of {x\ y') with respect to the circles are 

X3(f + yy' + g(x + x!)'\-c = 0, and xx' ■\-yy' + g' (x-\-x') + c = 0. 
If these lines make a constant angle a yith one another, we have 

{(x' + g)(xf + g') + y'^}iB,na^.^y'(g'-g). 
Hence the point (x\ y') must be on one or other of the two circles 
x^ + y^-\-{g-\-g') x-\-gg'^(g'-g)y QOia=0. 

25. Let A^BhQ the centres of the two circles and a, h their radii. Let 
T be any point on the radical axis, and let TP touch the circle whose centre 
is A and TQ the circle whose centre is B, and let APyBQ meet in R ; then, 
since TP=TQ and the angles TPR, TQR are right angles, RP=RQ. 

Uenoe RA±a=RB:Lb. 

If therefore A be (a, 0) and B be (j8, 0), the equation of the locus of B is 
given by ^/{{x - af + y^} ±a=^{{x - p)^'hy^} ^b, 

26. Let Ax+By + G=iO cut the first circle in the points P, P', and 
A'x + B'y-\-C' = cut the second circle in Q, Q\ and let T be the point of 
intersection of the lines. Then in order that P, P', Q, Q' may lie on a 
circle it is necessary and sufficient that TP . TP* = TQ . TQ' ; hence T must lie 
on the radical axis of the given circles, and the equation of this radical axis is 

(a-a')x + (&-6')y + c-c'=0. 

Thus the points will lie on a circle provided the three lines 

Ax + By + C =0 (i), 

A'x + B'y + C =0 (ii), 

and (a-a')x + (6-6')y + c-c' = (iii), 

meet in a point; that is provided the equations (i), (ii), (iii) are simul- 
taneously true, the condition for which is [Algebra, Art. 428] 

A , B , C 
A' , B' , C =0. 
a-a\ 6-fc', c-c' 

27. Take the line joining the two given points and the perpendicular 
line which is midway between the points for axes ; then the equation of 
any circle of the system will be 

a^ + y^ + 2gx-c^=0, 

where c is the same for all the circles. 
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Now the tangent at the point {x', y') is 

xx'-\-yy' + g{x-\-oc!)-c^=0 (i), 

where x'^-\-y'^-\-2gx' -c^ = (ii). 

Now, if the tangent at (x\ y') be parallel to the fixed line y + iiu;= 0, we have 

x' •{• 

from (i) m= — 7^ , or g=my' - xf. 

Substitute for g in (ii), and we have 

x^-\-y'* + 2(my'-x')x'-c^=0. 
Thus the equation of the required locus is 

28. The equations of the system of co-axial circles can be expressed in 
the forms 

x2+y2 + 2^ia? + c=0 (i), 

x^+y^ + 2g^ + c = (ii), 

x^ + y^ + 2g^ + e = (ai). 

The centres are the points ( - ^1, 0), ( - g^y 0) and ( - g^, 0) respectively. 
Hence BG= -g^+g^y CA= -gi + g^ and AB= -^a+^r 
Also, if (x, y) be the coordinates of any point 
t^^ = x^+y^ + 2gix + e, 
tj,2=x2+2/* + 2^2X + c, 
and tj^=x^-^y^+2g^+e. 

Hence (g^ - g^) t^^ + (g^ - ^J t^^ + (^1 - g^) t^ = 0. 

29. Let the equations of the three circles be of the form 

x* + y^ + 2gjX+2fjy + Cj = 0, &c. 

Then, if t^, t^, ^3 be the lengths of the tangents from {x, y) to the three 
circles the equation of the locus of (a;, y) which satisfies the relation 

is A {x^+y^ + 2giX-\-2fiy + Ci)-\-B(x^+y^+2g^x + 2f^y + Ci) 

+ C(x2 + 2/* + 2^3X + 2/8y + C8)-.D = (i). 

The equation (i) represents a circle for all values of AyB,C,D except those 
for which -4 + B + C = 0, in which case (i) clearly represents a straight line. If 
A+B + C^O, there are three quantities at our disposal, namely the ratios 
A:B:G:D, and these may be so chosen as to make (i) pass through any three 
points and therefore represent any given circle. There is however one case 
of exception, for if the original circles have their centres on a straight line, 
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every circle incladed in (i) will also have its centre on that straight line. 
[This is obvious if the line on which the centres lie is the axis of x, so that 
/,=/,=/,=0.] 

30. If two circles cut one another orthogonally the radius of either 
circle must be equal to the length of the tangent drawn from its centre to 
the other; and, conversely, a circle whose radius is equal to the tangent 
drawn from its centre to another circle will cut the other circle orthogonally. 

Hence, if a circle out two given circles orthogonally, the tangents to the 
two given circles from its centre must both be equal to its radius; and there- 
fore the centre of the orthogonal circle must be on the radical axis of the two 
given circles. Hence the tangents from the centre of the orthogonal circle 
to all the circles of the coaxial system defined by the two given circles will all 
be equal to the radius of the circle which is orthogonal to the two given 
circles, and hence all the circles of the co-axial system will be cut orthogonally. 

Or thus: 

Let the equations of the two given circles, referred to their line of centres 
and their radical axis as axes, be 

a;« + y« + 2(7ia; + c = (i), 

x^+y^ + 2g^x + c = (ii). 

Then any other circle of the coaxial system will be 

x^ + y^+ 2gx + c = (iii). 

Now the conditions that the circle 

a? + y^ + 2Gx + 2Fy + C=0, 

should cut both (i) and (ii) orthogonally are [Art. 88, Ex. 1] 

2Ggj-G-c=0 and 200^-0 -c=0. 

Hence G=0 and C= -c; from which it follows that 

a;* + y' + 2Fy-c=0 

will cut (iii) at right angles for all values of g, 

31» As in 30, all the circles given by the equation 

x^ + y^ + 2gx-{-c = (i), 

g being supposed to have any value whatever but c being the same for all the 
circles, are cut orthogonally by any one of the circles 

x^+y^ + 2Fy-c=0 (ii). 

Thus all the circles of the co-axial system (i) are cut orthogonally by any 
circle of the co-axial system (ii). 

32, Let At Bhe the centres of the two fixed circles, and let be the 
centre of any circle which touches the fixed circles in P and Q respectively. 
Let PQ cut the circle whose centre is B in the point Q' ; then since 0P= OQ 
and BQ=BQ\ it follows that OP A is parallel to BQ\ 
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Henoe PQ, produced if necessary, will cut the line AB in a point K which 
divides AB internally or externally in the ratio of the radii, that is to say 
PQ always passes through one or other of the centres of similitude. Now, for 
the same centre of similitude, KQ* . KQ is constant, and KQ' : KP is constant, 
and therefore KQ . KP is constant ; hence the tangent from K to the touching 
circle is of constant length, and therefore all the circles which touch the two 
given circles so that the line joining the points of contact passes through 
either of the centres of similitude are out orthogonally hy a fixed cirde whose 
centre is that centre of similitude. 

33. Take the tangents to the two circles at one of their common points 
for axes ; then the equations of the circles will be 

x« + y*-2aa: = and a:» + y*-26y = 0. 

The centres of the circles are (a, 0) and (0, 6) respectively, and therefore 

the conmion diameter of the circles is - + ? = !. 

a 

Any line perpendicular to the common diameter is ax-by=c; and 
the poles, (a;', y') and (a?", y"), of this line with respect to the two circles 
ai e found by comparing ax-by-c = with xx' + yy' -a (x + «') = and 
with xxf' + yy" -b(y-\- y") = 0. 

_ of -a y' ax' , x" i/'-b bif" 

Hence = -^ = — , and — = - — r- = — - . 

a -h c a -b c 

Thus pairs of points (a:', y') and (a", y") can be found satisfying the 

required conditions for all values of c ; moreover we have -^= — ;=--^, 

y' ah X 

and therefore x'x"+y'y"=Of which shews that the lines from the origin to 
{x', y*) and (x", y") are at right angles. 

34. Let the equations of the circles 5=0 and iSf'=0 be respectively 

(x-o)2+y2-o2=0 and (x + a)*+y*-a'«=0. 

S S' 
Then the circles - ± -. =0 are 
a a' 

or x^ + y^- 2ax --j^^— +a?- aa'=zO. 

' a' + a * 

and x^'\-y^-2ax%—^-\-a^-\-aa' = 0. 

a -a 

The condition that these two circles should cut .orthogonally is 
[Art. 88 (1)J 

2a ^ . a ^ - (a^ - aa') - (a« + aa') =0, 
a'-\a a'-a ^ ' ^ ' 

which is clearly satisfied. 
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35. The equation of any tangent to the first circle is 

(a; -a) cosa + y sin a = 5 (i). 

Hence any perpendicular tangent to the second circle is 

(a; + a)cos f adt^ j +y sin^arfcl^ j=c, 

that is ycosa-(a! + a)sina=±c (ii). 

From (i) and (ii) we have 

cos a sin a 1 

iFcy-h(x + a)~ -hy±c{x-a)~ a*- x^^^ ' 
.-. {Tcy-6(a; + a)}«+{-&y±c(a;-a)}2=(a2-a;2-y2)2. 

Now the bisectors of the angles between the lines (i) and (ii) are 
(a;- a) cos a + y sin a - &dL {y cosa ~ (ac + a) sin a=Fc} =0, 
that is a:(cosa + sina) + (2/ + a) (sina-cosa)- 6=fcc = 0, 

and a; (cos a - sin a) + (y - a) (sina + cosa)-6T=c = 0, 

and writing these in the form 

«cos^a-|^+ (y + a) sin ^a- j^ =j2 (6=FC), 

and a:cos^a + ^) + (y-a)8in^a4-^^=~(6±c), 

we see that every bisector touches one or other of the four circles 
ar2+(y + a)2=i(6^=c)2, 

a:« + (i/-a)2=l(6±c)«. 

36. Take the lines ^B, -4 C for axes of a; and y. Then the equations of 
the three escribed circles will be easily seen to be respectively 

x^+y^ + 2xyooaA -28x-2sy-h8^=0 (i), 

x^ + y^'+-2xycoBA+2(8-c)x-2{8~c)y + {8-cy = (ii), 

X' + y2 + 2a:ycos4-2(«-6).T + 2(«-6)y+(«-6)«=0 (iii). 

The radical axis of (i) and (ii) is 

2a? (o + 6) +2cy - (a + 6) c = 0. 

The radical axis of (ii) and (iii) is 

2x-2y + b-c=0. 

Hence the radical centre of the three circles is the pomt ^-^Sl , ^SH^tM 

m which the two radical axes meet. 
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Now the radius of the circle orthogonal to three given circles is the length 
of the tangent firom their radical centre to either of the three given circles ; 
and hence the square of the required radius is found by substituting the 
coordinates of the radical centre in the left-hand member of (i). 

Hence the square of the diameter 

i + c)(6« + c«- 

2{c(a + c) + b{a + b)]+4$^ 



= ^2{^'(a + c)H6«(tt + 6)«+(a + 6)(a + c)(6« + c«-a3)} 



= i{Sa26+a6c}, 



after reduction. 



a' 

Now .-ittI 1 + S cos B cob C} 
sin^ A ^ ' 

4«(/»-a)(«-6)(«-c) i 4a26c J 

Now it will be found that 

S{8-a){8-b)(s-c)= -2a» + 2a26-2a6c, 
and Aa^b^c* + 26c (a^ -b^ + c«) (a^ + P - c^) = _ 2a56 + ^a*bc 

+ 22a»6» + 4a«62c2 = ( _ 2a» + Sa«& - 2afcc) . (2o26 + afec ). 

Hence . ^ {1 + 2 cos B cos C} = — (Za^b + abc), which proves the pro- 
position. 

[Another solution will be found in the * Solutions of the Cambridge 
Problems and Biders for 1875,' page 61.] 

37. Let the fixed points be (=Fa, 0), and let the centres of the circles be 
{x', y') and {x'\ y") ; then, if (a:, ^) be the point of contact, we have 

2x = x' + x'\2y = y' + y" (i). 

Also (x' + a)2 + y'2=c> (ii), 

(x"-a)2 + y"2=c2 (iii), 

and (a:'-x")'+(y'-y'?=4c« (iv). 

From (ii) and (iii) 

x{x' - x")-hy {y' ~y") + 2ax = (v). 

Subtract (iv) from twice the sum of (ii) and (iii) ; then 

(«'+x")H(y' + y'r + 4a(a;'-ar")+4a* = 0, 

i.e. g? + y^+a^ + a{x'-x") = (vi). 
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Then, from (v), 

y{y'-y")-l{^^+y'-<i^)=o (vii). 

Hence substituting the values of x' - x" and y' - y" given in (vi) and (vii) 
in (iv) we have the equation of the required locus, namely 

y2 (352 + y2 + ay + «« (ar* + y2 _ a«)2 - ^a^c^y^ = 0. 

If a = c, the above equation is equivalent to 

{ (x2 + 2/2)2 _ a2 (a;2 - 3y2) } (x2 + y^ - a2) = 0. 
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Pages 96—97. 

1. The extremities of the latus-rectum are (a, 2a) and (a, - 2a). Hence 
[Art. 95] the equations of the tangents at the points are=k2a^ = 2a (x + a), i.e. 
^y=x-\-a. Also, by Art. 97, the equations of the normals at their points 
are 

(y=F2a)2a±2a(a;-a)=0, i.e. y=ta5T3a=0. 

2. Substituting for y, we have (3a; - a)* - ^ax = 0, that is 

9a:*-10aa: + a* = 0; .*. x=aoT x= ^, 

Where x = a, y = 3a-a=2a; and where x= - , y= ^ -o= - « a. 
Hence the two points of intersection are (a, 2a) and f -, - — j . 

4a' / a^N 

3. The two tangents are yy' = 2a{x+xf) and ^y = 2a Ix -, j . 

These are at right angles from Art. 29. 

4. At points common to y=2x + ^ and y'-4aa;=0 we have 

(2a:+ ^j -4aa;=0, that is (2a;- - y = 0: thus the two values of x, and 

therefore also the two values of y, are equal, and hence the points of inter- 
section are coincident. 

At points conmion to y = 2x+ - and 20x'+20y'=o' we have 

20a;2 + 20 (2a;+ |] =a'; .-. {10x + 2a)^=0: thus the two values of x, and 

therefore also the two values of y, are equal, and hence the points of inter- 
section are coincident. 

5. Let y=mx-\-c be the equation of the common tangent line; then 
x^ + (mx + c)'^ - 2a' = must have equal roots; therefore (1 + m') (c' - 2a') = m'c', 
that is 

c'-2a«-2a'm'=0 (i). 
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Again, the equation {mx + c)^ = 8ax must have equal roots ; and therefore 
wtc = 2a...(ii). 

From (i) and (ii) 4a^ - 2aW - 2ahn* = ; ,\vi^=\ or nfi= - 2. Bejecting 
the imaginary values i/^- 2, we have m= ±1 and the corresponding values 
of e are i 2a. Hence ?/ = =t (x + 2a) are the real common tangents. 

6. The ordinates of the points common to 7a; + 61/ = 13 and 
y^ - 7a; - 82/ + 14 = are given by y« - 2y + 1 = 0, i.e. {y - If. Hence the two 
values of y are equal, and therefore also the two values of a;, so that the 
straight line must cut the curve in two coincident points. 

7. The equation may be written in the form (a; + 2a)*= -2a(y-2a). 
Hence, if the origin be changed to the point ( - 2a, 2a), the equation will 
become x'^= -2at/', which shews that the curve is a parabola whose vertex 
is at the new origin and whose axis lies along the axis of y but in the negative 
direction. 

8. The equation of any parabola whose vertex is at the origin and 
whose axis is the axis of y must be of the form x^=4:ay ; hence the equation 
of any parabola whose vertex is at any point (h, k) and whose axis is parallel 
to the axis of y must be (a; - hf=4a (y - h). The equation 

x^->r2Ax + 2By + C=0 

will therefore represent any parabola of the system if we take A= -h^ 
B=: -2a and C=h^+4ak, 

9 and 10, (i) We have ^^=5 (a? + 2), which represents a parabola whose 
vertex is the point (-2, 0), whose axis is the line y = 0, and whose latus- 
rectum is 5. 

The focus is on the axis and at a distance from the vertex equal to one- 
quarter of the latus-reotum ; hence the focus is the point 

x=-2 + |=-|, j,=0. 

The directrix is perpendicular to the axis and outs it at a distance from 
the vertex, measured in the negative direction along the axis equal to one- 
quarter of the latus-rectum ; hence the equation of the directrix is 

a;=-2--, or 4a? + 13 = 0. 
4 

(ii) We have (a; -2)2= -2{y-2). Hence if the origin be changed to 
the jNoint (2, 2), the equation will become x*= - 2y, which represents a 
parabola whose vertex is the new origin, whose axis is along the negative 
part of the axis of 1/, and whose latus-rectum is 2. 

The focus is at a distance ^ from the vertex measured along the axis of 
the parabola ; hence, referred to the new origin, the focus is ( 0, - - ) , and 
therefore referred to the original axes the focus is ( 2, 2 ~ - ) . 
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The dil«otrix is perpendicular to the axis of the parabola and oats the 

axis at a distance from the vertex equal to ^ measured in the negative 

direction along the axis ; hence the equation of the directrix referred to the 

new origin is y = f:* ^^^ therefore the equation when referred to the original 

... A 
origin IS y = 2^. 

(iii) The equation (y-2)'=6 (x + 4), represents a parabola the axis 
being y - 2=0 and the tangent at the vertex x +4=0, the vertex is ( - 4, 2) 
and the latus-rectum 5. 

The focus is along ^ - 2=0 at a distance j fT^om. the vertex, and is there- 
fore at the point x= -4+2= ~~a * y=2. 

The directrix is perpendicular to the axis and at a distance j from the 

vertex along the axis backwards. Hence the directrix ia x= -4--., or 
4x + 21 = 0. 

(iv) We have (x-¥2)^=-(y + -jt which represents a parabola whose 

axis is a: + 2=0, the tangent at the vertex being y-\-- = 0. The vertex is 

therefore ( - 2, - ^ j and the latus-rectum is - . 

2 
The focus is along the axis a; + 2=0 at a distance ^ from the vertex 

o 

measured along the axis, and is therefore at the point ( ~^>~9 + q)* 

3 2 / 3\ 

The directrix is parallel to y + ^=0 and at a distance ^ from f - 2, - - J ; 

3 2 

its equation is therefore y= --- - or 6y + 13 = 0. 

11. Le t (x, y ) be any point on the curve; then its distance from the 
origin is Jx^-\-y^ and its distance from the straight line 2x-y-l=0 is 

jz — . Hence the required equation is a:^ + y« = - (2x - y - 1)'. 

The line whose equation is 2y =4a; - 1, i.e. 2a5-y-^=0i8 parallel to the 

directrix 2x - y - 1 =0 and is midway between it and the focus (0, 0) ; hence 
the line is the tangent at the vertex of the parabola. 

12. If the ordinates of P, P' be y^, y^ respectively, the equation of PP* 
will be yijifi-^y^ -4ax-yjj/^=0. If this pass through the fixed point (c, 0) 
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on the axis of the parabola, we have yiy2+4ac=0. Hence the product of the 
ordmates of P and P' is constant. 

Since ^1^2= -4ac, l^a^c^ =y^y^ =1^0^ x^x^-, :. x^x.;, = c-. 

13. The point of intersection is given by a; = — ,, y= - -f— , . Hence, 

mm mm 

if mm' is constant, the abscissa of the point of intersection is constant ; and 
when mm' = - 1, a;= - a which is the equation of the directrix. 

14. At the points of intersection of the straight line and the curve we 

have -jm (a; + a) + - [- = 4a (a; + a), i.e. <m (x + a) — ( =0. Hence the two 

values of x, and therefore also the two values of y, are equal, and hence the 
line cuts the curve in coincident points. 

15. From 14, the equation of any tangent to y^=^a{x + a.) is of the 
form 

a 

y=mx + m^ + — (i), 

and of any tangent to y^=4:a' (x + a') of the form 

, r a' 
y = mx + ma +— , . 
^ m 

Hence the equation of a tangent to the second parabola perpendicular 
to (i) is 

la', • ...^ 

y= X a VI (u). 

^ m m ^ ' 

Where (i) and (ii) intersect we have 

= (m+ \(x + a + a'). 
Hence the equation of the required locus is a; + a 4- a' = 0. 

16. Let the two points be (a + d, 0) (a - d, 0). 

The equation y=mx+ - is the general equation of a tangent to the 
parabola. 

Hence the difference of the squares of the perpendiculars is 



j„.(a + d)+ij' jm(a-d)+^j° Imd (ma+ ^^ 



1"7^»:« n . ^2 — ri — o — ~ = 4aci= constant 

1+m' 1 + m* l + TO^ 

for all values of m. 

17, Let P be {x^^ yj and Q (x^y 2/2) 5 *^6^ *^g equation of PQ will be 
y (Vi + 2^2) - ^^ - ViVi = ^« Hence PQ cuts the axis in the point ( - ^^ , j . 

S. C. K. 4 
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[chap. 



X X ^dX 1/ 

Now the eqnation of AP is - = -- = -, — * = f^ ; and similarly the eqoa- 
y Vi ^ayi 4a' "^ . 

tionof JQis- = J^. 
y 4a 

Hence, if JP and BQ are at right angles, we have 16a' +y 1^1=0. Hence 
PQ outs the axis in the fixed point (4a, 0). 

18. The ordinates of the points common to y^ - 4ax=0 and 



> given hy(^y + y« + .l^|^)+By + C=0. 



This is an equation of the fourth degree in which the coefficient of y' is 
zero, from which it follows that the sum of the roots is zero. 

19. Let y=mx + ~he any tangent to the parabola. Then T is the point 
( 2 » ^ ) ' ^^^ ^ ^^ *^® point f 0, — J . Hence the coordinates of Q are 

x= 5, t/ = -; therefore the locus of Q for different values of m is the 

parabola y^ + ax=0. 

20. The tangents at (xi, yj) and (x^ yj are yyi=2a(x+x^, and 
yy,=2a (x+x^); and these tangents meet where 

.= ^£3ZM.3 = M3. Hence, if y,y3=l/.A-=&'=^. 



Vs-Vi 
21. 2A = 



4a 



4a 



^1 Vi 1 


1 


jcj ya 1 


~4a 


^8 ^8 1 





= - 4^ (2/2 - Vb) iVs - Vi) (Vi - Va)- 

Pages 105-111. 

[The equation of a parabola is always supposed to be y^ - 4ax=0.] 

1, Let be (ar', y'), then its polar is yy'-2a(a; + a;')=0, and .*. T is 
(-xfy 0). The equation of OM is 2a(y-y')+y' (a;-a'), which meets the 
axis in G, the point (05' + 2a, 0). Now TS=a+xf=SG=:SP; and, since 
TS=SG and TMO is a right angle, TS=TM, 
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2. The curves y'^=ax and iK^=by meet in the point (a^^S, a^b^), and 
the tangents to the two parabolas at this point are 

2yahi = a{x + ahi) and 2xah^=zb(y-\'ah^); 
hence the angle between the tangents is 

tan-i (J a^b'i ~ 2a^6"4)/(l + ah~^) = tan-i Sah^l(2a^ + 26^). 

3. If the ordinates of P, Q be t/j, y^ respectively, the equation of PQ 
will be y (y] + 2/2)-4aa;-yiy2 = 0; a»d if PQ pass through the focus, (a, 0), 

we have y^yo + ^a^=0 (i). Equation of AP is y = ^^x= ^ x, which meets 
the directrix a:= - a where y= - =ya from (i). 

4. The tangents at t/^, y^ meet where ^ax=y^y^, 2/ = i (yi + 2/2)« Hence, 
if 2/3=^1/1, we have -^rrTj-^j . 

5. The directions of the tangents from (x, y) are given by y=mx + — , 

m 

that is wi*a;-my + a=0. Hence, if twj, wij be the roots, we have rn^ + m^^^- 

and nij 77J2=-. (i) 7/44- wig =ife; /. - = ife, so that the locus is the straight 
line y=kx, (ii) mi^+mj=k, that is {nii + m^^ - 2mi7n^=k ; .'. locus is 

X^ X 

6. The angle between the tangents from {xj y) is tan-^ (nii - m2)/(l + whw»i) 1 
where mj, 7»2 ^'^ the roots of m^x-my + a=0. Hence equation of required 

locus is 1=a/(^ — ^)/( 1 + -) , which reduces to y^=x^+&ax+a^, 

7. Let the tangents be y = rriiX + — , y = rn^x + — . 

Then = constant = c suppose. Now the tangents meet where 

nil m^ 

y — a( — H 1 and x= , whence y^-iax^a^ ( ) =0^. 

8. The two tangents being y=niiX-\ — and y=m2X-\ — , we have 
70^171^=1 since the tangents make equal angles with the axis and directrix 

respectively but are not at right angles. But x = at the point of 

intersection of the tangents ; .*. the tangents intersect in the line x=a. 

4—2 
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9. The tangents at the -ends of the latus-rectum are ^=as+a and 
y= -x-a. The perpendiculars on these lines from the point (a, k) are 

y -k— —x + a andy- k = x-a 
respectively. 

(k k \ f Jc h \ 

- , n + a ) and ( ~ o » o ~ * ) ' 

k^ 
and the equation of the line joining the feet is therefore 2ax-ky+ o" = ^' 

or yk = 2al x+ j-j J which is the equation of the tangent at ( j- , * ) • 

10. The equation of the chord of contact of the tangents drawn from 
(- 4a, k) is 

yk-2a(x-^a) = (i). 

The equation of the lines joining the vertex to the points where (i) cuts 
2/«-4(M; = Ois[Art. 38] 

y^ + 4ax^ ^^, =0, or 

k 
y2_x^^--xy=0, which obviously is the equation of two perpendicular lines. 

11. Let T be the point (^, rj) ; then the equation of the chord of contact 
will be y'n-2a{x+^)=0. 

Hence TN=(7f^-^ai)l^{'n* + 4a^). 

The equation of the line TNM is 2a(y-ifi) + rj{x-^)=0; .-. M is the 
point (^+2a, 0), and TM=^{v^ + {^-h2a-^)^}=^{rj^ + 4a^}, 

Hence if T^. rjlf= constant =c' suppose, we have r)^-4:a^=c\ so that 

the locus of T is the parabola y^-ia (x+j-j=0. 

Again, if TN : r3f= constant =X, we have ri^-4a^=\ (^+4a2), so that 
the locus of T is the parabola whose equation is 

(l-\)y^-4ax-4a^=0. 

12. Take the common tangent at the vertices for axis of y, and 
the axis of x midway between the axes of the two parabolas ; then the 
equations of the parabolas will be {y - b)^=4:ax and (y-{-b)^=4ax. Now the 

line y = k will meet the curves in points whose abscissa are ^—, — ^and ~ — 5 — - , 
^ 4a 4a 

ifc^ + 6* 
and therefore at the middle point of the intercept «=— r — and y = k. 

Hence, for all values of k, we have y^H- 6*=4aa:, which is the equation of 
an equal parabola. 



Digitized by VjOOQ IC 



v.] CONIC SECTIONS. 53 

13. Take for axes the common tangent and the diameter through its 
point of contact; and let the equations of the parabolas be y^-iax = and 
y^-4:bx=0. The equations of the tangents to the two parabolas at {x'y y') 
and (x", y") respectively will be 

yy' -2a{x + a^) = and yy" - 2b {x-^ x") = 0, 

and these tangents meet x=0 where 

respectively. Hence, if the tangents meet a; = in the same point, y' = y", and 
therefore the line joining (aj', y'), (x'\ y") is parallel to the axis. 

14. Let the equations of the two parabolas be 

x^=^b(x-\-c) (i), 

and 2/^ = 4aaj (ii) . 

Then, if (x' y') be any point on (i), we have y''^-4cb{x' + c) = Oj and the 
equation of the chord of contact of the tangents from (x', y') to (ii) is 

yy' = 2a{x-{-x') (iii). 

Now, if (^, 7}) be the coordinates of the middle point of any chord of the 

parabola (ii), the chord will from Art. 102 make an angle tan-^ — with the 

V 
axis of X and therefore the equation of the chord will be 

'n{y-'n)=2a{x-^) (iv). 

Hence if (^, 17) be the middle point of the chord (iii) we have by comparing 
(iii) and (iv) 

17 = y' and 17^ - 2a^ = 2005*. 

But y'^-^b(af + c) = 0; .'. 17-- - (972_2a^) -46c=0, 

shewing that (^, tj) is always on the parabola whose equation is 

4a6 
^2b-a^ 

2a 

15. The chord whose middle point is (|, 17) makes an angle tan- ^ — with 

V 
the axis [Art. 102, (iii.)] ; and therefore the equation of the chord is 

rj(y-rj)-2a{x-^) = 0. 

If therefore the chord pass through the fixed point (/, ^r), we have 

shewing that the locus of (^, 17) is the parabola 

y{y-g)-2a{x-f) = 0, 
or thus : — 

Let (1, 17) be the middle point of the chord whose equation is 
y-g = m(x-f). 



1/2= (x-c). 
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Then at the extremities of the chord we have 

y-g=m(^-A, and {g-{-m{x- f)y=iax. 

Hence 297:^^1 + 2/2=^, 

and 2e=«i + a;2=-5 + -, ' . 

Hence, by eliminating 771, we have 2a (^ - /) + ^717 - 17'' = 0. 

16. Let the pole of the chord be (^, 17) ; then the equation of the chord 
will be yri - 2a (05 + ^) = 0. 

This meets y^=^axj where 4:a^ (x + ^)*=ia7f^x. 

But, if Xi and x^ be roots of the above quadratic equation in x, we have 

by supposition -^-^-^= constant =c suppose. 

Hence i72-2a^=2ca, so that the pole of the chord is on the parabola 

y^=2a{x + c), 

17. The equation of the chord of contact of the tangents drawn from 

T (x\ y') is yy' - 2a (x + x') = 0. 

The equation of the lines joining A to the points where the chord cuts the 
parabola is therefore 

f-iaxy^^=0. [Art. 38.1 

Hence the lines PJ, QA cut the directrix in points p, q whose ordinates 
are given by 

the ordinate of the middle point of pq is therefore 

Also the equation of -4 T is —,=—, hence the ordinate of Ms — %- . 
^ x' y' x' 

Hence t coincides with the middle point otpq, 

18. Take for axes the tangent at and the diameter through O, and let 
y^ - 4aa;= be the equation of the parabola. 

Then if y-^y y^ be the ordinates of the extremities of any chord, the equa- 
tion of the chord will be y {y^ + ^2) ~ ^^^ ~ ViV^ — ^' 

Hence 0P='^, 

4a 
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The equations of the tangents at the extremities of the chord will be 

and 2/^2 ■- 2a (x + ?* ) = 0. 

Hence Og. 0Q,= ( - g) ( -g) = ft^-f =0P.. 

19. Take the vertex for origin and axes parallel and perpendicular to 
the fixed straight line on which the base moves, and let the equation of the 
fixed straight line be a;=a. 

Let the equation of the circumscribing circle be 

a;2 + ya + 25fjc + 2/y=0 (i). 

Then the intercept on the line x=a must be of given length, 21 
suppose. 

Hence (^i -3/2)'=4i*, where yi y^ are the roots of 

Hence 4/» - 4 (a^ + 2ga) =4^2. 

But the centre of the circle (i) is ( -^, -/). 
Hence the locus of the centre is the parabola whose equation is 
2/2= -2ax+a2 + P. 

20. The polar of {/i, k) with respect to 

a;2 + 2/" + 2aa;-3a«=0 

is hx-\-ky + a(x-^-h)-'^a^=:0. 

Now this touches y^-{-^ax=^0 if the equation 

(/i + a)2/2-4a;fcy-4a2(/i-3a) = 

has equal roots, i.e. if 

*2=-(/i + a)(/i-3a) 

or /i2+&2-2a/i-3a2=0, 

i.e. if (/i, k) lies on the circle 

a;2 + i/«-2aa:-3a2 = 0. 

21. Let P be {x-^, t/J and P' be (x^, y^ ; then the equation of PP' will be 

y(2/i+y2)-4aa:-2/iy2=0. 
Hence, as PP' is a focal chord, yiy^ = - 4a2, whence also x^x^ = a*. 

The coordinates of V are - {xi + Xg) , r (yi + y^) . 
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Therefore the equation of VO is 

joe - - (a?! + «,) I (yi + y^) + ^ |y - 2 ^^i + y^\ =^- 
Hence, at 0, x=-{xi+x^ + 2a; 

•■• S0= ^ (xi + X2) + a= - {a + aji + o + fljg} = ^ (SP+SP'). 



Again, FOa= 1 (1/1+2/2)2+ | - (xi + ar2) + 2a- ^ (xi + xjI 



a 



= {axi + ax^ + a* + arjaJa), 
since 1/1^3 = - 4a2 and x^x^ = a^ 

= (a + «i)(a+Xjj) = 5P.5P'. 

22. Let the coordinates of P, Q, 22 be (xj, t/j), (ajg, t/,) and (ajg, yg), 
respectively. 

4a' 4a' 4a' 
Then the ordinates of the points 2?, 3, ^ will be , and 

respectively. 

4a' 
Hence the equation of the diameter through j) is y= - 

Also the equation of the chord QB, is 

Hence the equation of any line through A is given by 

The last equation will be the equation of SA provided X be so chosen 
that -4a'-2/,2/8 + 4a'X=0. 

Hence the equation of SA is 

4a'y (2/2 + 2/3) - 16a»a?-4a'2/a2/8 + (4a'+ 2/22/8) (2/2^i+4a«)=0, 

i.<?. 4a'2/ (2/1 + 2/a + 2/3) + yyiH^z - 16a« (x - a) = 0, 

and the symmetry of this last result shews that it is also the equation of 
SB and of iSfC. 

23. Let PP* meet the diameter AV which bisects the parallel chords in 
F; then the equation of the parabola, referred to AV and the tangent at A 
as axes, will be y'=4ax. 

Also PO.OP'=:PV^-OVK 

But PO, 0P'= constant =c«, and PV^=^a,AV. Hence, if x, y be the 
coordinates of 0, we have 4aa; - y^=c^. Thus the locus of is a parabola. 
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24. Take for axes the diameter through O and the tangent at ; then the 
equation of the parabola will be of the form y* - 4ax=0, and every line whose 

equation is of the form y=mx + - will be a tangent. 

m 

I^et y = '^^-^^ (i). 

be the equation of one of the tangents from. P; then, since the tangents meet 
on the axis of x^ the equation of the other tangent will be 

y^-m^x-^ (ii). 

So also the two tangents from P' will be of the form 

y=wir>5+^ ^^^>' 

and y=='-m^ (iv). 

Now OP . 0P'=( oil 5 |=oonstant ; and .*. m,7n4= constant. 

At the intersection of (i) and (iii), and also at the intersection of (ii) and 

(iv), we have x = 0. 

Again, at the intersection of (i) and (iv), and also t.'. the intersection of (ii) 
and (iii), we have x + =0. 

Hence the four points of intersection are on the lines 

x-a/mjin^^Oj jc + a/miWij^O; 

and, since mim3= constant, these are fixed straight linef!, and they are 
obviously parallel to and equidistant from the tangent at 0. 

25. JJet tlie equations of the four tangents AB^ BC, CD^ DA be 

a a a 3 a 

y=m^x-\- — , y=m^-h — , y=m^-\- — ejiay=m^x+ — respectively. 

THj Wlj Wlj 1H^ 

Then the ordinate of B ia a I — •{ ), and the ordinate of D is 

\7»i ma/ 

a I 1 I : hence the ordinate of the middle point of BD is 

a/1 1 1 1 \ 

o — + — + — + — )• 

So also the ordinate of the middle point of ^Cis^f — +— + — + — ) ; 
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and, if Q be the point of intersection of BA and CD and R be the point of 
intersection of AD and BC^ the middle point of QR will also be 



a/ 1 1 1 1\ 

5 — + — + — + — ). 



Hence the middle points of the three diagonals AC^ BD and PQ are on a 
straight line parallel to the axis of the parabola. 

26. I^et the equations of the two tangents be y=miX-\ — , y=m2X-\ — ; 
then their point of intersection, T, is ( , 1 ) . 

Let the tangent at either extremity of the focal chord be 2^ = trx + — « then 
its point of contact, P, will be ( — 5 , — j . 

Since the three points 5f, P, T are on a straight line we have 




that is, 2wi (1 - r.i^ + (m^ - 1) (% H-ma) =0, which is equivalent to 



1 + mm^ 1 + mm^ 
. Hence the tangents 7%, m, make equal angles with the tangent vn. 

27. Let the fixed straight line make an angle a with the axis of x, and 
let two tangents which satisfy the required condition make angles B-^y B^ with 
the axis; then 2a = ^i + ^2" ^^*» ^ Vn Vi ^® *^® ordinates of the points of 

contact, tan ^,=— and tan B^— — ; also the equation of the chord of contact 

will be y (yi +2^2) - ^^^ - ViVi^^- 

2a 2a 

Buttan2a=£4^,^ = ?^(2^. 
I_4a2 y^y^-4a^ 

Hence the equation of the chord of contact may be written 

y (ViV^ - ^^^) *a^ 2o - Sa^x - 2ayjy^ = 

or (y tan 2o - 2a) y^y^ - ia^ (y tan 2o + 2x) = 0. 

Hence, for all values of yiy^, the chord of contact passes through the fixed 
point given by y tan 2a- 2a =0 and y tan2a + 2a;=0, that is, through the 
point {-a, 2a cot 2a). 
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28. Take the given focus for origin and the axis for axis of x ; then the 
equations of the parabolas will be 

y2=4a(x + a) (i), ya= -4a' (x-a') (ii). 

(ii) where 



The equation of any tangent to (i) is y=m (a: + a)-i- - ; and this meets 



jm(a; + a)+ -[ = - 4a' (a? - a'), 

and my2= -4a' (y-ma ma' ) . 

Hence, if (^, rj) be the middle point of the intercept, 
2^= - {2 {m^ + l)a + 4a'] Im^, 

and 2«= . 

m 

Hence, eliminating m, we have 

4a'2 (^-|.a) + (a + 2a') 172 = 0. 

Thus the locus of the ijaiddle point of the chords is the parabola 

4a'2 . 

2''=-a-T2T'(^ + ")- 

[It is not necessary that the two parabolas should be confocal, for the 
above would still be true if the equation (ii) were y^= - 4a' (x - d).] 

29. The equation of the chord whose middle point is (^, 17) is [see 15], 

r,{y-v)-^a{x-^)=0 (i). 

The equation of the lines joining the vertex to the two points where 
(i) outs the parabola is [Art. 38], 

v^-*-?^=o (")• 

Hence, if (ii) are at right angles, we have l + Sa^!{'n^-2a^)=0. Hence 
the required locus is the parabola whose equation is ^'^=2a (a; - 4a). 

30. The normal y = mx- 2am - am^ meets the parabola y^ - 4ax = 0, 
where 

my^ - 4ay - 9>ahn - 4ahn^ = 0. 

2a 
Hence, if (^, rj) be the middle point of the chord 17 = — , and therefore 

m 

.^ - , 2a 8a3 

97 = (^-2a)— -a ^3 , 
17 17' 

V^ 4a3 ^ „ 
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31. LetPQbe 

therefore 8a^= -y^ (yj+2/i) (i)- 

Equation to AQ is y= — , x= — , x; 
therefore equation to PR is 



Hence, putting y = 0, we have 



= 2 (a;i + a) = 25P. 

32. Let yij y^ be the ordinates at the extremities of any chord of a 
parabola which is parallel to the line y=mx. 

Then the equation of the chord is y (t/j + ^2) - ^^^ - ^1^2=^ > ^.nd there- 

4a 
fore 2/1+^2= -. 

Hence, from Art. 96, Ex. 1, the tangents at y^ y^ meet on the fixed 

2a 

liney= — (i). 

m 

Also, from Art. 106, the normals at y^, ^2 n^eet on the normal at y,, where 

4a 
- ^3=^1 +^8= — . Hence the locus of the intersection of the normals is the 

4a 
normal at the point whose ordinate is , and whose equation is there- 

4a 2 / 4a\ ^ ,.., 

forey+ — - - (a;-— 2)=0 (11). 

The locus of the point of intersection of (i) and(ii) for different values of 
m is obtained by eliminating m from (i) and (ii). The result is y^=a (x - 8a). 

33. If the ordinates of P, Q, R be y^, y^t y^ ; then 2/1+^2+^8=^* 

Let 3^ + y^ + 2gx-\-2fy + c=^Q be the equation of the circle PQR, Then 
at the points common to the circle and the parabola y^ - 4ax=0, we have 
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Since the coefficient of y^ is zero, we have 

^1 + ^2 + ^5 + 2^4 = 0, 

where y^, ya* Vsy Va are the ordinatea of the points of intersection. But we 
know that yi + 2/2 + 3^3 = 0. Hence y^ = 0, so that the circle PQR goes through 
the vertex. 

34. The directions of the three normals which meet in (a:, y) are given 
by y=mx-2am-am^ (i). 

Hence mim^m^= - - . 

If, therefore, miVi^ = 2, we have m^= - ^ . 



Hence, as m^ is a root of (i), we have 



whence y^=4ax. 

35. The directions of the normals which meet in [x, y) are given by 

y=mx-2am-arn? (i). 

Hence mim^m^— - - . 

Now, if two of the normals make complementary angles with the axis, we 
have miWi2=l, and therefore m^= -- , 

Hence, as rwg is a root of (i), we have 

, = (-|)(.-2a,-«(-|)\ 
whence y^=a(x- a). 

36. The directions of the three normals which meet in {x, y) are given by 

y=7wx- 2am- am' (i). 

Since two of the normals make equal angles with a fixed line, y =• tan a . x 
suppose, we have a relation of the form tan-^ m^ + tan*-^ m.2=2o ; 

. ^ — ^ _ 4^^ 2a =k suppose. 
1 - jn^mg 

But mi+?7Uj + m3=0, 

2a - J5 
m2m3+m2m^ + m2m«2= , 

y 

and mim^m^='-~. 
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Whence ^ = k ; 



1 + 



am, 



:. am^*-{-ak7n^ + ky=0 (i). 

Henoe we have to elimmate m, between (i) and 

am^^-\-(2a-x)m^ + y = (ii). 

Multiply (i) by m^ and subtract (ii) ; then 

akm^^ + {ky + x- 2a) m^-y = (iii). 

Multiply (iii) by k and add to (i) ; then 

a(l + k^)m^^ + k{ky+X'-a)m^=0, 
whence 171^= -k {ky ■\-x-a)la(l + k'^)y since m^=0\ 
.*. substituting in (i) we have 

k{ky+x-a)^+a{l-\-k^){{l-k^)y + kx-ka}=0; 
which is of the form Y^ cc X and is therefore a parabola. [Art. 104.] 

37. I^ *i» Vi l>e til© coordinates of P; the coordinates of II will be 
jti+3a and-^. 

Now two of the normals which meet in (x, y) are at right angles provided 
y^=a{x-3a) [Art. 107, Ex. 4]; and this condition is satisfied by the 
coordinates of H, 

38. If the normal at (xf, y') pass through the point (h^ k) we have [Art. 79] 

(k-y')2a+y'{h-x')=0, 

.-. 4a'Jk2=/2(2a-/i+x')2; 

.-. 4a«ifc2=4aa:'(2a-/i + a:')2. 

Hence if x^t x^, x^ be the abscissae of the points P, Q, R the normals at 
which meet in (/i, k) we have 

a5i+«, + a;8=2(^-2a); 

(a;i + a) + (a52 + a) + (fl58 + a) + a=2ft, 

i.e. SP+SQ + SR + SA = 20 M. 

39. Let the tangents be y=mia;+—,y = m2a; + — , y=m^+— - 

Let = = given quantity =c suppose. 

m^ Till m^ TTtj 



Then the points of intersection of the tangents are 

/a a a \ „ 

, — + — , &c. 

\77i2Wi3 Wa WI3/ 
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Hence 2A= 0:1(^2-^3) + 

=_i_|(±+f-)_(f. + f.V+ 

\mjWi3 OT3WI1 miin.^J 
=:a^c |---l=2aV; 
/. A=aV. 

40. Let the normals be y = miX - 2ami - am^, &c. 

Then, if (ajj, yi), (a;2, yj, (Xj, yj) be the pomts of intersection, we have 
ajj = 2a + a (wig* + m^ + wigWij), 
and yi = amgWi, {m^ + wig). 

Hence X2-a:8 = ^(% + ''*9"*'''*8)(''*8~"'a)- 

Hence 2A = Sy^ (axj - x^ 

= a* (mj + ^2 + wia) St^wij {mj^ - 7^2') 

= a^ {nil + "*a + ^3)^ ("*2 " '^s) ("^s - ^i) ('"h - ^'Hj) • 

Since m^m^ {m^ - mg'*) + m^m^ {m^ - m-^ + m-^m,^ {m^ - wi2^) 

= - (wij + WI2 + TT^a) (mj - rwa) (wia - mj (viy - m^ . 

41. Take the tangent parallel to the given parallel straight lines as axis 
of y, and the diameter through its point of contact for axis of x. 

Then the equation of the parabola will be 2/*^-4aa;=0, and the 
equations of the lines on which P and Q lie will be a? = 6, a; = c respectively. 

Let the equation oi PQ be y=mx-\- - (i) 

m 

and let the other tangents through P, Q be 

a .... 

y=miX+— (u), 

and y=mM-\- — (iii). 

7712 

Then where (i) meets (ii) x= =6, 

and where (i) meets (iii) x=. =c; 

.: bmi=cm2 (iv). 



Digitized by VjOOQ IC 



64 CONIC SECTIONS. [CHAP. 



Where (ii) meets (iii) we have x= and y = ——(m^ + m^). Hence, 



a I a 

we have x=- 
1 

from (iv), hctp-if) + c)'^ax 

42. If the three tangents y=m^x-\-^, 3/='»2^ + ^» y=wiyC+— fo"n 

Itln lIU^ "*3 

an equilateral triangle it is easy to shew that 

2 tan-i wii = tan-i mg + tan-^ 7% ± TT, 

and two similar relations. 

Hence ^\ = -^i±^, and two similar relations. 
1 - wij^ 1 - m^m^ 

The tangents (wig, wig) meet in the point f ^ > ^ "^ ^) * ^^® ^^°* °^ 

contact of m, is { — , , — ) . 

Hence the equation of the line through (a, 0) and the point of contact is 



x-a 



a 2a 
a „ 



and this will go through the point of intersection of (wij, wig) if 




that is, if T^^ = ^t^ , which is known to be the case. 



43, The ordinates of the feet of the normals which meet in (|, rj) are 
given by the equation 

SaHri-y) + y(4a^-y^) = 0. [Art. 106.] 

Hence, if i^j, ri^, t/s be the roots we have 

Vi + V2 + V3=0 (i), 

V2V3-^VzVi + Vin2=^<^(^-^) (")• 

Now the tangents at the points whose ordinates are ly^, 172 nieet in the 

point where x=^^^, y = ^iVi+V2)' 

Hence, if this point lie ony^=a {x + c), we have 

or, from (i), (171 + 172) '?3+ ^i'?2 + 4ac = ; 

.-. , from (ii), 4a (2a - ^) +4ac=0. 

Hence the normals meet on the line a;=2a+c. 
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44. The ordinates of the feet of the three normals which meet in (^, rj) 
are given by the equation 

8a2(,7-y)+y(4a|-y2)=0. 

Hence, when the point is on the curve, so that i:a^-rp=0, we have 

Hence ^=97 is one ordinate, as is obvious, and the other two are given by 

8a2+y(T7 + y)=0. 

Hence, if y^, y^ be the roots of the above, 1/1^2= 8a'; and this shews that 
the chord joinmg the feet of these normals passes through the fixed point 
a:= - 2a, for the equation of the chord is 

y{yi+yfi)-^ox-yiy2=^- 

45. I^ot the ordinates of the extremities of the chord be y^ y^^ and let 
(a, /3) be the fixed point ; then the equation of the chord is 

2^(yi+2^2)-4ax-yi2/2=0. 
Hence we have 

^(^1 + 2/2)-' *<W'-2^iy2=0 (i). 

The normals at yi, y^ are 

8a'{y-2^i)+2/i(4«a;-yi2)=0,., (ii), 

and 8a2(y-y3)+yj(4aa:- 2^2^=0 (iii). 

Subtract (iii) from (ii), and divide by 1/2 ~ 2/i > ^^^^ 

8a2-4aa;+y2^+yiyj+2/i2-o (iv). 

Multiply (ii) by y^ and (iii) by y^ and divide their difference by ^2 - 2^i 5 
then 

8aV+yi2/2(2/i + y2)=^0.. (V). 

We have now to eliminate y^y^ and ^1+2/2 ^^^ (i)» (i'^) *^^ ('^)- 
From (i) and (iv) we have 

(yi + 2/2)^-i3(yi+y2)=4a(a;-2a-a) (vi). 

Also, from (i) and (v) we have 

i3(yi+y2)'-4aa(yi + y2)+8aV = (vii). 

Hence, from (vi) and (vii), we have 

2 {/3 (a; - 2a - a) + 2ay}2= (j32 - 4aa) {2a (2a + a - ar) - /Sy}, 

which is of the form Y^ a Z, and therefore represents a parabola. 

46. As in 38, the abscissae of the three points the normals at which 
pass through (k, k) are the roots of the following cubic in x' 

4a2&a=4aa;'(2a--ft + x')2 (i). 

S. C. K. 5 
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Now the normal at x' cuts the axis in the point x' + 2a. Hence if x^, Xj, x^ 
be the three roots of (i) we have 

Xi + 2a + X3 + 2a = 2(x, + 2a); 

/. x^ + Xj + x,=3xj. 

Now Xi + Xa + X3=2fc-4a; 

.-. x, = |(A-2a). 

Henoe, as Xj is a root of (i), we have 

afc2=|(/»-2a) |2a-fc + |(ft~2a)r, 

or 27ak^=2{h-2a)K 

Thus the point of intersection of the normals is on the curve whose 
equation is 

27ay2=2(x-2a)3. 

47. Let y^ y^i y^, y^ be the ordinates of the four points ^, B, C, D on 
the parabola 2/^-4ax=0; and let AB^ BC and CD make given angles with 
the axis. 

Then the equations of AB, BC, CD and DA are respectively 

y(yi-^yz)-^x-yiyi=^> 
y{yz+y^-^<^-yi&4=^* 

and y (y^ + y^) - 4ax - ^42^1 = 0. 

Since AB, BC^ CD make given angles with the axis it follows that 

yi+ys» 3/2+^8 and y^+y^ 

are all constant, and therefore also {y^ + y^) + (yj^+ y^) - (y^ + y,), that is y^ + y^, 
is constant. Hence DA makes a fixed angle with the axis. 

48. liCt I x" » ^1 ) *^^ ( Z*' » ^a ) ^ *^® extremities of one of the chords : 
then the equation of the corresponding circle is 

(''-© (^-^) + (y-3'i)(j'-yJ=0- [^*- 67. Ex. 4.] 

Similarly, if y^y y^ be the ordinates of the extremities of the other chord, 
the equation of the other circle will be 
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The common chord of the two circles will pass through the origin 
provided 

or (2/i2/2- 2/32/4) (yi2/2+ 3/82/4 +16a2)=0 (i). 

But since the chord whose equation is 

2/(2/i + 2/2)-4aar-yiy2=0 
passes through the focus, we have 

3/12/2= -4a2. 
Similarly ysy4=-4a2. 

Hence the condition* (i) is satisfied. 

(It is not necessary that the chords should be focal chords, for the relation 
^1^2 =^3^4 h(>lds good whenever the two chords cut the axis in the same 
point.] 

49. Let the two tangents be 

a , a 

y=miX-\ — and y=m^ + — . 
^ ^ % ^ -^ wig 

Let mi=j-^,and?n2=^-^2; 

A — A*l ■*-~/*2 

then /ij/Aa = constant =fc suppose. 

If {Xf y) be the point of intersection of the tangents, we have 

- a a a , x /, . a(l-k) , . 



XT a (1-^)^ 

Hence y^= - a - — r— ^ 



The locus is therefore a parabola ; moreover the focus of the parabola is 

^., . . , , . . a{l + kf a(l-kf 
at the point whose abscissa is ^ .. ^-n — -=a, 

50. Let P, Q, JR, S be (x,, t^j), (Xg, ^2). («8» ^a) a-^d (x^, yj respectively. 
Then the equation of the circle whose diameter is PQ is 

5—2 

Digitized by VjOOQlC 



68 CONIC SECTIONS. [CHAP. 

Where the circle meets the parabola ^'=4ax, we have 

T^Ay^-yi^){y'-yi')+iy-yi)(y-y^=o. 

Hence y^ and y^ are the roots of 

(y+yi)(y + 2/2) + 16aa=0; 

and therefore ^82^4=^1^2+^^' W- 

But PQ and JiS cut the axis in points whose abscissae are-^^ and 

__ J^ respectively ; and (i) shews that the difference of these abscissae is 
equal to 4a. 

51. The ordinates of the points the normals at which meet in the point 
(a, /9) are given by the equation 

Sa^{p-ri)-{-ri(4aa-'n»)=0, 

or ri^+ia{2a-a)ri-Sa^p=0 (i). 

Now, let Tjif i7«, 7j^ be the roots of the above cubic ; then the equations of 
FP',QQ\RB*wmhe 

i.e. T7i' + 4a(-2a-x)i;i + 8aV=0 (ii), 

and two similar equations. 

Now the equation (ii), and each of the two similar equations, is clearly 
satisfied by the values - 2a - a; = 2a -a, y= -)3, since i/j, 172* V3 are the roots 
of(i). 

Hence PP\ QQ\ RR' all meet in the point (o - 4a, - )3). 

The line 00' is —. — = --i^—t which is clearly perpendicular to the polar 
4a Zp 

of 0' whose equation is -^y=2a(x-k-a- 4a). 

52. The equation of the normal at the point (x', y') is 

y-y' ^ x-^ _ s/{{y- yr+{x z^^J 

y' ~-2a"" ^/{y'2+4a2} 

Hence, if (x, y) be the coordinates of the point O, and (x', y') be either 
of the points P, Q, 12, and if r be the distance between the points (x, y) and 
(^, y% we have 4a (of + a) (x - x')a= 4aV. 

Hence aViVa%a=(Xi+a)(Xa+a) {x^+a){x-x^)^(x-x^'^{x-x^) (i) 

where x^^ x^, x^ are the three possible values of x'. 



x'(x'-x + 2a)a-ay«=0 (ii). 



Now -, = 1 — 5— ; .'. y^= j-y (x' - x + 2af\ :. x^, x^, x, are the three roots 
of the foUowing cubic in x' 
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In(ii)puta + x' = X; then wehave (X-a) (X-a; + a)2-a2/«=0; 
.-. W\=a{{x-a)^+y^], 
i.e. {xi + a){x^ + a) (x^ + a) = a{{x-a)^+y^}. 

Again, in (ii) put x - x' = /* ; then we have {x - At) (2a - /*)' -ay^=0; 
.*. fhfhf^=<^i^^-y\ i-©« {x-Xj)(x-'X2)(x-x^) = a(4ax-y^). 
Hence from (i) 

a\W^=a{(x - a^-hy^} . a« {iax - y^f ; 

The point of contact of the tangent y=mx-{-— is (—5, — ). Hence if the 

wi \7n> rn, J 

two tangents which meet in (a;, y) make angles tan~'mi, tan-%a with the 
axi^, and U, U he the lengths of the tangents, we have since x= and 

a a 

y= ~ + — f 
nil ^ 

"•■(i-4y(4.-)(^--) 

= (y« - 4ax)2{ (X - a)^ + y^j/a^ 
since »%, th, are the roots of m*x -my+a=0. 
Hence OP.OQ. OR=a . OL . OM. 

53, The ordinates of the feet of the normals to a parabola which meet 
in any point (^, 97) are the three roots of 

y» - 4a (^ - 2a) y - Sahf = 0. 

Let these roots be y^, y^, 2/3 ; then 

21/1=0, 2^22/3= -4a(^-2a), andyiyay8=8a^ (i). 

The smn of the squares of the sides of the triangle formed by joining the 
feet of the normals will be 

2 (ya-y8)' + 2(x2-X3)2=22yi2. 222/32/3+ ^^^^^yi'-^^y^W}"^^^)' 

Now (22/i)'= 22/1^ + 222/1^8, 

2yiV + 22/i2/22^322/i= (22/ii/3)», 
and 22/i*+222/iV=(22^iV. 
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Hence from (i) J,y^ = 8a (f - 2a) 

22/iV=16a«(f-2a)2 
22/i*=32a«(f-2a)2. 

Hence, from (ii), the sum of the squares of the sides of the triangle 
is equal to 

16a(^-2a) + 8a(^-2a) + 4(^-2a)2-2(f-2a)2=2(^-2a)(f+10a), 

and is constant so long as { is constant. 

54. Let A\ B\ C be the points of contact of the sides BG, CA^ AB 
respectively, and let the ordinates of A\ B'^ C be y^^ y^y y^ respectively. 

Then D is the intersection of 

y {y2+yz)-^^-y^z=^^ a»d y=yi. 

Hence D is the point ^iMilMrtMi, y^^ . 

Shnilarly E is (^.fcMilM*, y^^ , ^ndf^is (MalMllJ^^, y^^ . 

Hence the middle point of EF is (^7^, ^^9^ )* ^^^^ ^^ easily seen to 

be the intersection of the tangents at B' and C\ that is A, Similarly B is 
the middle point of FDy and C of DE. 

55. Let the sides B'C\ C'A\ A'B' of A'B'C touch the parabola in 
D, JB, F respectively. Then the diameter through D is midway between the 
diameters through B and C, and the diameter through E is midway between 
the diameters through C and A ; hence the distance between the diameters 
through D and E is half the distance between the diameters through B and A, 

Again, the diameter through B' is midway between the diameters through 
J) and Fy and the diameter through A' is midway between those through F 
and E ; hence the distance between the diameters through B' and A' is half 
the distance between the diameters through J) and £, and therefore one- 
fourth of the distance between the diameters through B and A, Hence, 
as B'A' is parallel to BA, B'A' must be one-fourth of AB, and so for the 
other sides. 

56. Let the four tangents be yy^ = 2a (a; + x^ , <&c. 

Then the tangents at (ajj, y^, (xj, yjf meet where x=^^ ; and the tangents 
at (a;8» y^l* (^4. 2/4) where x=^-^ 



4a 
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f the sqnares 



Hence the product of the squares of abscissae of these two points of 
intersection 



(16a2)3 



— ^1^2 ^3*'^4' 



57. Let the equations of TP, TQ be respectively 

y-m.x =0 and y-rrux =0. 

Then P, Q, T are respectively the points 

W' ^)' w' ^)*°^(^' i"^i)- 

Hence, if y =ww;+ — be the equation of any other tangent, we have 
(2a ma a\ I ,,, 

\mi TWg miWig mj I ^ ^ ' 

Hence PiPs=P2^' 

58. Let ^, P be the points whose ordinates are y^, y^ respectively. 
Let 05, y be the co-ordinates of O, and ^, 17 be the co-ordinates of P. 
Then iax = ^1^2..% = yj + yg. 

Also [see 46] 

4a^=8a2+(y, + y2)2-y,y2, 

and 8«^'7= -yi2/2 (2/1 + ^2)- 

Hence, if ^ = constant = c suppose, 

4ac = 8a2-f4y2-4aaj, 
and therefore the locus of is a parabola. 
Again, if 77= constant =d suppose, 

8a*d= - 4ajr x 2y, or ary + ad= 0. 

59. Let P be the point (xj, y^), and Q the point (|, 77). Then, since 
GP=iPQ, it follows that ^=Xi - 2a, and i7=2yi. 
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Hence the locus of Q is the parabola y^=16a (x+2a). 

The tangent to y^-'4ax=0 at (Xj, y^) is yyi=2a (x + Xi); and the tangent 
to y^=lQa (a;+2a) at the corresponding point (acj - 2a, 2yj is 

2yiy = 8a (x + Xj - 2a) + 32a>. 

Hence the point of intersection of the corresponding tangents is given by 

x=-xi-4a, y=---, 

... (?^y+4a(x+4a) = 0. 

or 16a* + y» (X + 4a) = 0. 
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CHAPTER VI. 

Pages 119—120. 

1. (i) We have — + ^ = 1 ; hence the squares of the axes are - and ^ • 
2 3 
The eccentricity is given by g = 5 (1 - «*), and therefore «= — . 

The foci are the points for which a;=±^{ = --),y=0. 
(ii) Changing to the point (1, - 1) the equation becomes 
8a;«+6y2=l, or 2! + ^=l. 
8 6 
Hence the equation represents an ellipse whose centre is the point 
(1, - 1), whose semi-major axis is ^ /^6 and whose semi-minor axis is 

>■ 

The eccentricity is given by ^ = ^ (1 - c*; , and therefore « = 5 • The foci 
are at a distance =*=n/( ? - 5 ) ^^^^ tbe centre and are on the new axis of y. 

Hence the foci are ( 1, - 1 ± =^ V^ ) • 

2. The length of the latus rectum is 2 — ; hence the latus rectum of (i) 
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3. The abscissae of the points of intersection are given by 

Q 

that is 5a^ + V^O + ^ =0. 

Hence the two values of Xy and therefore also the two values of y^ are equal. 

4. The abscissae of the two points of intersection are given by 

4ar»- |(a:-3)«-2x=0, 

that is -s- ^2 - 3=0. The two values of x are thus equal and opposite, and 
therefore the points of intersection are equidistant from the axis of y. 

5. Substituting the coordinates of (2, 1) in the equation of the ellipse, 
the result is equal to ~ 1. Hence [Art. 112] the point is within the elUpse. 

6. The line |/= ± \/3a;+ c makes an angle of 60® with the axis of x [the 
upper si^ referring' to lines for which the angle between the positive direction 
of the axis of x and the part of the line above the axis of x is 60<>]. 

Also, the line y= ±/^3aj+c will touch the ellipse xVa^+y^lh^=l provided 
c«=3a2 + 62[Art. 113]. 

Hence the required equation is y= ±/^3aj=fc/^(3a*+i*). 

7. Writing the equation of the ellipse in the form -5- + ^ = 1, we see that 

O a 

the squares of the semi-axes are 3 and 2. Hence the foci are at a distance ^ 1 

2 
from the centre, and the length of the semi-latus rectum is —r- . The co- 

ordinates of the extremities of the latera recta are therefore 



(*!.=. |V3). 



The equations of the tangents and of the normals are then found at once 
by substitution in the formulae of Articles 114 and 116. 

8. If the intercepts made on the axes by any line be equal in absolute 
magnitude, the line must be parallel to y=.:^x. Hence from Art. 113, the 
tangents to a?/a^+y'/6*=l which make equal intercepts are given by 

y=±a:±^/(a«+62). 

9, The equation may be written in the form 



.(.-?)Vv.|. 
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Hence the point ( t » ) is the centre of the ellipse, and the semi-axes are 



3 3 

—73 and -7 , the major-axis lying along the new axis of y and the minor-axis 
Vo 4 

along the axis of x. Since the minor-axis is along the axis of x, and the 

centre of the ellipse is at a distance from the original origin equal to the 

semi-minor-axis, it follows that the origin is at an extremity of the minor-axis 

of 4x2 + 22/2= 6a;. 

9 9 1 

The eccentricity is given by r^= 5 (1 - e^) ; .-. e=—^ . 

Jo O f^Jj 

10. We have by definition 

(a.+ l)2 + (y-l)2=_(^_._^j; 

.-. 20ar^ + 24a;y-h27y2 + 72x-72y-|-72=0. 



11. The equation of the normal at 



ja.,^]is 



62 

y — 
x-ae a 

£ ~ 1 * 

a a 

This cuts x=0 where y= a = . 

^ a a 



Hence if the normal pass through an extremity of the minor-axis we 
must have ae^=b; .'. a^e^ -a^{l- e*), or e^ + e2 _ 1 _ q. 

(62\ ex V 
ae. — ) is — +^ = 1. 
a J a a 

This is met hjx=x' in the point whose ordinate =a- ex'. But, if 05=0;' 
meet the curve in P, /SP= a - ex' [Art. 110]. Hence MQ = SP. 

13. Take the lines OA, OB for axes, and let ^C=6 and CB=a, Then, 
if the coordinates of C be a; and ^, we have 

x2 y2_/0^Y /0B\2_ 
a^'^b^-\AB) '^\Ib) -^• 

Thus the locus of C is an elHpse whose semi-axes are BC and AC. 



Pages 128—129. 

1. The pole of (a«, 0) with respect to !K?/a^ + y^/b^ = l is aex/a^=^lf i.e. 
x=^a/e. 
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2. The necessary and sufficient condition that the line 

aj cos o + y sin a - p =: 
should touch the ellipse {B*/a' + y'/ft* = 118 that p* = a'cos' a + &* sin' a. Now if 
r and $ are the polar coordinates of the foot of the perpendicular from the 
origin on the line x cos a +2/ sin a- p = 0, r =p and 6 = a. Hence the equation 
of the locus of the foot of the perpendicular from the centre of an ellipse on 
any tangent is r*=a' cos' ^+ 6* sin' 0, 

3. Let r,, r, be the lengths of the semi-diameters which make angles 6, 
9+n respectively with the major-axis. Then [Art. Ill] 






1 cos'^ . sin'^ _j 1 sin'^ . cos'^ 

„ 1111 

Hence -5 + -5 = -o + rr- 



4. Let one of the sides of the triangle make an angle with the axis of 
x; then the other sides will make angles 0+-^- <^d ^+~i~ "mih. the axis. 

Hence, if r^, rg* r, be the lengths of the semi-diameters parallel to the sides 
of the triangle, we Imve 

sinceco8 2^+cos2(^+y j-f-cos 2{e + -^\=Q, 

5, The point of intersection of two perpendicular tangents to a fixed 
ellipse is at a constant distance from the centre ; hence when an ellipse of 
given axes touches two fixed perpendicular lines its centre must be on a fixed 
circle having the intersection of the lines for centre. 

6. The points S', H' are (0, ±a«). The equation of any tangent to the 
eUipse is 

X cos a+y sin a- /y/(a' cos' + 6' sin' a) = ; 

and the sum of the squares of the perpendiculars from S\ H' on this 
tangent 

= {a€ sin a - V (a' cos' a -f- 6' sin' a) }' + { - ac sin a - /v/(a' 00s' a + 6* sin' o) }' 

= 2a«. 

7, Let the eccentric angles of the two points be + a and 4>-ay2a being 
the given difference of the eccentric angles. 
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Then the equations of the tangents are 

-cos (^ + a) + |sin(0 + a) = l, 

and -cos (^-a)+^ sin (^-a) = l. 

These meet in the point -=cos sec a, |=Bin sec a. Hence the required 

locus is the ellipse whose equation is -^ + ^2=sec'a. 

8. Let [x\ y') be the point P ; then the equation of the polar is 

and the equation of FOg is 



xx' yy' 



Hence C«=-,-, and Cflf=y'(l-|a^ ; /. tC .Cg=^a^-h^=SC .GS\ 

Hence «, .Sf, p, fif' are on a circle ; and, since tg bisects SS' at right angles, 
tg is a diameter of the circle, and therefore the circle also passes through 0. 

9. If the line Za5+m2/+n=0 be the normal at any point d, the given 
equation represents the same straight line as the equation 
axsead-ly cosec ^=a' - 6*. 
Hence we must have 

I cos ^ _ m sin ^ _ n 

cos ^ sin ^ 1 

I m n 






10. Let P be the point (acos^, fesin^). Then the equation of the 
tangent at Pis -cos ^+1 sin ^=1; hence the equation of the line through 
(a«, 0) perpendicular to the tangent at P is 

(a; - o^) a sec ^-2/6 cosec ^=0 (i). 

The equation of CP is 



_ y 



a cos $ & sin ^ ' 



(ii). 



The lines (i) and (ii) meet where (a;-ae)asec^ — ajsec^=0, or x=- . 
Hence (1) and (ii) meet on the directrix. 
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[chap. 



and 



ax/ooB $ - by/ sin $=a^-l^.. 
x/aooB$-y/aBia6=0 



11, Let P be the point (a cos ^, 6 sin 6) ; then Q will be (a cos ^, a sin 0). 
The equations of the normals at P and Q will be 

(i). 

(«)• 

From (ii) tan 0=- and therefore cos ^= -77-= 57 and sin = ,, ^ — 5. . 

Hence from (i) a;' + y* = (a + 5)*. 

12, Let P be (a cos 0, h sin 0), then Q will be (a cos 0^ a sin ^), and the 
equation of the tangent at Q will be x cos ^ + y sin ^ - a = 0. Hence the per- 
pendicular distances of the foci (^oe, 0) from the tangent at Q are 
tb ae COS + a that is a :t ex^ where a; is the abscissa of P. But, from Art. 110, 
the focal distances of P are also a:tex. 



13. The area is ; 



a cos a, h sin a, 1 
acoB/3, &sin)3, 1 
a cos 7, 6 sin 7, 1 



= ^ a6 {sin (7 - /3) + sin (a - 7) 
+ sin(/3-a)}. 



Pages 138—145. 

1, Let <f> be the eccentric angle of P; then [Art. 110] /SfP=a+a«cos0 
and S'P=a - ae cos <f> ; 

.-. fifP.5f'P=:a«-aVco8V=a*-(a^-6*) cos^ =aasinV + &*cosV=C7Z)« 

[Art. 130.] 

2, Let be the eccentric angle of P, and let ^ be ( - a, 0) and therefore 
A' (a, 0). 

Thus Y is the point of intersection of 

-cos0+?sin0=l and x= -a; 
a ^ b 

.'. Cris -cos0+|8in0 + - = O. 
a b ^ a 

The equation of A'P is — - = ^^i— — 7-^ » and CY and ^i'P are 

acos0-a 6sin0 

„ , ., b cos + 1 6 sin0 ^ i. • u • 

parallel if r^-—- = -r—r > which is obvious. 

'^ a sin a cos 0-1 

3, Take for axes the bisectors of the angles between the given straight 
lines ; and let their equations be 

a;cosa + ysina=0 andxcosa-y sina=0. 

Let (x, y) be any point on the locus ; then 

(x cos a + y sin a)^ + (x cos a - y sin a)2= constant = c^ ; 



c^sec^a c^cosec^a 

If 2a is the acute angle between the lines, so that coseo a> sec a, we have 
c* sec2 a=€^ cosec^ a{l-e% and therefore e=J{l- tan^ a) . 
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4. Let the eccentric angles of P, Q, i2 be a, )3, 6 respectiyely. Then the 
coordinates of V are ^(cosa + cos^),- (sin a + sin d) ; and the coordinates of 

V are ^ (cos j3 + cos ^), ^ (sin j3 + sin 6). 
Hence the equation of VQ is 
-ja;-^(cos a + cos ^) la sin ^^-^ -^i/-^(8in a + sin d)l6cos^^- =0. 

Hence, at G, a; = » (cos a + cos 6)--^ (sin a + sin ^) cot — ^ 

= — ^ — (cos a + cos 6), 

Similarly at G' x= —^ — (cos j8 + cos 6) . 

Hence GG' = —^ — (cos a - cos j8), 

which is independent of 0. 

5. Since BC^=a^(l-e% SC=ae and XS=XG-SG=--ae, it follows 

e 

that BC^=XS . fifO. Pence the locus of B (or B') is a parabola whose vertex 
is S and whose latus rectum is equal to XS, 

6. Let the eccentric angles of P, P', Q be a, - a and respectively. Then 
the equations of PQ, P'Q will be 

X a + y . a + a-0 

, X -a + y . -a + -a-0 

and - cos — ^ — + | sin — ^ — =cos — s — • 

a 2 b 2 2 

Hence Cilf =a cos —^— / cos - « - , 

and GM'=aco6 —^ / cos -n— ; 

.-. GM. GM'=zaK 

7. Let the conjugate diameters \)ey=mx and y = m'a; ; then mm' = - ft^/a^. 
The perpendicular lines through the foci are 

y=--(a;-afi), y = ---^{x + ae); 

52 
hence, from the relation mm^= — , , we have 
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Thus the required locus is a oonoentrio ellipse. The ellipse is similar to 
the original ellipse, but the major axis of one ellipse lies along the minor axis 
of the other. 

8. Take the equi-conjugate diameters for axes ; then the equation of the 
ellipse will be a:* + y*=c*. 

Let P be (x\ y% then the equation of the tangent at P is xx'+yy'=c^ ; 

and therefore Cr=-. and CT'= -, . 

^ y 

Now A TCP : A rCP=y',CT : x\ cr= ^:^ = CT^: CT^, 

9. Let <3 be (x', y') and P be (x", y"). 

Then the equations of CQ, OP are ^ - ^=0 and ~ - -^,=0. Also the 
equations of the normals at Q, P are 

a* 62 ^a 5a 

Since CQ is conjugate to the normal at P, we have [Art. 127] 

Also CP will be conjugate to the normal at Q, provided 

x" • 6V- " ^' ^'"^ "^"6*"-"' 
which is known to be true. 

10. Let P be the point (a cos 0, h sin 0) and D the point ( - a sin 0, 

&COS0). 

Then P' is ( - a cos 0, & sin 0) and D' is (a sin 0, h cos ^). 

TT i.1- i.' * nrk/ • aj-acos0 y-ftsin^ 

Hence the equation of PD' is !--— = , : ^ — . ^ , 

^ a cos - a Bin ^ & sm ^ - 6 cos ^ 

that is 6(a;-aoo80)+a(t/-6sin^)=O, 

which is parallel to 5x + ay = 0. 

. . ., ,. - ^,«. ar + acos0 y-ftsin^ , . , 

Agam the equation of P'D is — —. — - = r-f-— 7 — 5-^—: , which 

* ^ -acos0+asm0 6sm^-ocos0' 

is parallel to &x - ay = 0. 

This proves the theorem, since the equi-conjugates are l>x± ay =0. 

11. Let ^ be the eccentric angle of P ; then ^±^ will be the eccentric 
angle of I). 
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Then the equations of the tangents at P and D will be respectively 

- cosd + ? sm^=l, 
a 

and - sin ^ - ^ cos ^= db 1. 

a b 



Hence T is ( -^, ) and T is (0, ^ -^ ) . 

\COS^ J \ COB0J 

Hence TT' is -^=f -^—^1, 



b 

COS 6 cos ^ 

which is parallel to - =f ^ = 0, that is parallel to one of the equi-conjugates. 

12. Take the equi-conjagate diameters for axes ; then the equation of 
the ellipse will be x^ + y^=(?. Hence, if CT meet QQ' in V and the curve in 
P, we have QV^+CV^=c^, 

ButCF.Cr=CP«=c2; /. QV^=CV{CT-CV) = CV,VT, from which it 
follows that Q, Ty Q\ C lie on a circle. 

13. From Art. 126, we have 

/. KC.PG = b^=SZ,S'Z\ 
Hence KG : ZS :: Z'S' : PG. 

14. Let the conjugate diameters be PCP\ DGD't and be the point. 
Then OP' + OP'^=20(P+2CP^, 

OD2+Oi)'2=20C2+2CD2. 
Hence the sum of the square of the distance of P, P', D, D' from is 
WC^+2{CP^+GD% 
which is constant, since 0C7 is constant and GP^ + GD^ is constant. 

15. Let P be the point (a cos d, b sin $) , and P* the point {a cos ^, - 6 sin ^) ; 
then O is the point of intersection of the lines whose equations are 



-^ = 



=aa-62and 



cosd Bind acos^ -6sin^* 

Hence at we have 

- = Q . i^ oos ^, and ^ = - » . , „ sin 6. 
a a^ + b^ b a^ + b^ 

S. C. K. 
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Square and add ; then we obtain the equation of the Iooub of 0, namely 

a*"*"?^"" V + fr*/ ' 
16. The equation of the normal at P is -^ - -^^= a^ - 6'. Hence O 

is the point ( cos ^, ] . Hence, if {x, y) be the middle point of PQ, 

we have 2x=a cos $ + cos and 2y =6 sin d; 



•■(^T*(?)'-'^ 



the locus is therefore an ellipse whose semi-axes are — ^ and ^ . 

17. Let be the eccentric angle of P ; then the equations of ^P, A'P 

will be 

X e y . $ 
-cos^ + |sm-=cos^, 

, X 0+T . y . 0+T 0-T 

and -cos -Ti — h ^sm— 7r-=co8— jr— . 

a 2 6 2 2 

Hence the equations of PN, PM will be 



{x-a cos ^) a sin jr - (y - 6 sin d) 6 cos ^=0, 

ft 

and (a; - a cos ^) a cos » + (y- 6 sin ^) 6 sin 5=0. 

Hence MN= lacos0 — sin ^ cot - ) 

•~ I acos^+— sm^tan- ) = — . 
\ a 2) a 



18. The directions of the two tangents from (x, y) are given by the 
equation 

y=^mx-\-^{ahn^'\-V^), [Art. 113.] 

Hence tan 0^, tan dg are the two roots of (y - mx)^=ahn^ + 6*. 
Hence tan ^, + tan ^a = z^-^it » 

and tan 0^ tan ^a = ^^2 • 

Hence, (i) if tand2+^^^^2=^^^^^^^=^^PP^^^> ^^^ locus of (x, y) is 
given by 

2xy=k{x^-'a^. 
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(ii) If cot $1 + cot ^2=cdnstant = Z snppose, the locus of {x, y) is given by 

(iii) If tan ^^ tan ^2= constant =m suppose, the locus of (x, y) is giyen by 
y«-6a=iii(x»-a»). 

19, Let PCP', DCD' be any two ohordff of an ellipse, and let the 
eccentric angles of P and D be ^, ^ respectively. 

Then the eccentric angles of P*, D* will be ^ + x and ^ + x respectively. 

Let pCp' and dCd' be the diameters conjugate respectively to PCP* and 

DCD'; then the eccentric angles of p,p' are ^:J=-^, and the eccentric angles 

of d, d' are^i^. 

Hence the sum of the eccentric angles of p and d will be either ^ + ^ or 
$-\-<f>^T which shews [Art. 123 and 129] that pd is either parallel to PD or 
to the conjugate diameter of PD, 

20. Let the eccentric angle of P be ^, then the eccentric angle of D will 

Hence the equations of the tangents at P and D will be respectively 

-cos^ + |Bm^=l, 
a 



X 

-cos 
a 



(..r).|sin(..|) = l. 



Square and add ; then is eliminated, and hence the locus of the point of 
intersection is the ellipse 

— 4- — =2. 

Again, if (x, y) be the middle point of PD, we have 
2x=acosd + acos ( ^db^ j , 

2y=bBin0-\-bBm(0^^\. 

Hence (^^)V(?y={ooB.^cos(..r)}' 

+ |8ind + sin(^±r'\l'=2. 
Hence the locus of the middle point of PD is the ellipse 



xV t/2 1 

6—2 



aa^6» 2 
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21. The equation of the line parallel to the directrix x--=0 and mid- 
way between it and the correspondmg focus (ae, 0) ia x=:^lae+ -j . 

The equation of any line through the focus is y=m (x-ae). This line 
meets the ellipse where 

Now the distance, d, of the point (x, y) from the line x=^\ae+ -j is 
given by d=x - r- (! + «'). 
Hence d is given by 

= a2(l-e2)2/4e2. 

22. The equation of the chord joining the points whose eccentric angles 
are a, p respectively is 



X a + B y . o + i3 „cl-^ 
^,_P + |sm -2^ = 008 -2-. 



- COS —^ + T sm — 2"^ = cos 



Hence 



cos 
a 



cos-^ 

a-fl a + /3 

, cos — jr^ - cos — 5- ^ 

a— a 2 2 , a . p 

•• d + a a-/3 a + /3 *** 2 " 2 

cos — 2^ + cos ——- 

23. From the previous question, if the chord (a, j3) cut the axis in the 
point {dj 0) and the chord (7, 5) in the point ( - d, 0), we have 

^ a. 3 d-a 
tan rr tan ^ = -= — , 
2 2 d+a* 

■IX Yi. 5 -d-a d + a 
and tan -^ tan jr = — j- — = 3 — ; 
2 2 -d+a d-a' 

.• . tan I tan| tan | tan - = I. 
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24. As in 22, we have 



tan -^ tan -^ = , 

2 2 ae + a 

. 0q. 09 —ae — 



Hence 



ae^-a 

tan -jf tan ^ = , &c. 

2 2 ae + a 

tan ^tan -^ = cot -g^cot 2'= tan -^ tan ^= . 



25. The tangents at j9, 7 meet in the point 

(cos^(i3 + 7) 8in^(/3 + 7)\ 
a J , b J , 
coa^ifi-y) coa^{p^y)J 

and so for the other points of intersection. 

Hence the area of the triangle formed hy the tangents 



0082(^+7) 

a J , 

C0S2(i3-7) 

cos ^(7 + 0) 

a—^ . 

cos 2 (7 -a) 

cos^(a+/3) 

a J , 

cos-(o-/3) 

ab 
2coS2(^-7)cos^(7-a)cos^(o-)8) 



ab 



Bin ^(^+7) 
b-4 , 

cos -(^-7) 

sin -(7+0) 

b-i 

cos -(7 -a) 

Bin-(tt+i3) 
b-i , 

COSs(o-^) 



cos 2 (7 + a)» sill 2 ('y + ")' ®^^ 2 ^'^ ""^ 
C08^(a + /S), sm-(o + /3), cos^Ca-^) 



~"2 *®® 2^^"*^^ ^°2 ^'^-"^ ^® 2 ^""'^^ • ^^^S^^"*^' ®^° 2^'^"'^^ 



=06 tan^ 03-7) tan^ (7-a) tan ^ (a-/3). 
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26. Lot -^^Cl be the triangle formed by the tangents ; then 

E,^A=BC.CA.AB. 

eoa^{a + y) cos-(o+/S)l 
Now B(P=ia ^ ~^ 1 

0082(0-7) C08^(o-/S)J 

1 1 ^* 

sins(a+7) Bin-(o+/3) 
+ ^5—2 6_|_ 

0082(a-7) C08^(o-/3)J 
/.BC»oos«5 (0-7) 00325(0- /3) = (a2Bin2o+6»oosaa)sin«i (7-/3)... (i). 

Am a 

Also the diameter parallel to the tangent at o meets the ourve in points 
whose eooentrio angles are a±^ . Hence 

(f )' ^ ^' °^'* V " "^ i ) "*■ ^^ ®"^' ( " "^ f ) ~ *' ^" * "*■ ^ ^®' *• 
Hence (i) may be written 

5C«cos«i(o-7)cos>i(o-i3)=58in«^(/3-7). 

and similarly for the other sides of the triangle ABC, 

pgrsin5(/3-7)sin5(7-o)sin^(o-^) 

...J2.4A= ji ^^ £ . 

8 cos« ^ (iS - 7) oos2- (7 - o) oos» ^(o - /3) 

Also, A=:a6tani(/S-7)tan^(7-o)tani(o-/3). [See 26.] 

Hence J2=£^seo^(/3-7)sec^(7-o)seo^(o-/S). 

27. Let P be the point («', y'). Then the equation of TS will be 
x-s^ _ y-y' 

of -ae y* ' 

Hence the equation of HQ will be found to be 

a/ (1-e*) (x^ae)=zay (l+e^) (x^-ae). 

The equation of SR will be found by changing the sign of «, and will 
therefore be 

ay* (1 - e^) (x - ae) = ay (1 + e«) («' + ae). 
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Hence, at the point of intersection of QH and i25f, we have 
ay' {1-e^) x=ay (1 + «') x\ and 
ay' (!-«»)= -ay (l + e«). 
Hence a;= -a:', andy (l + e')= -y' (l-«2); 






1+^V 



; 



Hence the required locus is the ellipse whose equation is 
a^ y« (l + ey. 

28. Let the eccentric angle of Phed; then the equation of Cp will be 
X _ y 



^- . ^ (i). 

cos ^ sin ^ ^ ' 



The eccentric angle of Q is 



The equation of the tangent at Q is 

-cos 0+1 sin 0=1 (iii). 

Now (i) is perpendicular to (ii) since a tan <p=b tan d, from (ii). Also, 
since the tangent at Q is perpendicular to Cp, it cuts off from Cp a length 
equal to the perpendicular from the centre on (iii) ; and this perpendicular 

^ ^cP 

^ . , PIP 6^ sin2 d . „ ^ CN^ a» cos* $ 
for sm« 0= -^ = -^^- and cos2 0= -^ =-^^5- , 

and therefore 

62 cosa 0+a2 sm^ 0=a»6« (sin^ d + cos^ $) / CP^=a^b*ICP\ 

29. Let the eccentric angles of P, QheOf 4> respectively. 

Then, since the tangents at P, Q are at right angles, we have 

cos 6 cos <f> sin sin . 

^2 "^ 62 -" ^^'' 

The equations of Cp, Cq are 

cos Bin cos sin 4> 

and the condition that these may be conjugate diameters is 

tandtan0=-6V«'» 
which is true firom (i). 
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30. Take G for origin, and the fixed straight line to which CQ and Cq 
are equally inclined for axis of x, and let 2a, 2& be the radii of the two 
circles. 

Then, if CQ make an angle d with the axis, Cq will make an angle - ; 
hence the coordinates of Q will be 2a cos 6, 2a sin 0^ and those of q will be 
2b cos 9, - 26 sin 0, 

Hence, if (x, y) be the middle point of Qq, we have 

2x = (2a + 26) cos d, 2y = (2a - 26) sin ; 

•*• (^T6p ■*■ (^^*~ ■ 

Thus the locus of P is an ellipse whose semi-axes are a ±6. 

The eccentric angle of P is clearly 0y and therefore the equation of the 
normal at P to the ellipse it describes is 

(a+6)x_ (0-6)2,^ 
cos ^ sm ^ v ^ / V / » 

and it is easily seen that the points 

(2a cos d, 2a sin d) and (26 cos 0, - 26 sin 0) 
are both on the normal, so that QPq is the normal at P. 

The square of the semi-diameter conjugate to CP is equal to 

(a + 6)2 sin^ + {a- 6)» cos« 0, 

But Qq^={2a cos ^ - 26 cos 0)^ + (2a sin ^ + 26 sin 0)^ ; and therefore Qq is 
equal to the diameter conjugate to CP. 

31. Let 0f 0' be the eccentric angles of any two points P, P' on an 
ellipse ; then the semi-diameters conjugate to CP^ CP* are equal to 

V(a^ Bin2 + h^ cos2 0) and V(a' sin* 0' + 1^ cos* 0') 

respectively. 

Hence XV=(a'*8in«d-h6«cos« ^) (a* sin* ^' -h 6» cos* ^) (i). 

But, since the tangents at ^, 0' are at right angles, we have 

cos cos ' sin sin ^ _^ 
a^ "^ P -"' 

.-. a* sin* sin* ^ -h 6* cos* ^ cos* 0' ■¥ 2a*6* sin ^ sin ^ cos cos d' =0 ..(ii). 
From (i) and (ii) we have 

X*;i*=a*6* (sin d cos ^ - sin 0' cos d)* 
= a*6* Bin*w. 

32. Take the line of centres and the common tangent for axes; then the 
equations of the circles will be 

a;2+y*-2ax=0, x*-H2/^ + 2ax=0. 
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Hence, if (x, y) be any point on the required locus, and 2c the constant 
sum of the tangents, we have 

n/(x2 + y^- 2ax) + V(ar» +y^ + 2ax) = 2c, 

whence x^ (c* - a*) + yh^ = c*, 

c^ 
which is an ellipse whose semi-axes are -rro ir and c. 

33. The eccentric angles of the two extremities of two conjugate dia- 
meters may be taken to be 0, + ir and 0+^, B+ -^ , 

Hence, if - cos a+ ^ sin o - 1=0 be any tangent, we have to prove that, 
for all values of a and 0^ 

(cos ^cos a + sin ^ sin a- 1) ( - cos cos a - sin ^ sin a - 1) 
-I- ( - sin ^ cos a+ COB ^ sin o - 1) (sin cos a - cos ^ sin d - 1) = 1 ; 
that is 

1 - (cos cos a + sin sin a)* + 1 - (sin cos a - cos sin a)^= 1, 
which is obvious. 

34. Let be the eccentric angle of P ; then the equation of the normal 
at P will be 

-k - -r^=a2- 6^ 

cos sm ^ 

The equation of CP is -. = ^ T . ; and therefore the equation of 

^ a cos ^ 6 sm ^ ^ 

a COS d 6 sm ^ 

Hence, at Q x=^a .^ cos ^, y = 6 ^aT^2 ^*^ ^• 
Hence Pg>=a2co8«d (l- J^^y+ft^sin^^ (l- ^-^')' 

= (a«W^^''^'^ + ^''^''^) 

(a^ + b^)'^^' 
where CD is the semi-diameter conjugate to CP. 

35. I^t (x', 2^') be the point of intersection of two perpendicular 
tangents; then the equation of the chord of contact is xx'la^+yy'lb^=l, and 
we know that 

x'^+y'^^a^ + l^ (i). 



Digitized by VjOOQ IC 



90 CONIC SECTIONS. [CHAP. 

The product of the perpendiculars from (0, 0) and {x\ y*) on the chord of 
contact is equal to 

= -o>6«/(a»+fc«). 

36. Let («', y') and (a?", y") be the extremities of any chord of an ellipse, 
and let (^, i;) be the middle point of the chord; then 2^=x'+x", 2i;=y'+y", 
and the equation of the chord is [Art. 114] 

X {x'+x") ^ yil+r). x'x" y'y" 

that IS ^+-p— ■^+^^+-p"- 

But, since the point (|, i;) is on the line, we have 

Hence, by subtraction, we have for the equation of the chord whose 
middle point is (^, 17), 

(^-I)|, + (y-i7)|i=0 (i). 

If the chord whose equation is (i) pass through the fixed point (/, g) we 
have 

so that the locus of (^, iy) is the ellipse -, {x -/) + K (y - flr) = ; 

orthns: 

The coordinates of the point at a distance r from (|, 17) and which is on the 
line through (^, 17) which makes an angle with the axis are given by 

a;=^+rcos 6, y=iy+rsind (i). 

Hence the values of r which correspond to the two points in which 
the line meets the ellipse are given by 

ft+rcos ^)V + ('7+»*sm 0^11^=1, 

If % tj^ be the middle point of the chord it is necessary and sufficient that 
the coefficient of r in the above quadratic should be zero, and therefore 

^ cos 0la^ + iy sin d/62 = 0. 

Hence, substituting for cos and sin from (i), we have the equation of 
the chord whose middle point is (^, 77), namely 
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The equation of the required Iocub is then found as above to be 
x{x-f)la^+y{y-g)lb»=0, 

37. Let DCiy be the diameter parallel to PRQ^ let V be the middle point 

ofpg. 

Draw PM parallel to CV, and let the tangent at P cut D'GD m t. 
Then we know that CJlf.Ct=C7Da; hence as PJ2=C« and Pg=2PF=2Cilf, 
we have PQ . PR=2CI>^= i {DDy, 

38. Let {^, yj) be the middle point of the chord and let 2c be its length, 
and d the angle it makes with the axis. Then the points ^ d= c cos ^, 17 =1= c sin ^ 
are both on the ellipse, and therefore 

(K c cos ^)«/tt« + (17 + c sin 0)^lb^=l 

and (^-ccos^)2/aa+(i7-csin^)«/62=l. 

Hence (f»+c3cos»^)/a2+(ir* + c«sin>^)/6«=l (i), 

and ^ooseia^ + rjsmeib^^O (ii). 

From (ii), cos ^=aVN/(aV+**^. 

and sin ^= - b^^l^(a^ + b^^). 

Whence, from (i) 

{?/a2+V*/62- l}(aV + 2'*l^ +c' (aV + 6^?)=0. 

39. ^he equation of the chord whose middle point is (|, rj) is [as in 86] 

If this chord is the polar of (z*, y') its equation is the same as 
xx'/aHyy7^=l; 
a/ y'_ 1 



whence 



i^v^eia^wif^' 



But if the tangents from {a/, y') are at right angles x'^+y'^=a^ + b^, and 
therefore 

Thus the locus of the middle point of the chord is the curve of the fourth 
degree (a^+y2)/(aH6») = (x«/a2+y2/62)S. 

40. Let a, /3, 7, d be the eccentric angles of the points A, B, C, D 
respectively. Then, since AB, BG and CD are parallel to three fixed straight 
lines, a+/3, ^+7 and 7+d are all constant ; and therefore a + 5 is constant, 
from which it follows that AD is always parallel to a fixed straight line. 
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41. Let FCP\ QCQ' be the two diameters, and let the eooentrio angled 
of P, Q be a, j3, respectively. Then the area of PQP'Q' is 4 a PCQ 

=2 I aoosa, &sina |=2a68in(o-j9) (i). 

I acos/3, bBinp \ 

The equations of the pairs of tangents are . 

-cosa + T8ina=±l, -co8/S + rsini3= ±1. 

Now the area of a parallelogram is the prodnct of the perpendicular 
distances between its pairs of sides multiplied by the cosecant of the angle 
between two intersecting sides. 

The product of the perpendicular distances between the pairs of parallel 
sides is 

/cos^a sin^aN-i/cos^ sin^gN-J 

and the cosecant of the angle between intersecting sides is 

//^ coB^g , sin^a \ / / cos^ /3 sin^ ^ \ I ( ^^^ " ^^° ^ ^in a cos j8 \ 

Hence the area of the parallelogram is 

4a6/8in(o'^j3) (ii). 

From (i) and (ii) it follows that the area of one of the parallelograms varies 
inversely as the area of the other. 

[The proposition can be very easily proved geometrically.] 

42. Draw QN parallel to the tangent at P meeting CPq in N, Then, 
since CN. Cq=CP^, and QN is parallel to Pp^ we have 

Cq:CP=CP: CN 

^CpiCQ, 

Hence Cq,CQ = Cp, CP, so that the triangles PCp and QCq are equal, 
and therefore also the triangles TQp and TPq are equal. 



43, If the eccentric angles of P, Q be O^y $^ respectively, the area PCQ = 
11 a cos ^1, b sin e^ 
2 a cos ^2, &sin^2 



= -a6sin(^i-^a). 



Since the tangents at S^, 0^ '^©et in {h, A;), we have 

^ cos^C^i + ^a) ^ sin^i^i + ^a) 
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.•.coB>i(<^,-«,)=i/(*:4:), 

and therefore sin (0, -6^=2 ^{^1, + g _ i) / g + *() , 

Hence ^PCQ=a, ^(„^4'-l) / (g + g) . 

Again area OPCQ : a PCQ ::0C: FC, where V is the point of intersection 
of CO and PQ. 

The equation of PQ is xhla^+ykllj^=l, and OF : OF is equal to the ratio 
of the perpendiculars from C and O on PQ ;/. CF : 0F= - 1 : h^ja^ + ^2/52 _ 1^ 
and therefore CV:C0=1: h^la? + k^lbK 

Hence areaOPCQ = a PCQ x (h^ja^ + k^jh^) 

44. Since CT bisects PQ, area CPTQ = 2 a OPT. Now P is 



(a cos 0, b sin 
Hence area required 



(cos-(^ + ^') sin^C^ + ^oX 
a , b J. 

cos^(^-0') cos-(0-^')y 



acos0 

CO8^(0 + ^') 

^ — i 

COS^(0-^') 



&sin0 
sin=:(0 + ^') 



=abBeo^(4>-4>') 



COS 2(0-^') 

COS0 



COS 2(0 + ^') sin^(^+^') 



Bin0 

1 
2< 



=a6tan-(0^^'). 



45. The tangents at P, Q meet on the axis at T the point ( , ) ; 

and the tangents at P', Q' meet on the axis at T the point ( , ) . 

\ cos <p J 

Also the tangents at P, Q\ whose equations are respectively 

-cos0+7sm0=l and --cos0 --8m0=l, 
a b ^ a ^ a 

meet in the point t, where y = — z cosec <p, 

a — o 
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2a 2ab Sa^b 



Now paTallelogram=2ATt7*= 



OOB ' (a - 6) sin (a - 6) sin 2^ * 



46. Take the centre of the cirole for origin and axes parallel and 
perpendicular to the given straight lines ; and let the equation of the circle 
be i'+y*=a' and the equations of the fixed straight lines be x= ±c. 

Let a^ By r + a, r + /3 be the angular coordinates of the points on the 
circle ; and let the tangents at a, /3 meet on the line x=c; then 

c=a ^ (i). 

The tangents at a and ir+jS will meet in the point given by 

coSgCa+zS+r) sin ^(a + jS + ir) 

a;=a— — — — ., y=a ^ 

C08^(a-/3-T) COB^{a-p-ir) 

.'. xBm-(a-p)='aan^{a+p) (U), 

yBm^{a-p)=acoB^{a + P) (iii); 

and therefore cos^ s (a - /3) = (a^» + y» - «^)/(a;* + V^)- 

Hence from (i) and (iii) 

Hence the locus required is the ellipse 

Since the minor-axis of the ellipse is equal to 2a, the original circle is the 
minor auxiliary circle. 

47. Take the fixed conjugate diameters for axes, and let (a, p) be the 
point 0. Then the equations of OP, OQ will be 

y - /3 =iWi (a; - a) and y - )3 = TOg (a - a), 
where mim^= — j. 

The points P, Qarefa- — , Oj and (0, p-rn^a). Hence, if (a?, y) be 
the middle point of PQ we have 
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a 

2x=a-^—. 2y = a-vima; 

Wi 

* o-2a; ** a 

and therefore the locus of the middle i)oint of PQ is given by 

o - 2a; * a " a' ' 

or a^i3(f-y)+6«a(|-x) = 0, 

the locus is therefore a straight line which is conjugate to CO and bisects CO. 

48. Let be the point (a, /3). 

The lines CMy CN are bx-ay= 0, 6a; + ay = 0. 

Hence OM is a(x - a) + h {y - p) = 0, and 02/is a (x-o)-6 (y-/3) = 0. 
Hence M is the point x = a (aa + 6/3) / (a^+ft^), y = 6(aa + 6/3) / (a* + 62j. 
also J^ is the point x=a{aa - 6/3) / (a«+ 6»), y=-b(aa-b^)l (a^+b*). 
Hence the coordinates of V, the middle point of MN^ are 

o«a / (aH 6») and fc^/S / (a^+b^). 
The equation of OF, which clearly goes through P, is therefore 

^^ = -^^ ; and this is perpendicular to the line -? + 1?= 1, which proves 
our pa* a* o* 

the theorem. 

49. Let a, ^, /3 be the eccentric angles of ^, P, B respectively. 

Then the lines through P parallel to the tangents at ^, P are respec- 
tively 

(a;-acos^)5^^ +(y-6Bin^) ^^=0 (i), 

(a;-acos^)?^+(y-6 8in^)^^=0 (ii). 

Also the equations of (7-4, CB are respectively 

X y ..... 

-ir^ — (m), 

a cos a 6 sm a ^ 

and — ^ = ^ y ^ (iv). 

a cos /3 6 Bin /3 ^ ' 

Then Q, the point of intersection of (i) and (iv), is 

{a cos /3 cos (B~a) I cos (j3- a), 6 sin j8 cos (d-a) / cos (j8- a)} ; 
also P, the point of intersection of (ii) and (iii) is 

{acosacos(d-/3)/cos(a-/3), 6sinacos(d-/3)/co^(a-/3)}, 
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Hence the equation of QR is 

x-a COB P COB {0-a) I cob (/3- a) 



a COB /3 COS (^ - a) / cob (/3 - a) - a cos a cob (^ - /S) /coB(tt-^) 
y-- 6 Bin /3 cob (g - a) / cob (/3 - a) 



'■6Bin/3co8(^-a)/coB03-tt)-6BinttCOB{^-/3)/cos(a-^)" 

Hence QR is parallel to 

X ^ y 

a{coB/3coB(^-o)-cosaco8(^-/3)} 6 {sin/3coB(^-o) -sinacos(d-/3)} * 

and therefore to - cob ^ + | Bin ^=1: thuB QR ib parallel to the tangent 
a 

at P. 

50, The equations of the normals can be taken to be 

_?i^__^=a»_6»=c« (i). 

cos sin ^ 

and / .\ - / ^\ -^ » 



cos 



(. + !)" Bin (. + !)" 

by ax ^ /-x 



From (i) and (ii) we have 

sec cosec ( 



try -ax ax + by aV^+ 6V * 
whence 1 / (ax - 6t/)2+ 1 / ((«?+ 6y)a=c* / (a%2+ 62y2)a, 

or 2 (aV+ 62^)3=c* (a^xS - hY)K 

51. If ^i» ^2 he the extremities of any chord parallel to one of the equi- 
conjugates; then 

^ cos i (0i+0i) + l Bin i {0^ + 0;j=eoB i (^1-^2), 
must be parallel to one or other of the lines - ± | =0. Hence 

The normals at $1, 0^ are 

COS ^1 sm 01 cos 0^ sm ^g 

and hence the line through the centre and the point of intersection of the 
normals is 



Vcos^i cos ^2/ ^ \sin ^1 sin ^2/ 
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Now, if ^1+^2=2 » (^) ''^ become ax+by=0; and if 0^ + 6^=— , (i) 
will become ax-hy= 0. 

Hence the normals at extremities of chords parallel to - + ? =0 meet on 

a b 

the line ax + hy=0 which is perpendicular to — ^=^5 *^^ similarly for the 

other equiconjugate. 

52. Let PSP' be a focal chord of an ellipse, and let the normals at P, 
P' cut the axis in G, G' respectively and intersect in 0. Draw OV parallel 
to the axis to meet PP' in V ; then we have to shew that V is the middle 
point of PP". 

From Art. 125, SG : SP=SG' : SP'; 

but 5a : SP :: VO : VP, 

and SO' : SP' :: VO : VP\ Hence FP=FP'. 

53. Let CP be the perpendicular on the tangent at P ; then 

CQ2=CP2 + Pg2±2Pg . OF (i), 

the upper or lower sign being taken according as PQ is measured outwards 
or inwards. 

Since PQ = CDy CD . CF=ab, and CP^+CD^=a^ + b^, 

(i) becomes CQ^=:a^ + b^^2ab. 
Hence Q lies on one or other of two circles concentric with the ellipse. 
Or thus :— 

The equation of PQ is 

x-a cos _ y-b sin __»*__ dbr 
co3<; ~ B^Q^ ~" ^/ { cos2 e/a^ + sin^ Olb^ }'~^ CD' 
a b 

since CD^ =a^Bm^0 + h^ cos^ 0, 

Hence, if PQ = CDj the coordinates of Q are given by a;=a cos ^±6 cos 6j 
and ^ = &Bin^±aBin^; whence the locus of Q is one or other of the circles 
ir2+y2=(a±6)2. 

54. The directions of the two tangents drawn from («', y') to the ellipse 
are given by 

y' = mx' + J(ahn? + b^),OT 

m^{x'^-a^)-2mx'y'+y'^-b^=0 (i). 

Hence, if be the angle between the two tangents, we have 
fo.n2,A- (%-^ )^ _ K + m2)^-4TniyWa 

= 4 (62a;'2 + aY^ - a^dS) / (x'^ + y's _ ^a _ 52)2, 
S. C. K. 'I 
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55. If T be the point (aj', y') the equation of PQ will be 

Hence the abscisaae a^, x^ of P, Q are the roots of 

and ^i^a=«* (^^ - y'') / («V + ^^')- 

Now SP . SQ={a- eaji) (a - eajj) 

= aS - 2a»662a;' / (ay 2 + ^a;'2) 

= ^252 {y'2+(a/_ag)2} / (ay2 + 62-c^). 
But S!n=y'a + (a;'_a«)». 

Hence 5P75g " ^ "^ ft'' * 

56 The directions of the tangents from (x, y) are given by the equa- 
tion y=:mx+^(aW+l^, or m^ (a:^ _ ««) - 2mcy+y^ - 62=0. 

Hence tan^ g= (^2+y2_a2_fe-i)2 » 

^^«'^={^T7::^::^?+r(6^2+aV-a262) ^^* 

Now S'n.HT^= {y^ + (x - a«n {y» + (x + aef\ 

= (a;2+y2_a2-62)2+4(62x2+aV-a^62)- 
Hence from (i), ST^ . HT» cos2^= CT^- a^ _ 52. 

57, Let P be the point whose eccentric angle is 0. 
Then the equation of CR will be 

-?f---^=0 (i). 

cos^ sm^ 

The equation of SP will be 

^-<^ IL_ (ii). 

ae — a cos ^ — 6 sin 

The locus of B will be found by eliminating between (i) and (ii), that is 
from 
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ax aind-by cos ^ = 0, 
and b {x - ae) ain d- ay COS $ + aey = 0. 

rtT -u sin ^ COS ^ 1 

We have -^— = -k— = -= rs- ; ; 

abey a^ex a^x -o^{x-ae) 

.'. a^^ehf^ + a^eV = a'^e^ (aex + b^)^ ; 

.-. {x-ae)^ + y'^=a\ 

[The proposition can easily be proved geometrically.] 

58. Let S, S' be the foci of one ellipse, and H, H' the foci of the other, 
C being the common centre. Then SHS'H' is clearly a parallelogram ; and, 
since SH+HS'=HS' + 8'H, the major axes of the two ellipses are equal to 
one another. 

Hence SONGS' = ae, and HG = GH' = ae\ 
Hence 5ir«=aV +a«e'* - 2a«ee' cos $, 

HS'^ = a V + a^e'^+ 2ahe' cos 0, 
and SH^ + H5'2 = 2a V + 2a^e'^ ; 

/. 4a2=(5fH+irS7=2a2e2+2aV2 

+ 2aV(e2 + e'2 _ 2ge' cos ^) ^{e^ + g'^ + 2ee' cos 6), 

whence cos e=fj(e^ +e'^- Ijjee', 

59. Let the conjugate diameters be PGP", BGD'. Then if P be O, 
P' wiU be ^ + x, D will be d+ J and D' will be ^ - J . 

Hence, if A be 0, and A' be ir, and -B be -jr and £' be -5- , 

the sum of the eccentric angles of A and P is equal to the sum of the eccentric 
angles of B and I>\ and therefore ^IP is parallel to BD', 

Similarly BB is parallel to PA\ and the proposition is then obvious. 

60. Let P be the point a, then the equations of APy A'P are 

X 1 w . 1 1 

- cos jr a + ^ sm X a = cos - a , 
a 2 6 2 2 

and gOOSgCa+ir)^- |sin2(a + ir)=coS5(a-ir). 



Hence cot2^P.i'=f ^^^^ sin^a. 



Y— 2 

Digitized by VjOOQ IC 



100 CONIC SECTIONS. [CHAP. 

Similarly coi^ ADA' = (^-^^\ cos^a. 

~\ 2ab J ' 



Hence cot^ + cot* 0' ■ 



61. Since the normal bisects the angle between the focal distances 
SP, S'P, tan 0=-f where pj, p^ are respectively the perpendiculars from S 
on the tangent and normal at P. 



Hence, if a be the eccentric angle of P, 

■^^ cos^a sin* a '^'' a* P 

a* 6* cos* a sin* a 

Hence tan* ^ = ^ = ^ sin* a. 

Pi\ 6* 

a*e* 
Similarly tan* ^' = -j^ ^^^^ "> 

and therefore tan* + tan* ^' = -5- . 

a* 

62. I^et ^, IT + d be the eccentric angles of the extremities of the diameter 

PCP^f and ^ - o » ^ + o *^® extremities of the conjugate diameter BCD'. 

Then, if be the eccentric angle of any other point Q on the curve, the 
equations of QP, QP' are 

^CO3^(^ + 0)+|8in-(^ + 0)=COS^(^-0), 
- COS 5 (^ + TT + 0) + 1 sin - (^ + TT + 0) = cos - (^ + TT - 0). 

Hence ^'^^^^^V'^ldb') ^^^^(^ + ^)- 

Similarly cot* V = {^^^ sin* /^^ - ^ + V 

Hence cot*X + cot2 V=/^--".- j . 

63. Take the diameter parallel to the cutting line and its conjugate for 
axes, and let the equation of the cutting line be »= &. 
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Then y = miX and y = m^ are conjugate if mjin^= - -^ . 

But y^nux and y='m^ are cut hy x=k in points the product of whose 
distances from (/e, 0) is vvimji^^ that is — ^ /c^, which is the same for all the 
different pairs of conjugate diameters. This proves the proposition [Art. 61]. 

64. Let ABC he any triangle whose sides touch an ellipse and enclose 
it, and let A', B\ C be the points of contact of the sides BC^ CA, AB 
respectively. 

A tangent line to the ellipse at any point P in the arc C'A'B' near to C 
will clearly be cut hy AB, AC in points Z, Y respectively so that XP< PY; 
and a tangent at any point P' near B' will be cut hy AB, AC in points X\ Y' 
respectively so that X'P>PY'. There must therefore be some tangent, 
MDN suppose, whose point of contact is the middle point of the intercept 
made by AB, AC; also, if BA'<A'C, B will be between A and M and there- 
fore N between A and C, 

Let NM and BC meet in 0, and draw Nn parallel to AB to meet BC 
in n. 

Then ^D=Dm, and therefore OM<ON', hence also BO < On <0C; and 
since OM is less than ON and OB less than OC, the triangle BOM is less 
than the triangle NOC, and therefore aMAN< a BAG. 

Thus if ABf AC he fixed tangents, and a third tangent be drawn so as to 
enclose the ellipse; then when the area of the triangle formed by the three 
tangents is the least possible, the moveable side of the triangle is bisected in 
its point of contact. Hence when all three tangents to the ellipse are 
moveable, and the area of the circumscribing triangle is least, each side of 
the triangle must be bisected in its point of contact. [It will be seen at 
once that the theorem is true for any polygon, of a given number of sides, 
whose sides touch and enclose any oval curve.] 

Now let ABC be a triangle which circumscribes an ellipse so that the 
points of contact A\ B\ C\ are the middle points of BC, CA, AB re- 
spectively. 

Let be the centre of the ellipse, and let A produced cut the ellipse 
in a. Then we know that AO bisects B'C'y and that the tangent at a is 
parallel to B'C; the portion of the tangent at a intercepted hy AB, AC must 
therefore be bisected at a, whence it follows that a coincides with A'. 

Thus the triangle A'B'C is such that the tangent to the ellipse at A' is 
parallel to B'C\ and similarly the tangents at B\ C are parallel to C^, ^£^ 
respectively. Hence [Art. 138, (i)] A'B'C is a maximum triangle. 

65. Let the eccentric angles of -4, B, C, D be a, )S, 7, 5; and let d be the 
eccentric angle of any other point P on the curve. 

Then the product of the perpendiculars from P on AB and CD is 
equal to 
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COB e cos 2 (o + /3) + 8in d sin 2 (a + /3) - cos ^ (a /3) 
^/|co83^(a+/3)^a« + sin«i(a+/3)M 

cos ^ COS 2 (7 + 3) + sin ^ sin 2 (7 + 5) - cos 2 (7 - 5) 
^{oo8«i(7 + 5)^a2+sin»i(7+3)|6«[ 
2Binl(^-a)8in|(d-/3) 2 Bm\ {e - y) mi\(e - b) 



y/|68co8»i(a+/3) + a»sin»i(a+/3)j. ^|6»cos» |(7 + «) + a2sin2i (7 + 5)| 

Hence the ratio of the product of the perpendicnlars on AB and CB to 
the product of the perpendiculars of BC and DA is independent of d, and 
this ratio is equal to 

^|6'cosal(i3 + 7) + a2 8inai(/3+7)| • ^j^^cos' ^ (5+a)+a2sin«| (5 + o)| 
: ^|62oos2l(a+/3) + aasm2|(a+/3)| . .^ jb^cosai (7 + 5) + a2sin»i(7 + 3)| 

where d^, d,, ^3, d^ are the semi-diameters conjugate to AB^ BC, CD and DA 
respectively. 

66. If the normals at P, P' are at right angles, the tangents at P, P' 
will be at right angles ; and if the tangents intersect in T and the normals 
in N, NPTP' wiU be a rectangle and NT will bisect PP', Hence NT will 
pkss through the centre C, of the ellipse. 

Now NC = CT-2GV; 

also CT^Ji^V^ [Art. 120], 

and CV,CT=CQ\ 

where Q is on the ellipse. 

Hence, if (r, B) be the polar co-ordinates of N, we have 
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Hence J(a^^I^) {r^^{a^-,l^)} (^4-?^')=2; 

.-. (a^ - 6«) (aa sin« d-b^ coa^ $)= - r^(a? + ft') (a^ sin* ^ + 6^ cos^ 9), 
whence (a« - 69)2 (^2^2 _ 523.2)2 = (^2 + ^,2) (^2 + 52) (^22^2 + 52^:2)2^ 

the equation required. 

Or thus : 

Let e, 4> be the eccentric angles of P, P'; then N is the point of inter- 
section of ^ 

— s--^=aa-&2 (i), 

cos^ Bin^ ^^' 

r^ = a2-6«.. . (ii^ 

where d, are subject to the condition 

a' sin ^ sin + 52 cos ^ cos 0=0 (iii). 

From (i) and (ii) we have 

aa?(cos0-cosg ) _ by (sin - sin g ) 
cos cos "" sin ^ sin ' 

.-., from (iii), tani(^ + 0) = ^, 

so that iin - {e-h<f>)=aylJ{aY + l>^x^). 

and ooa-(0-h4>) = bxl^{aY+b^x^) (iv). 

Again, from (i) and (ii) by addition 

aj;(cosg+cos0) &y(8mg + sin0) , 

COB cos <p sin ^ sin (««>;> 

or, from (iii), 

axcoB^{e + <f>)ooa^{0-<p) + ^yBm^(d + <l>)coB^(e-4>) 

= {a^-h^GOBecoB<l> 

= (a2-62) |cos9|(d-0)-8in«i(^ + 0)| . 
Hence, firom (iv) 

f n/(« V + 1^^') cos 5 (^ - 0) = (aS _ 52) cos2 i (<9 - 0) 

- (a2 - 62) aYI(aY + &*^*) W- 
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Now (iii) may be written 

(a« + 6») cos (d - 0) = (a2- 62) cos (e + 4>) ; 
.-. , using (iv), 

(aa + 62)cos2l(d-0) = fl262(a;2 + ya)/(aV+&*^) (vi). 

We have now to eliminate oos^ (0-4>) between (v) and (vi), and we 
obtain as before the equation 

(a» + 62) (x2 + yS) (ay + j/t^^)^ = (^a _ 53)2 (^,2^.2 _ ^2^2)2. 



67. Ij6t dt 4> be the eccentric n&gles of the extremities of any focal 
chord; then the equations of the tangent at Q and the normal at ^ are 
respectively 

- co8d+?sin^ = l, 
a h 

and _?^_3L=c»=a»-ft'. 

cos Bin 

The point of intersection is given by 

X _ y -1 

c* . ^ 6 "" a c* ^ " 6 cos ^ a sin ^ ' 

— Sm ^ + -^— ^ cos ^ r— - - r '^ 

b sm cos <p a a sm 6 cos 

a:6sin0 _ ^acos0 _ a&sin0cos0 

52 + c^ sin ^ sin ~ o^ - c^ cos $ cos <p "" a^ sin ^ sin + 6* cos ^ cos </> 
But, since the line joining d, <p passes through a focus, we have 

e cos ^ (^+0)=cos 2 (^ - 0) ; 

/. aV{l + cos{^ + 0)}=a»{l + cos(^-0)}; 

.-. b^ + {a^ - b^) Bin Bin <p= - {&« cos ^ cos + a' sin ^ sin 0} . 

Hence a;&sin0=: ~a6sin0cos0; 

.*. x= -acoB4>y 

whence from the equation of the normal 

2a2-62 . ^ 
y= ^ — sm0. 

Eliminating 0, we have the required equation, namely 

= 1. 



(t)'*(jyf-' 



68. The equations of the two parallel lines are 
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The equation of the tangent at is 

-C08^ + T8in^ = l (ii). 

a b 

The equation of the lines joining the centre to the points of intersection 
of (i) and (ii) is 

'- f^r^i^'^^osd + lsmoY^O (iii). 



y - 2 K^i -(iosu+\ 



The equation of the lines bisecting the angles between the lines given by 
(iii) is 

ix^-y^ xy 

62 oos^ $ _a^ sin*-* " ab Bind cos ' 
^~62 -;^2r62 +1 a2-62 

or ab sin cos {x^ - y^) = {a^ cos* 0-b^ sin* 0)xy (i v). 

It is clear that the point of contact of the tangent, namely the point 
(a COB 0y 2) sin ^), is on (iv) : this proves the proposition. 

69. Let be the eccentric angle of P ; then the equation of PG is 
ax sec 0- by cosec 0=a^- 6*. 

Hence O is the point ( cos ^, i . 

If therefore Q be (a;, y) we have 

a2 _ 52 q2 ^ 52 

a: = acoa^ + acos^- cos^ = cos^, y = 2bain0. 

a a 

Hence the locus of Q is the ellipse 

Vaa + 62; \2bJ ' 
The eccentricity of the ellipse is given by 

whence ^=^T^' 

The tangents at P and Q are 

-cos^ + ?8in^ = l, 
a 
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xcos^ ysmd -1 



whence 



a 1 = 



b 26 a2+62 a 2ab b{a^ + l^) 
008 d sin g _ 1 

Eliminating ^ we have the required equation, namely 
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Pages 162—165. 

1. Take OAy OC for axes of x and y respectively, and let the coordinates 
of -4, J5 be =fca, 0, and those of C, D be 0, ±6. Then, if (x, y) be any point 
on the locns, we have 

whence aj^ - y" = - (a^ - b^). 

The locus is therefore a rectangular hyperbola. 

2. Taking the asymptotes for axes, the equation of the hyperbola will be 
xy^c^. Now any line y^mx-{-b will cut xy-c^=0 in points whose 
ordinates are given by x (mx+b) - e^=rO; and the abscissa of the middle point 

of the chord is - ^— , which is independent of c. 

Hence the middle point of the chord of the hyperbola is the same as the 
middle point of the intercept by the asymptotes. 

3. Take the fixed straight lines for axes ; and let the equation of the chord 
in any one of its possible i)08itions be xjh+yjk = 1. Then if the line always 
pass through the fixed point (a, /3) we have 

ajh + plk^l (i). 

And, if (x, y) be the middle point of the chord, 2x=h and 2y=k. 
Hence, from (i), A + £ =i, or (2x-/3) (2y-a)=a/3. 

Thus the locus is an hyperbola whose asymptotes are the lines 2a; -/3=0 
and 2y-tt=0. 

4. Take the fixed straight lines for axes ; and let the equation of the line 
hexlh+ylk = l. 

Then, since the line cuts off a triangle of fixed area from the fixed straight 
lines, we have /iA;= constant = 0* suppose. 

If (a?, y) be the middle point of the moving line, we have 2a: = 7i, 2t/ — At. 
Hence 4j;y = <:^ is the equation of the required locus. 
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5. Take the bisectors of the angle AOB for axes; and suppose the 
equations of OA, OB to be respectively 

«cosa + ^sina = and a;cosa-^sina = 0. 

Let P be the point (^, ri) ; then 

Pilf=^coso + »;sintt and P2yr=^cosa-i7sintt. 

The equations of PAf , PN will be respectively (^ - x) sin ct - (17 - y) cos a = 
and (^-a5)sino + (i7-2/)cosa=0. 

Hence 0M= ^ sin a - 17 cos a, and 0N= ^ sin a + »; cos a. 

Now area PMONP 

= l.OM,MP+loN,NP 

= jr (^ sin a - 17 cos o) (^ cos o + »; sin o) 

+ jr (^ sin a + 17 cos o) (^ cos a - 17 sin a) 

= (^* - ''7^) sin a cos a. 
Hence the equation of the locus of P is ar^ - y^ = constant, which represents 
a rectangular hyperbola. 

6. Let the equation of the hyperbola be a;^ _ ^2 = c^^ and let (a?', y') be any 
point P ; then the distance of P from the centre is ^(a:'^ + y'*). The equation 
of the polar of P is xx' - yy' - a2= 0, and the distance of the polar from the 

Hence the distance of P from the centre varies inversely as the distance 
of the polar of P from the centre. 

7. Let a^la^-y^lb^=l be the equation of the hyperbola, then the 
asymptotes are given by a:/a±y/6=0. 

Let P be the point (a;^ y^ ; then the normal at P is 
x-x' 
x' 
^ ~P 

Hence G is the point 1^' ( 1 + -3 ) » ol ; also Q is the point (x\ ^ —- J . 
The equation of QG is therefore 



. xb 
x-af ^ a 



6« FF 

a* a 

and hence QO is perpendicular to - ± |=0. 
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8. Let the equations of the hyperbolas be 

Then b'^=a^(e^-l) and a^=b^e'^-l); .\l = (e^-l) (e'^-l), or \ + 1=1. 

9. Take the asymptotes as axes, and let (a/, y') and (x", y") be the points 
of contact P, P' of the tangents. 

Then the tangents meet the asymptotes in the points g, r and g', r' whose 
coordinates are respectively {2x\ 0), (0, 2y') and (2x", 0), (0, 2y"). 

Hence the equations of the Unes qr', q'r are 

and these lines are parallel since iicfy'=x"y". 

Since qr' is parallel to gV, and P, P' are the middle points jr, qY respec- 
tively, it follows that PP' is midway between the parallel lines g/ and q'r, 

10. If the tangent at P (x\ y') meet the axis in T, then T is the point 



(?.«)■ 



We have to shew that the perpendiculars from S, T, S' on the normal at 
P are in harmonical progression. 

The equation of the normal at P is 

x' y' 
Hence we have to shew that 



a;'2 x' x' 

2x'^ _ 2a:'2(a2+52) 



which is obvious since a^ + b'^=a^e^. 

11, Take the asymptotes for axes, and let the equation of the curve be 

2xy=c^. Then the equation of the tangent at («', y') is -+-^,—2 [Art. 153], 

X y 

or xy'+x'y = c^. 

Hence, as in Art. 118, the equation of the polar of {x\ y') is xy' + x'y=c\ 
The line y=y' which is parallel to one of the asymptotes meets the polar 

(.2 

of {x\ y') in the point Q whose abscissa is x= — -x'. Hence the abscissa 
of the middle point of OQ is —, , which is on the curve since 2y' . -— = c^. 
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12. Let {x\ y') and {x", y") be the extremities of the chord. Then the 
other angular points of the parallelogram are (x', y") and (x", y'). Hence l^e 
equation of the diagonal is 

which passes through the centre since x'y'=xf'y". 

13. Let P be the point («', y') ; then A^A' being (- a, 0), (a, 0) respectively, 
the equation of PA and PA' is 

Hence the bisectors of the angle A PA' are parallel to 

iP^^3^ + a2-r^» LArt.39] 

or 05* - y"= 0, since x^ - y'3= a^. 

Thus the bisectors are parallel to the asymptotes x^-y^=0. 

14. Let (-a, 0), (a, 0) be the two points A, A* ; and let (a cos ^, a sin ^), 
(a cos ^, - a sin ^) be the coordinates of P, P'. Then the equations of ilP, A'P* 

are (aB + a)sin^-ycos^=y, 

and (x-a)sin^ + y cos^=y. 

Hence at the intersection of AP^ A'P' we have 

sin ^ _ cos ^ _ 1 , 

so that the required locus is a rectangular hyperbola. 

15. The equation of the tangents at (x', y') (x", y") to the hyperbola 
2xy = c2 are ay + x'y = c^ and xy" + x"y = c*. 

These meet in the point given by 



y 



rgf^af'^y"'-y''y'x"-ixfy"' 

_ -c^jx'-x") _ -2c^{x'-x"){x'x") _ 2x'x" 
■'• *" y'x"-xY ~ c2 (x^a-a/s) - ^^+3.// J 

' * X ~ X x" * 

and similarly -=-+—-. 

y y y 

16. Let the point (x', y') be on the hyperbola 2xy=cK Then the 
equation of the chord of contact of the tangents from (x\ y') to the hyperbola 
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2iry=c'2 will be [from 11] 

Hence the area of the triangle cut off from the asymptotes by the polar 

X (.'* . c'* 

= rt —r—, sin (a = -^ sin <a. 
2 x'y c^ 

17, Let (a/, y') {-x\ -y') be the extremities A^ A' of any diameter of 
the hyperbola 2xy=c*; and let (^, tj) be any other point P on the curve. 

Then the equations of PA, PA' are respectively 

^(y' -v) -y i^' - 0+^'v -y'^=o, 

and x(-y'-rj)'y{-x^-^)-x'v + y'^=='0. 

These will make equal angles with the axes provided 

v+y'~ l+ar'* 
or ^V=xy, 

which is true since {x\ y') and (^, tj) are both on 2a?y=c2. 

18. The equation of the normal at («', y') is 

x-af _ y-y' 
x'" - -y' • 

Put each fraction equal to X; then, where the normal meets the curve, 
we have 

(x' + \x'f-(y''-\y'Y=^a\ 

or X2 (a;'a-y'») + 2X (x'^ + y'^=0\ 

hence at the extremity of the chord X=2-7j— ^. If therefore (^, rj) be the 
middle point of the normal chord 

2^=a/(2 + X)=^^„ 

and 2n=y'{2^X)=^,, 

Hence (9;«-^)8=64x'fte/'«a-«=4a2^V. 

19. We have ar (3a; + 2y + 4) = 9 j hence the asymptotes are 

x=0 and 3x + 2y+4=0. 

20. We have (a? - 2) (y - 3) = 6 ; hence the asymptotes are 

a;-2=0 and y-3=0. 
The conjugate hyperbola is 

(a;-2)(y-3)=-6, 
or a^-3aj-2y + 12 = 0. 
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21. It is well known that tangents to a conio subtend equal angles at a 
focus [Art. 166 (i) and Art. 228, Cor. 2]. Let then 8, S' be the foci of the 
hjrperbola, and P any point on the curve; and let the tangent at the vertex 
A, on the same branch as P, meet the tangent at P in T, Then 

ta.nl: S'SP : t&nl SS'P' =taji AST : ta.nAS'T=S'A : SA. 

22. Take the asymptotes for axes, and let the equation of the hyperbola 
be {cy =X. Then equation of any circle is 

sc2 4- 2/2 4- 2a:2/ cos w + 25fa; + 2/y + c = 0. 

The abscissae of the points of intersection of the circle and hyperbola are 
given by 

«2 + -^ + 2\cos w + 25fa; + 2/.- + c = 0, 

or .r4 + 2^a;»+(c + 2\co8w)ir2 + 2/Xa; + \*=0. 

Hence x-^x^x^^=y^^ 

and similarly ViViV^A.- ^' 

Therefore the product of the distances of the four points from the 
asymptotes, namely, x^Xcp^x^ sin* « and 2/1^22/32/4 s"^* ^» *^6 equal. 

23. Let the equation of the hyperbola be jcy = X, and the equation of the 
circle 

x2+2/2 + 25fa; + 2/2/ + c=0. 

Then at the points of intersection of the two curves 
a:4 + X2 + 25rx3 + 2/Xa: + cx2 = 0; 

.-. ;|(a;i + X2+a53 + a;4)=-^' (i). 

1 f 
Similarly ^ (2/1 + 2/2 + 2/3 + 2/4)= - 2 (ii)- 

Now the centre of the circle is ( -p, -/) and the centre of mean position 
of the four points of intersection is the point 

jjCxi+a^ + Xg + xJ, J (2/1+2/2 + 2/3 + 2/4)} • 

Hence, from (i) and (ii), the centre of mean position of the points of 
intersection is midway between the centres of the hyperbola and circle. 

24. Let the four points be (x^^ y^) &c., the equation of the hyperbola 
being xy = \. Then, if the join of (a^j, y^) and (a^j, y^) be perpendicular to the 
join of (ajg, ^3) and (a;^, y^), we have 

(xi - x^) (x^ - ajj + (^1 - 2/a) (2/3 - 2/4) = ; 
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Hence x^x^^^-\-\^=0. 

Similarly ^12/2^32/4+^^=0. 

Hence ^.^2.^.3^ ^^=1, 

X-i X^ flCg x^ 

that is tan a tan /3 tan 7 tan 5=1. 

25. The polar of (x\ y') is 

aa'/a2- 2/2/7^2 = 1. 
If this touch the circle 

x^-\-y^=a^-irh^, 

we have x'^la'^+y'^lh^=ll(a^+h\ 

Hence the locus of the pole of chords which satisfy the given condition is 
the ellipse 

a^la'^ + y^l¥=ll(a^-\-h^). 

26. The lines joining {x', y') to the two fixed points (=fca, 0) are 

These are parallel to 

y2 (a/a _ a2) _ 2x'y' xy + y'^ = 0, 

the bisectors of which are -rj — ^ — = + 4~ =0. 
y'^-x'^ + a^ x'y' 

y'i _ /p'2 _j. ^« 

Since these bisectors are fixed lines, we have j—. = constant = k. 

x'y' 

Hence the equation of the locus of (a/, y') is 

s^-y^ + kxy = a?y 

which represents a rectangular hyperbola since the straight lines 

x^-y^ + kxy=0 
are at right angles. 

27. See solution of 63, page 145. 

28. If P be any one of the points of intersection ; then, since the circles 
are equal, PA subtends equal angles at their circumferences; so that the 
angles PBA and PGA are equal. 

Hence the difference of the angles CBP and BCP is constant. 

Then see solution of question 15, page 44. 



S. C. K. 
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Pages 176-178. 



1. The tangents at a, p are 

I 
r 






I S 

-=cos ^ + COS {$-fi) = 2 cos 5 cos 
r A 

Hence, comparing with -=C08 (^ - -4), we see that the perpendiculars on 
the tangents make angles | , ^ respectively with the initial line ; and there- 
fore the angle between the tangents is ^ (i3- a). 

2, The angle between two tangents to a parabola being a, the differenoci 
of the vectorial angles of the points of contact will, from question 1, be equal 
to 2a. 

Hence, if the equation of one tangent be 



I 

-=cos^ + cos(^-/3) (1), 



the equation of the other will be 

-=cos^ + cos(^-j8-2a) (ii). 

Now (i) and (ii) meet where 

^-j8=-(^-j8-2a), or^=a + /3. 

Hence, substituting for /3 in (i), we have 

I - Zseca ^ 

-=cos^+oosa, or = l + seoacos^. 

r r 

Thus the locus required is a conic having the focus of the parabola fo r 
one focus, and the directrix of the parabola for corresponding directrix ; alsi > 
the latus-rectum is 2 sec a and the eccentricity sec a. 
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3. Let the equation of the conic be - = ! + « cos ^, and let the vectorial 

r 
angle of P be a. 

Then ^=l + ecoBa, ^p^=l + €C08(a + ir), 

+ l-e2sin2a = 2-e2. 

4. Let a, /3, 7 be the vectorial angles of -4, B, C respectively. Then the 
equations of the tangents are 

I I 

-=cos^+cos(^-a), -=cos^ + cos(^-j8), 

and -=cos^ + cos(^-7). 

Hence at A\ 

^=2(/3 + 7),»-=^/2co8|cos|; 
and so for B\ C. 

Hence 8 A' . SB' . SC'= P^jS cos^ ^ cos^f cos^ I . 

z a 2 

Now ^ is the point ^ = a, r = ?/2 cos' ^ ; and so for B', C, Hence 

SA.SB . 5C=Z3/8cos2^cos2^cos»|=5^' . ^JB' . SC\ 

5. The tangent at a is 

-=ecos^ + cos(^-a) 

= (e + cos a) cos ^ + sin a sin ^ 

=-4cos(^-J5), 

, , _ sina 

where tan B = . 

6 + cos a 

Hence the perpendicular from the focus on the tangent at a makes with 

the axis an angle tan"~^ . So also the perpendicular from the focus 

e + cosa 

on the tangent at a + t makes with the axis an angle tan~i . 

^* e - cos a 

Hence the angle between the tangents is 

, sin a ^ , - sin a ^ , 2e sin a 
tan-i — tan-i = tan-^ 



e + cosa e-cosa 1-e^ ' 

8—2 
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6. Let the point S' on the axis be at a distance c from S; let P be any 
point (r, 0) on the curve, and let 8'P^r', 

Then r'«=r2+c2+2crco8^ 

« • 2c -, 
=r»+c«+ — (Z-r) 



={'-:)■ 



(i), 



provided c^ + — = -3 , 

or c=2te/(l-€2). 

I 21 
Now when r is greatest it is equal to — — , which is less than = 5 , that 

is less than - . Hence, from (i), we have 

r'=--r. 

or r +/=- = :; — 5=constant. 

e L — e* 

7. As in Art. 165 (3), the locus of the pole of the chord is the conic 

=l + 6seca . cos^ (1). 

The eccentricity of the conic (i) is « sec a ; and therefore the conic is an 
ellipse, parabola or hyperbola according as cos a > = < e. 

8. As in Art. 165 (3), the locus of the pole of PQ is a conic whose- 
semi-latus-rectum is I sec45<^=Z/^2; also the envelope of PQ is a conic whose 

semi-latus-rectum is i cos 45®= -7^ . 

9. Let P, Q, be any two points on a conic, and let PQ cut the directrix 
in K and let T be its pole. 

Then, if the vectorial angles of P, Q be a+jS and a-/3 respectively, the 
equation of PQ will be 

-=« cos ^+Beo j8 cos (6 - a). 

Hence PQ wiU meet the directrix 

I T 

-=eQOB0 where e=a+jr. 
r 2 

Again, the tangents at P, Q will be 

-=ecos^+cos(^-a-/9) and -=e cob d +00Q {0 - a- p). 
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Hence the tangents meet where ^ = a. 

Thus the angle KST is a right angle. 

Now suppose that the focus and directrix are given, and that T is a fixed 
point. Then, if SK be drawn perpendicular to ST to meet the directrix in K^ 
the polar of T will pass through ihB fixed point K. 

10. Let the equations of the two conies be 

I V 

- = 1 + 6 cos ^ and -j = 1 + «' cos (^ - a). 

r T 

Transformed to Cartesian coordinates the equations become 

(l-exf-x^-y^^O (i), 

and {r-6'(a:cosa+2/sina)}'-a;2-y2=0 (ii). 

Now {l-ex)*- {r-e'(aroofla+ysina)}*=0 (iii) 

clearly represents some curve through the intersection of the conies (i) and (ii), 
for (iii) must be true whenever (i) and (ii) are simultaneously true. But (iii) 
is a pair of straight lines whose equations are 

(I - ex) T {V - e' (x cos o +y sin a) } =0, 
or in polars 



I [V \ 

— ecosd=F y-e' co8(e-a)\ =0 (iv). 



Hence two of the chords of intersection of the conies are represented by 
the equations (iv), and these lines clearly pass through the intersection of the 
directrices whose equations are 

--eoosd = Oand -=e'cos(^-a). 

11. Let the equations of the conies be 

I V 

-=l + ecos^and -=l + €'cos(^-a). 

r r 

Let ^=j3 be the straight line which cuts the parabolas; then the tangents 
at the four points P, P', Q, Q' are 

-=eoos^ + oos(^-j8) (i), 

-=€COS^+coB(^-/3-ir) (ii), 

-=€'cos(d-a) + cos(d-j8) (iii), 

and -=e'oos(^-o)+oofl(^-/3-T) (iv). 
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Now the tangents at P and Q, and also the tangents at P\ Q\ intersect on 

the line 

l-V 

=ecos^-€'cos(^-a) (v) 

for all values of /3. 

And the tangents at P and Q', and also the tangents at P' and Q, intersect 
on the line 

= €Oos^ + e'cos(d-a) (vi) 

for all values of p. 

The lines (v) and (vi) dearly pass through the intersection of the 
directrices. 

lte=e' the equations (v) and (vi) may be written 

= 2esm-^sm{d-'^\ and =2«coS5COs( ^ -- j : 

the lines are therefore at right angles. 

12. Let the equation of the parabola be - = 1 + cos d. Let the vectorial 

T 

angles of L, !»', M, itf ' be a, r + a, /3, ir+j8 respectively. 

Then the equations of the tangents at L, 1! M, M! respectively are 

i/r=cosd+cos(d-a) (i), 

Z/r=cos^ + cos(^-a-ir) (ii), 

Z/r=cosd + cos(d-j8) (iii), 

and Z/r=cosd+cos(^-/3-ir) (iv). 

Hence ^==(a+j8)at J/, ^=2 (a+j8+ir)at N', 

^=1 (a+/3+ir) at K' and d=i (a + /3+2T) at K, 
Hence 'tlK and 'N'E! pass through the focus and are at right angles. 

13. Let the equation of the fixed conic be -=l+«cosd; and let the 
equation of the moving conic in any one of its possible positions be 

y 
-=l+e'cos(^-o). 

Then, from 10, two of the common chords are given by the equations 

=€COS^±€'COS(^-a), 
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?<'+'') e 

or = -. cos^ + cos (^-a) (i), 

re' ' ^ ' 

and = -, COS - cos (g - a) (ii). 

Now (i) is the tangent at a to the fixed conio 

■^^^ = 1 + -; cos ^, 

r e 

and (ii) is the tangent at t + a to the fixed conic 

1= 1 +-. cos d» 
r e 

14. Let the two tangents be 

-=gcos^ + cos(^-a) and -=€COS^+oos(^-/3). 
The tangents will meet where 

^=-(a+j8) and -=« cos^ + oos^ (a-jS) (i). 

Writing the equations of the tangents in the forms 
-=oos die + cos o) + sin ^ sin a, 

and - = cos^(€ + cos/3) + sin^sinj8, 

we see that the condition of perpendicularity is 

(« + cos a) (€ + cos /3) + sin a sin /3 = 0, 

or e2 + 2«cos^(a + i8)cos^(a-/3) + 2cos2-(a-/3)-l = 0. 

Hence, from (i), 

e«-l + 2ecos^(--€COsdj+2(--ecos^j =0, 

or r«(l-62) + 26Zrcos^-2P=0. 

15, We know that 

1 1 _2 

and PH+H^-T* 
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Multiply by P5, PH respectively and add ; then 

= constant, since PS+PH is constant. 

16. Let d be the distance of the focns from the directrix ; then the 
equations of the conies may be supposed to be 

^d ^ >, 1 €'d - , /^ V 

—=l + e cos and — = l + e cos (0 - a). 

If the conies touch one another at some point whose Tectorial angle is /3, 
the equations 

— = €COSd + C08(^-/3), 

e'd 
and — =€'cos(^-a) + cos(^-/3) 

will represent the same straight line. 

Hence, by writing the equations in the forms 

d .1 /^ cos /3\ . ^ sin 8 

-=cos^ (1 + — " ) + sm^ i- , 

r \ e J e * 

d J cosflX . ^/ . sin/3\ 

and =cos^(co8a + — 7^ j + smd( sino+ — f-\y 

XI X - cos/3 cos/3 
we see that 1 H ^ =cos a ^ f- , 

, sin/3 . sin/3 

and — ^=sina+ — —■ , 

e e' 

Hence cos /3 ( -, j =:oos a - 1 and 8in/3f ;)=sina; 

and by eliminating j8 we have the required result, namely 

2 Sm ;r = J . 

2 e e' 

17 and 18. Let the equation of the oonio be -= 1 + e cos ^. The equa- 
tion of any circle of radius a which passes through the focus is r = 2a cos (6 -a). 
In the circle 

(r - 2a cos cos o)'=4a' sin* a sin* ^ = 4a* sin* a - 4a* sin* a cos* 0, 

Hence, substituting for cos from the equation of the conic, we have the 
following equation, which gives the focal distances of the points of intersection ; 

{€r*-2acosa(l-r)}*-4a'c*r*sin*a+4a*(Z-r)*sin*a=0....'.(i). 
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Hence, if rj, rg, rj, r^ be the four distances we have 

Tj . r, . r, . r4= coefficient of i^/ coefficient of r^=ia?J^le^, 
which is constant if a be constant. 

Also - + — + - + -=- coefficient of r/coefficient of r** 

rj ra r^ r^ 

= -(-8a*0/4a2p 

2 

~r 

19. Let the parabola be 

a/r= 1 + cos ^, 

and the given circle r=c cos 0, 

Let the equation of any one of the conies be 

I 
= l + ecos(^-/3). 

The directrix of this conic is 
I 

- = 6 0OS(^-/3), 

and this is a tangent to the parabola. Hence, comparing -=ecos(d-j3) 
with the general equation of the tangent to the parabola, namely 
a 



-=cos^+cos(^-7), 

^ = 2 008|C08(«-|), 



we see that 18=5, and that a«=2Zcos/3. (i). 

Now the focal distances of the points in which the circle is out by the 
conic are given by eliminating between the two equations ; we then have 

{c (Z - r) - €r2 cos /3}2 = c^d V» Bin* j8 - €2r4 sin* j8. 

Hence rj + r, -f r, + r4= - 2«c cos j8/e' 

= -y,£rom(i). 

20. Let the equations of the conies be 

I V 

-=l + €Cos^ and -=! + «' cos ^. 

r r 
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Let the yeotorial angles of P and Q be a and cl±^. Then the equations 
of the tangents at P and Q will be 

-=eooBd + ooB{6-a), 

and -=e'cos ^ + cos (d-a=F^}. 

Hence at their point of intersection 

(--«cos^) +(--e'co8dj =1, 

or in Cartesian co-ordinates 

{l-ex)*+{V-e'xy=x*+y^, 

/ el+e'V 
Hence the locus is a conic whose centre is ( - -z — 5 — r. , ), and the 



mtre is ( - j;^[^5T^, , oY and 
1 : l-<j«-e'2; hence, if £ be 



squares of whose axes are in the ratio 1 : 1-e^-e'^; hence, if £ be the 
eccentricity of the conic 

l-£»=l-e»-6'», oiE^=e*+e'K 

21. Let one of the conies be ~ = 1 + e cos ^. 
r 

The tangent at a to this conic is 

-=«cos^-f-cos(^-a)=cosd(coso+e) + sindsina. 
Comparing this equation with the equation 

P 

r 

we have, when p = i, 



^ = cos (d - -4) = cos ^ cos -4 + sin ^ sin -4, 



coSil=cosa+6 and 8in^ = sina; 
.*. e + 2cosa=0. 
The required locus will be found by eliminating e between the equations 

-=l + ecos^ and e + 2cos^=0; 

and the result is I = - r cos 2d, 

22. l^t the equation of the conic, referred to the focus S as pole, be 

-=l + ecos^. 
r 

X 
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Let a- j3 and a+j8 be the Tectorial angles of P and P' respectively, and 
let O be (rp dj). 

Then the equation of POP" is 

I 

-= e cos ^ + sec j8 cos (^ - a). 

But, since O is on the chord, 

I 

— =€ cos ^1 + sec /3 cos (^^ - a). 

^1 

-, cos(^, -a) i « X 

Hence — '. ^ = — « cos ^, = constant, 

cos /3 rj ' 

TT 1 cos (^1 - a) - cos 8 ^ . 

Hence also — jj^ — { ^= constant, 

COB {01- a) + COS p 

and therefore tan - {^^ - a-/3) . tan - (^^ - a+/3) is constant, 
that is tan - PiSO . tan - P'iSfO is constant. 

23. Let any one of the conies be 

I 

-=l + ecos(^-a) (i), 

where I is the given semi-latus-rectum. 
Let the fixed confocal conic be 

If 

- = !+€' cos ^ (ii). 

The directrix of (i) is 

I 

-=ecos(d-a) (iii); 

and, since the directrix of (i) touches the conic (ii), the equation (iii) will for 
some value of p represent the same line as 

I' 

-=e'cos^ + cos(^-/3). 

_ V e' + ooaB sin 3 

Hence 7 = ^ = — r-^ ; 

I e cos a e Bin a 

.'. I cos /3= Te cos a-le' and I sin /3= Ve sin a ; 

.-. l*=V*e^-2lVee' coBa + Pe'^ (iv). 

Now the conic (i) will touch the conic 

-=l+Ecos^ 

T 
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at the point whose yeotorial angle is provided 

- = « cos (^ - a) + cos {0 - 0) 

and -=Ecos^+oos(^-0) 

represent the same straight line. 

Hence we most have, for some value of 0, 

L_ E + coB^ __ sin0 
I ~ «cosa+cos0~«8ina + sin0* 
or (L-Z)cos0=JBZ-«Lcosa, 

and (L-Z)sin0= -^Lsina; 

.-. (L-l)^=E^l^ + e^L^-2elELcosa (v). 

Now comparing (iv) and (v) we see that the condition (v) will always be 
satisfied provided 

(L-iy L^ EL E* 

111 A W ^'^ 

[The question becomes obvious when reciprocated with respect to the 
common focus; for the reciprocal theorem is: — •♦Circles are described with 
constant radius and with their centres on a fixed circle; shew that the 
circles all touch two other circles whose radii are respectively the sum and 
the difference of the fixed and the moving circles."] 



X 
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1, (i) The centre is given by the equations 

^"'■"i^Z + ^^O. and -|x + 62/-^=0, 

whence a;= -1, y = l. 

The equation when referred to parallel axes through the centre will be 

3aj>-6jry + 6y2+y(-l)-^(l) + 13=0, 
or Sa^-5xy + ey^-l=0. 

(ii) The equations for finding the centre are 

2^+2^=0, 2^-2''=^» 

the centre is therefore (3a, -3a). 

The equation when referred to parallel axes through the centre will be 

3 3 

xy + - a(3a)-2a(-3a)=0, 

or xy + 9a^=0. 

(iii) The centre is given by the equations 

3a;-^y + |=0 and - ^a;-6t/-9=0, 

9 3 

whence ^~~ll* ^""11* 

The equation referred to parallel axes through the centre will there- 
fore be 

8x»-7^-6,«4(-^l^)-«(4) + 6=0. 
or 3xa_7icy_6y«+6=0. 
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2. (i) The equation may be written {x + 1) (^-2)=0, and therefore 
represents the two straight lines a; + l=0, y-2=0, 

(ii) Writing the equation in the form 



(y-a)'=-4a (*" 7 «)» 



it is obvious that the equation represents a parabola of which the axis is 

y-a=0, 
the tangent at the vertex 

and whose latus-rectum =4a, the parabola lying wholly on the negative side of 

the line x--Ta=0, 

4 

(iii) Writing the equation in the form 

(y + |y=-a(a;+|a), 
it is obvious that the given equation represents a parabola of which the axis is 



the tangent at the vertex 



v+l=o. 



Q 

x+2a=0y 



and whose latus-rectum =a, the parabola lying entirely on the negative side of 

(iv) Writing the equation in the form 

fx+yy_ a fx-y\ 

W2 J "V"2Vn/2 r 

we see that the given equation represents a parabola of which the axis is 

x+y=0, 

the tangent at the vertex a; - ^ = 0, 

a 
and whose latus-rectum = -j^, the parabola lying wholly on the positive 

side of the line a; -y =0. 

(v) Writing the equation in the form 
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we see that the equation when referred to the two perpendicular lines 

x + 2y=0, y-2x = 
as axes of y and x respectively would take the form 

35^ aa 



Hence the given equation represents an ellipse whose axes are along the 
lines x + 2y=0t y-2x=0y the lengths of the semi-axes being respectively 

^and a. 

(vi) The equation may be written 

and therefore represents a rectangular hyperbola, whose centre is (a, 0), and 
whose imaginary axis is along the axis of x. 



3. (1) We have 



{x-2a){y + a)=-2aK 



Hence the equation represents a rectangular hyperbola whose asymptotes 
are a; - 2a=0, y +a=0, and which passes through the origin. 



r J- 



r- 



(2) We have (a; + y)' = 2a; + 1, which may be written 
{x+y + k)^=2(l + k)x+2ky+k^+l. 
The lines x+y + k=0 and 2{l + k)x+2ky-\-k'^+l=0 
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[chap. 



are at right angles, if 2 + 2* + 2*=0, or k= -^. Give k this value ; then we 

have 

/ 1\2 6 






r^+y-2^ 1 ""-y-^i 



\ -v/2 / V2 n/2 * 
Hence the given equation represents a parabola of which the axis is 



the tangent at the vertex 



«+y-2=^» 



x-y+j=0, 



and whose latus-rectmn is — ^ , the curve lying altogether on the positive 
side of the line 

x-y+^=0. 




(3) The equations giving the centre are 

2x+^y=0 and ^x+^+^=0; 



hence the centre 



"(-I't)- 



Digitized by VjOOQ IC 



IX.] CONIC SECTIONS. 129 

The equation when referred to parallel axes through the centre will be 

that is 2*2 + 5a:y + 2y^ = 0. 

Hence the given equation represents a pair of straight lines. These lines 
intersect in the point ( - « . « )» and they cut the old axis of x where a;= db 1 : 
they can therefore be at once drawn. 

(4) From Art. 171, the axes are the roots of the equation 

r* 11 r2'^121 121" ' 

.-. r»=^ or -11. 
o 

The equation of the real axis is given by the equation 




(5) The equation may be written 

(2a; + 32/ + \)a=(4\-2)x + (6\-2)j/ + X'-2. 
The lines 

2a; + % + \=0 and (4\-2)a; + (6\-2)y + \2-2 = 

S. C. K. 
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are at right angles, if 

8\-4 + 18\-6 = 0, or X = ^. 

The given equation is therefore equivalent to 



[chap. 



6 V 2 



313) 
13) ___2^ < -'-^ 26 >; 
7T3 / ~ 13^13 ( ^ ) 

hence the equation represents a parabola of which the axis is 



2x + Sy + ^=0, 



the tangent at the vertex 



13 



313 
.3^ + 22,-^=0, 



and whose latus-rectum = T3-7J3 » ^^^ parabola lying wholly on the positive 
eide of the line 

-3x + 2,-«i3' = 0. 




(6) The equations for finding the centre are 

x~2y + 5=0 and -2a;-2y + 2=0. 

Hence the centre is ( - 1, 2), and the equation referred to parallel axes 
through the centre is 
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x2-4xy-2y2 + 5(-i) + 2(2) = 0, 
The semi-axes are given by the equation 

^ + ^2 



^+,-2-4 = 0; 



.-. r^=iorr--^. 



Hence the equation represents an hyperbola whose real semi.axis=?V2 
and is along the line whose equation is 

(l-2)a;-2y=0 or x + 2y = 0. 




(7) The equations for the centre are 

41a:+12y-65a = and 12a;+9y-30a=0. 

Hence the centre is (a, 2a) ; and the equation referred to parallel axes 
through the centre will be 

41a;2 + 24a:y + 9y* = 9a2. 

The semi-axes are the roots of 



60 1 9.41-122 



r* 9a« r2 "*" " 



81a* 



= 0; 



/. the squares of the semi-axes are -z- and -— . Hence the curve represents 

9—2 
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an ellipse, whose major-axis is along the line whose equation is 
/41 5 \ 12 



[CHAP. 



y : 




4. Take the two straight lines for axes ; then if the equation be 

the conic will cut the axis of x where 

ax^-h2gx + c=0; 

and, since the two points are equidistant from the origin, we have g = 0. 
Similarly, since the two points in which the conic cuts the axis of y are 
equidistant from the origin, we have/=0. 

Hence the equation of the conic is of the form 

the origin is therefore the centre of the curve. 

5. The equation may be written in the form 



.= 1. 
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Since the lines 

3 
x-2y+l=0 and 2x-^y-^ = 

are at right angles, the equation represents an ellipse whose semi-axes are 
,^2 and ^2. Hence the product of the semi-axes = 1. 

6. The centre will be found to be (2, 2). 

The equation referred to parallel axes through the centre will be 

x^-xy + 2y^ = l. 
The product of the squares of the semi-axes is therefore [Art. 171 i,iii)] 



-'/(-J)- 



2 
Hence the required product of the semi-axes = -t= . 

Referred to the centre, the polar equation of the axes is [Art. 167 (iii)J 

tan2^=j^ = l; 

2 tan g _ X __j 
•*• l-tan^^" y'" * 

Hence the equation of the axes when referred to the centre as origin is 

x^-y*-2xy = 0. 
Hence the equation when referred to the original axes is 
(x-2)a-(y-2)2-2(a:-2)(y-2) = 0, 
or a!^-2xy-y^ + Sy-6=0. 

7. The condition is | 4, X, - 3, =0, 

whence X = l. 

8. The conic is 

(2a; + 3y-6)(6jc + 8y-8) = X, 

where X has such a value that (1, - 1) is on the curve. 
Hence X=(2-3-6) (6-3-8)=86. 

Hence the required equation is 

(2a; + 8y-6)(6a; + 8y-8) = 36. 

9. The equation of the asymptotes is 

3x« - 2a;y - 6y* + 7* - 9y +c=0, 



4, 


X. 


- 3, 


X, 


-2, 


6, 


3, 


6. 


-18, 



Digitized by VjOOQ IC 



134 

where c is found from 



3, 


-1, 


7 
2 


-1, 


-5, 


9 
"2 


7 


9 




2' 


"2* 


c 



CONIC SECTIONS. 



= 0; .-. c = 2. 



[chap. 



Thus the equation of the asymptotes of the given conic is 

The equation of any conic which has the given asymptotes is 

^-2xy-5y^+7x-9ij + 2 + \=0, 
If the conic pass through (2, 2) we have 

12-8-20 + 14-18 + 2 + \=0, or X = 18. 
Hence the required equation is 

3x«- 2j:y - 5j/2 + 7a;- 9y + 20=0. 

10. The equation of the asymptotes is 

6x2-7x|/-3y*-2x-8y-6 + c=0, 



where 



7 
2' 


-1 


3, 


-4 


4, 


-6+c 



=0, whence c=2. 



6, - 

7 
2' 
-1, - 
Hence the equation of the asymptotes is 

ea^-7xy-^^-2x-By-4 = 0, 

Since the equations of two conjugate hyperbolas differ from the equation 
of the asymptotes by constants which are equal and opposite to one another, 
the equation of the conjugate hyperbola must be 

6ar«-7a^-3y«-2x-8y-2=0. 

11, From Art. 62 we have 

a + b = a' + b'. 

Hence (a + 6)* - 4 (ah - h^) = (a' + h'f - 4 (a'V - /i'^), 

i.e. (a- 6)«+4/i«=(a' - h'Y+^h'K 
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12. If the axes be turned through an angle 9, we have [see Art. 167 (ii)] 

^'=^cos^+/sm^ and /'= -^sin^ + /cos^ ; 

13. Take the Ime joinmg the centres of the circles for axis of x and the 
radical axis for axis of y^ and let the equations of the circles be 

ar^ + y2 + 2aar+6=0, 

Let Ix + my-lhQ the given straight line, and let (a/, y') be any point on 
the line. Then the polars of (x\ y') with respect to the two circles are 

xx' +yy' + a(x-\-v^) + h=0 

and xa:' + yy' + a'(a;+x') + 6=0. 

Hence the polars intersect where 

a: + «' = (i), 

and xx'-\-yy' + h = (ii). 

But (x'y \f) is on the given line, and therefore 

hd-k-my'^X (iii). 

Eliminating a! and y' from the equations (i), (ii) and (iii) we have for the 
equation of the required locus 

Ixy - mx^ + y + to6 =0. 

The asymptotes of the locus are parallel to the lines 

Ixy-mx^—^. 

Hence one asymptote is parallel to a:=0 and is therefore perpendicular to 
the line joining the centres of the given circles ; also the other asymptote is 
parallel i^ly-mx^^^ and is therefore perpendicular to the given line. 

14. Take the fixed point for origin, and the diameter of the circle 
for the axis of x ; then the equation of the circle will be 

r=dcos^ (i). 

Let the equation of the conic be 

aa;2+2fery + 6y« + 2flra; + 2/y + c=0, 

or r' (a cos» ^ + 2;i sin B cos ^ + 6 sin^ ^) + 2r (</ cos ^ + /sin ^) + c = 0...(ii). 

Eliminating d between (i) and (ii) we have 

{(a- 6) r*+ftrfV2+ 2i/rfr2 + c(P}2 = 4r2 {)lr^^^fd)^ {dT'-r^), 

Hence Or^,Oq^, ORKOS^= ("IT^^.- 
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Now, eiuce the origin is unaltered, e must be constant, and also 

by question 11. Hence OP . OQ . OR . OS varies as the square of the radius. 

15. The values of \ for which the expression 

ax^ + 2hxy + by^-\-\{Ax^ + 2ffxy + By^) 

is a perfect square will be unaltered by any change of axes ; and these values 
of \ are the roots of 

{a + \A){b + \B)-{h + \H)^ = 0, 

thatis, of ab-h^ + \(aB + Ab-'2hH) + \^{AB-IP) = 0. 

Now [Art 52] ab - h^ and AB - H^ are unaltered by a change of rectangu- 
lar axes [Art 52] ; and hence 

aB + bA-'2hH 

is unaltered by a change of rectangular axes. 

Hence also {a + b) {A+B)-(aB + bA- 2hH) , 

thatis, aA+bB^-2hH 

is unaltered by any change of rectangular axes. 
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CHAPTER X. 



Page 204. 

1, Proceeding as in the previous chapter, it will be found that the centre 
of the conic is the point ( - 1, 1) ; that the squares of the axes are 4 and - 1 ; 
and that the real axis of the hyperbola lies along the line whose equation is 

The equation of the pair of tangents from {x', y') to the curve is 

(Ilx2 + 24xy + 4y2-2x + 16y + ll) {llx"^ + 24xy + 4y"'-2x' + lQy' + ll) 

= {x(llx' + l2y'-l)-^y{l2x' + 4y' + S)-x' + ^' + ll]\ 

The necessary and sufficient condition that the lines may be at right 
angles is that the sum of the coefficients of x^ and y^ should be zero. Hence 

15 (lla;'2 + 24a; V' + 4y'2 - 2x' + 16y' + 1 1) 

= (llx' + 122/'-l)2 + (12a;' + 4y' + 8)-, 

or 100ar'2 + 100y'2 + 2000?' - 2(%' - 100=0. 

Hence («', y') must be on the circle whose equation is 
x2-hy2+2x-2y-l=0. 

2. The directrix of a parabola is the locus of the point of intersection of 
perpendicular tangents, how the tangents from {x\ y') to the curve are given 
by the equation 

{x'^ + 2xy + y^-4x+Sy-e){x'^-\-2xY + y'^-4x' + Sy'-'&) 

-{x(x'+y'-2) + y(x' + y' + 4)-2x' + 4y'-6\* = 0. 

These lines are at right angles if 

2(a;'* + 2xy + y'2-4x' + 8/-6)-(«' + y'-2)3-(a;' + y' + 4)a=0, 

or if -12a;' + 123^ -32=0. 

Hence the locus of the point of intersection of perpendicular tangents is 

3x-3y + 8=0. 



Digitized by VjOOQ IC 



138 CONIC SECTIONS. [CHAP. 

Pages 210-211. 

1. It is easy to see that the sum of the coefficients of x' and y^ is zero 
in either of the equations 

h{{ax-\-hy + g)^-{hx-i-ln/+fy\-(a-b){ax + hy + g){hx-{'by+f)=0, 

and {ax+hy+g)^ - {hx + by+f)^ - (a - 6) (x, y)=0. 

Hence the two conies represented by these equations are rectangular 
hyperbolas ; but, from Art. 192 or Art. 193, these conies go through the four 
foci of the conic <p (x, y) = 0. Thus two conies through the foci of (x, y) = 
are rectangular hyperbolas ; and hence, from Art. 187, Ex. 1, all conies 
through the foci are rectangular hyperbolas. 

Or thus : 

It is easy to shew that the most general equation of a conic through the 
four points { ±^(a2-6-), 0} and {0, ±^/(62-a*)} is 

x^ + 2hxy-y^-a* + l)^=:0, 

and this equation represents a rectangular hyperbola for all values of h. 

2. The foci are given by 

{ax + hyf-{hx-\-by Y _ {ax+hy) (hx+by) 
a-b ~ "■ h 

=a3^-\-2hxy + by^-l. 

Now (aa;+%)*-(/uc+&y)*=(a-6) {aa^ + 'ihxy + by'^-l) 

is equivalent to 

(h^-'ab)(x^-y^)^a'b. 

Also (ax+hy) (hx+by)— h{ax'^-\-2hxy + bf-l) 

is equivalent to 

{A*-o&)ary=/i. 
Hence we have 

a^-y^ xy 1_ 

a-b " h ~ W'-ab' 

3. The foci are given by 

(x-3//-l)g-(-3a; + y-l)« _ (x -S y-l) (-3x + y- 1) 
1-1 " -3 

=a5*-6a5y+y*-2a;-2y + 6. 
Hence the equation of one conic on which the foci lie is 

(x-8y-l)«-(-3a:+y-l)«=0, or (x-y) (a;+y+l)=0. 
Another conic on which the foci lie is given by 

(a;-8y-l)(-3a;+y-l) + 3(a:»-6xy + y2-2a;-2y + 5)=0 (i). 

Hence the foci are the points where x-y=0 and ar + y + l=0 cut the 
conic (i). 
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It will be found that x-y=0 cuts (i) in the points (1, 1), (- 2,-2); and 
these points are the real foci. The two imaginary foci are the points of 
intersection of x+y+l=0 and (i). 

4. The foci are the points of intersection of the conies given by the 
equations 

(23--4?/)2-(-4x-4y-2)g _ (2ar - 4y) (- 4x - 4 y - 2) 
2+4 ~ " ^ -4 

= 2x^-Sxy-^y^-4y-\'l, 
One conic through the four foci is given by 

2(a:-2//)2-2(2x + 2y + l)2-3(a;-2y)(2a;+2y + l) = 0, 
or {2(a;-2i/) + 2a5 + 2y + l} {(x-2y)-2 (2x+2y + l)}=0. 

Hence the equations of the two axes are 

4a;-2y + l = and 3x + Qy + 2 = 0. 
The foci are the points where the axes cut the conic whose equation is 
(a:-2y)(2a: + 2y + l)=2x2-8xy-4y«-4y + l, 
or 6a:y + x + 2y-l = (i). 

Now it will be found that 4a;-2y+l = cuts (i) in the real points (0, - ) 

and(-|.-|). 

5. The foci of the conic are given by 

{x + y-2)^-(x + y + 4y __ (x + y-2) (x+y + 4 ) 
1-1 ~ 1 

=ac2 + 2xy -f y2 - 4x + 8y - 6. 

Hence x+y + l=0 (i). 

Also (a;+y)2+2(x+y)-8=(x+y)*-4x + 8y-6; 

.-. 6x-6y-2=0 (ii). 

The focus is therefore the point of intersection of (i) and (ii), namely, the 

6. The equation of any tangent to the ellipse is 

X cos a+y sin a-fj{a? 0O8'a+ 6^ gin2 „) = 0. 

The product of the perpendiculars from {0, ±.fj{b^-a*)) on the above 
tangent is 

{^(62 _ a*) sin a - ^{a} cos* a + &» gin* o) } { - ^(6» - a^) sin a - ^(a* cos' a + 6* sin« a) } 
= a* cos* tt + 6' sin* a - (6' - a*) sin* o = a*. 
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7. The equation of any tangent is 

X cos a + y sin a=^{a^ cos' a + 6^ sin* a). 

The equation of the line through an imaginary focus perpendicular to the 
tangent is 

X sin a - y cos a = ± V(^ ~ <**) ^^ «• 
Square and add : then we have 

8. Let 5 = be the equation of the circle, and let a; - a = be the equation 
of the chord of contact of the ellipse and the circle ; then the equation of the 
ellipse will be of the form 

S-\{x-a)^=0. 

Hence for any point («, y) on the ellipse we have 

5=X(«-a)2. 

But S is equal to the square of the tangent from (x, y) to the circle, and 
a; - a is equal to the perpendicular distance of (x, y) from the chord of contact. 
Hence the tangent to the circle drawn from any point on the ellipse varies as 
the perpendicular distance of that point from the chord of contact. 

Pages 219—230. 

1. Let P be (x', y') and Q be (x'\ y")t and let the equation of the conic 
be ax^ + b^ + c=0. 

Then the equation of the polar of P is 

ax'x + by'y + c = 0. 

Hence the ratio of the perpendiculars from Q and C on the polar of P is 

ax'x" + by'y"+c : c, 

which is obviously equal to the ratio of the perpendiculars from P and C on 
the polar of Q. 

2. Let TP, TF be any two tangents to a conic, and let the normals at 
P, P' meet the axis in G, G' respectively ; then we have to prove that 

rP:rP'=PG:P'G'. 

From Articles 125 and 131 it follows that 

PG',P'G'=CDxCD\ 

where CD^ CD' are the semi-diameters parallel to the tangents at P, P' 
respectively. 

Also, from Art. 186, Cor. II., 

TPxTP'^CDiCD'. 

Hence TP:TP'=PG: P'G'. 
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3. Draw through the chords OQ, OQ' parallel to the axes of the conic ; 
then QQ' is one of the chords which subtend a right angle at 0, and it is 
obvious that QQ' is a diameter of the conic. Hence the fixed point, through 
which all chords which subtend a right angle at the point O pass, is the 
point where the normal at is met by the diameter CQ, where OQ is 
parallel to an axis of the conic. The locus can now be easily found [see 
solution of question 15, page 139]. 

Again, to find the fixed point on the tangent at through which any 
chord PQ passes which is such that OP, OQ are equally inclined to the 
normal at ; take OP, OQ indefinitely nearly coincident with the normal at 
; then PQ will ultimately be the tangent at the other extremities of the 
normal chord, and therefore the locus required is the locus of the poles of 
normal chords of the conic which is found in Art. 138 (4). 

4. I»et the equation of the ellipse be ^x* + 6y2=l, and let the chords 
make an angle d with the axis. 

Then, if be (a, j8), the equation of POQ, will be 

cos ^ sin ^ 

Hence OP, OQ are the roots of 

a (a + r cos ^)2 -f 6 (/3 + r sin ^)2= 1 ; 

3 a_ 4(aacosg + fe /3sin^)2 aa^ + b^-1 

.-. ri +rj - (acoga^^.5gin2^)2 a cos^ ^ + 6 sin« 6? ' 

Hence if OP* + OQ*=k\ the equation of the locus of is 
A {ax COS e + by Bin e)^ -2 {ax^ + by^ -I) [acos^d + bBm^ 6) 

= k^{acoa^e + bBin^d)K 

5. Take the fixed point for origin, and let the equation of the conic be 

aa^ + 2hxy + by*-\-2gx + 2fy + c = 0. 

Then, if OPP' make an angle with the axis of x, OP and OP' will be 
the roots of 

r2 (a cos2 ^ -f 2;i sin ^ cos ^ -f 6 sin8 ^) + 2r (^ cos ^ +/sin ^) 4- c = ; 

*• OD'^^rj^ "^fg^ 

4 
= -^{g COB 6 -^fain e)^ 

2 

la cos* e + 2h sin ^ cos ^ + 6 sin* 6). 

c 

Hence the equation of the locus of D U 

4 {gx +fy)^ - 2e (ax* + 2hxy + by^) = c* : 

the locus is therefore a conic whose centre is 0. 
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6. Let the equations of the oonics be 

0i(ar, y) = and 0,(a;, y)=0, 
and let the parallel ohorols make an angle a with the axis of x. 
Then, if O be {x\ y'), we have from Art. 186 

rtj cos* a + 2hi sin a cos a + ft^ sin" a Oj cos* a + 2^ sin acoso + 63 sin^ a 

Hence the equation of the locus of is 
k (flo cos* o + 2/I2 sin a cos a + 6j sin* a) <pi (as, y) 

= (ttj cos* a + 2hi sin a cos a + 61 sin' a) 02 (^> V) » 

so that the locus of is a conic through the four points of intersection of 
the given conies. 

7. Take any two perpendicular lines through O for axes, and let the 
equation of the conic be 

ax^+2hxy + hy^+2gx + 2fy + c=:0. 

Let the lines POP*, QOQ' make angles 6 and 0-h-^ respectively with the 
axis of X. 

Then OP, OP' are the two values of r given by 

r* (a cos* ^+ 2^ sin d cos ^ -f 6 sin* e) + 2r{g cos -f/sin d) + c=0 ; 

• TTp— np> = "(«cos*^-f2/icos^sin^ + 6sin»^). 

So also ^^ ^_, = - (asin*^-2/icos^8in^ + 6coB*^). 

XT 1 ^ 1 a + 6 

which is independent of 0, 

8. The equation of any line through the point {aCj 0) is 

x-ac ^ y _ 
cos^ ""sin^" ' 

This line will cut the ellipse a;*/a'+y*/6*=l where 

(ac+rcos^)2/a*+r*sin«^/62=l. 

„ 1 1 2c cos ^ 

Hence _ + — = _ 

fi r, a(c*-l)' 



and 



1 _ cos*g/o* + Bin*g/6* 
riTo" c*-l 
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4c2 



Hence ^-, + -,= jjy-^ 






= a-^(^|(''-^^>'«'^"'-S'^'''i 



11 1 - C^ 

Hence — s + — « will be constant for all values of 6 provided c' + 1 = - — „ , 
r^^ r^^ 1 - «■* 

9. Since the conic is a rectangular hyperbola, and PP* is perpendicular 
to AA\ it follows from Art. 187, Ex. 1 that PA is perpendicular to A'P'y and 
therefore PA and A'P' will meet on the fixed circle whose diameter is AA', 

The second part is question 14, page 164. 

10. Let X cos a + y sin a - j9 = be the equation of the fixed straight line. 

Let (x^f y^ and {x^^ y^ be the extremities of any focal chord; then we 
know that 

ajix,=a* and 2/1^8= -4a^ (i). 

»- PM P'M' ag ^ cos tt4- yi sin g -p x^oo^a + y^sma-p 
men -p^4.-__ —^^ + -~~ 

X, cosa + ViSina-p a^cosa-ay, sina-oaci , 
= ^, + .. , ■ ^-^ , from (1) 

= (a cos a -p)la = constant. 

11. Take the fixed point for origin, and the axis of x through the centre 
of the given circle, and let the equation of the circle be 

Let the line y=mx meet the circle in the points (Xj, y^), (ar^, y^ ; then it 
is easily seen that 

2.<y c 

"'^"~I+^''^»'*'«"l + m« 

and y, + j,,= _.-_,y^j,,= __. 

Hence the equation of the circle of which (x^, y^, (x„ y^ are extremities 
of a diameter is 

The polar of the origin with reference to the circle is therefore 
^x + wi^y + c (1 + w?^) = 0, 



a;.+.T.,= -:; 
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which may be written y= — (ar + -) , 

from which it is obvious that the polar always touches the parabola 

'^ 9 \ Oj 

12. Take the fixed diameter and its conjugate for axes, and let the 
equation of the conic be aac* + 5y*=l. 

Let the fixed point P be {x', y'), and let PQ, PR be the straight lines 
through P; then, if (x'\ y") be the pole of QR, the equation of QR will be 

ax"x-\-hy"y-'l=0, 

and the equation of any conic touching the given conic at P and passing 
through Q, R will be 

ax' + 6y* - 1 + X {ax'x-\-by'y - 1) (ax"x-\-hy"y - 1) = (i). 

The equation (i) will represent the straight lines PQ, PR if \ be properly 
chosen. 

If the conic (i) cuts y = in two points equidistant from the centre the 
coefficient of x must be zero, and therefore i' + x"=0, for all values of X. 
Thus the pole of QR is on the fixed straight line whose equation is a;+x' = 0. 

13, The equation of any chord which passes through the^ed point (c, 0) 
is y =m (x- c) ; and where the chord cuts the ellipse we have 



1 f y+mc y , y*_,. 







.(i). 



Ai ^^ . Tn*{x-c)^ - 

Also _ + __L^_2=i; 

rn^c 

- 1 , . „, W a^cm* 
r,x = -{a^+x')=^^=^,^^, (a). 

From (i) and (ii) it is obvious that y'y" oc x. 

The centre of a parabola is at infinity and therefore x is constant, so that 
in the parabola y'y'' is constant. 

14. Let d be the distance of the points S, H from the centre ; then, if 
a, ^1, ^2 be the eccentric angles of P, Q, Q' respectively, we have (as in 
example 22, page 140) 

. a. 0. d-a ,, a. 0^ d-ha 
tang tan -^ = ^-— and tan ^ tan ^J = ^ — . 
2 2 d-\-a 2 2 d-a 
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1 - C08 ^1 1 + COS O j^ f^~ ^ V 
" 1 +008^1 l-cos^2~ \d + aj 
Hence, if iJ be (a?, y), we have 

a-x a + y ^ /d-aY 
a + x ' a-y~' \d-\-aJ ' 
which is of the form 

Axy + Bx+Cy+D = 0, 
the locus of R is therefore a rectangular hyperbola whose asymptotes are 
parallel to the axes of the conic. 

15. Let a, $ij e^ be the eccentric angles of P, Q, Q' respectively; then we 

have to shew that tan a a tan 5 (^i -f e^. 

Now, as in example 14, we have 

, a^ B^ d-a ,. a^ 6^ d + a 
tan;; tan -z} = ^-^ — and tan ^tan -^ = -^ — . 
2 2 d + a 2 2 d-a 

tan-^, + tan-^, ^^^T^cotg ^,^^. 

Hence j j- = ^=tana.^-^: 

l-tani^i.tan^^2 l-cot2| 

.'. tan fi (^1 + ^2) ^ ^^^ A) sinee d is constant. 

16. Let the eccentric angles of P, P' be ^, ^'; then the equation of PP' 
will be 

^cos|(^ + ^')+|sin~(^ + ^')=cos^(^-^'). 
The equations of PS^ P'S' are respectively 



Hence 



ae-acoB0 6sin^ -ae-acosd' baind'' 

cos $-e sin ^ 



cos^ + € sin^* 
.-. sin^(^~^')4-esini (^ + ^')=0 (i). 

N"^ cm^cv^'= p— — 

cos«-(d-^') 

a2-aV8in»^(^ + ^') 
= •^^— ^-— ^— ^ , from (i) 
l-c»8in2i(^ + ^') 



S. C. K. 10 
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17. Let the equation of the ellipse be ax2+6y*=l; then the equation 
of the two tangents through the point (x', y') is 

{ax* + by^-l){ax^+by'^-'l)-(ax'x+by'y-iy=0. 

The equation of anj conio through the four points where the tangents 
out the axes is given by 

{ax^+by^-l)(aaf^+by'^-l)'(ax'z+by'y'l)^+\xy=0 (i). 

Now the condition that (i) should represent a circle for some value of X 
is 

11 
'a b' 
Hence the locus of (x\ y') is a rectangular hyperbola. 

18. The directions of the two tangents to x^la^+y^lb^=l through the 
point {x, y) are given by the equation 

y=mx+ /^oW+Pi 

or m^ (a^ - a^) - 2mxy + y^ -b^=0 (i). 

If one tangent makes the same angle with the major axis that the other 
tangent makes with the minor, we must have ?WiW?2=l» where Wj, wij are 
the roots of (i). 

Hence {y^-ly^)l(x^-a^) = l, or x^-y^=a^-bK 

Hence the required locus is a rectangular hyperbola which passes through 
the foci. 

19. Take the given diameter and its conjugate for axes and let the 
equation of the conic be ax^ + by^=l. 

The equation of the tangents from (a/, y') is 

(ax^ + by^^l) (aa/a-f 6y'«- 1) - {ax'x + by'y - 1)«=0. 

The points where the tangents meet the axis of x are therefore given by 

(ax^- 1) {ax^+by'* - 1) - (oor'x- 1)»=0. 

Now (i) if the sum of the distances of the points of intersection from the 
centre be constant and equal to 2kf we have 

so that the locus of {x\ y') is a parabola. 

Again, (ii), if the product of the distances from the centre is constant 
and equal to c', we have 

ax^ + by'-' 
~ a(&2/'^-l)* 
and therefore the locus of (x', y') is a co-axial conic. 
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And (iii), if the sum of the reciprocals of the distances from the centre 
2 
be constant and equal to - , we have 

2 200^ 



the locus of {x\ y') is therefore a conic. 

20. Take for origin, and the chord and its conjugate for axes ; then 
the equation of the conic will be • 

ax2 + 6y2+2/y + c = 0. 

The equation of the tangents from (a/, y') is 

(ax^ + hy^ + 2fy + c) (ax'^-\-hy'^ + 2fy' -\-c)- {axx^ + hyy' +f{y+y')-¥c]^=0. 

The tangents meet AB in points whose abscissae are given by 

(aar^ + c)(ax'2 + 6y'«4-2/2/' + c)-(aa;ar'4-/y' + c)2=0 (i). 

In order that AS may be equal to BT it is necessary and sufficient that 
5, T should be equidistant from 0, the condition for which is, from (i), 

fy' + c=0. 

But this condition is satisfied if (x'^ y') be on the polar of 0. 

Or thus: — Let the tangents at P and Q meet in K\ then K is on the 
polar of 0, and if KL be the polar of 0, KL is parallel to AB^ since is 
the middle point of AB, If QOP meet the polar of in L, K{QOPL} is 
harmonic [Art. 181], and therefore {TOSco } is harmonic, whence TO— OS, 
and therefore AS = BT. 

21. The equation of the tangents to ax^ + ^y^ -1=0 from (x', y') is 

(ax^ +Py^-1) (cue'* + /3i/'a - 1) ~ {ax'x + ^y'y - 1)2 = 0. 
These are parallel to 

a{^y'^-l)x^+P(ax^-l)y^-2a^x'y'xy = (i). 

The lines given by (i) are conjugate diameters of the conic 
ax^ + 2hxy + hy^=l, 
if a^ (cu:'2 - 1) + 6o {fly'^ - 1) + 2ha.^x^y' = 0. 

Hence the locus of (ar', y') is the conic 

ax^ + hy^ + 2hxy=- + ^. 
a p 

22. Take the tangent and normal at Q for axes, and let the equation 
of the conic be 

ax^+2hxy + by^+2fy=0. 

10—2 
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Let P be the point (ar', y') ; then the equation of PT, PT' is 
(ax2 + 2hxy + 6y« + 2/y ) (ox^ + 2/iary + fry'^ + 2/y') 

- {aafx^h(xy'-\-x^y)-\-hy'y-\-f(y-\-y')Y=0, 

Hence ^T, QT' are the roots of 

ax^ {ax'^ + 2hx'y' + ^i/'^ + 2/y') - (oar'a; + /ly'x ^Jy'f^O, 
Hence 

or. or'= zl-y , 

ana t^i +v^ " {(a6-/i2)/ + 2a/}2^ (a6-/l2)y' + 2a/• 

Hence (i) when QT^-\-QT'^ is constant, the locus of (of, y') is a conic. 
Also (ii) when QT .QT' is constant the locus is a straight line. 

23. I<6t the equation of the ellipse be 

and let T, (x\ y'), be the point of intersection of the tangents which pass 
through P, P'. Then the equations of the tangents from T is 

{x2/aHy2/^-l} {x'^la^ + y"^lh^-\}-{7^xla^+y'ylh''-l}^z=(i. 

The ordinates of the two points where these tangents cut x=.a are given 
by the equation 

6'(s-')-''^e-o-(J-'y-»' 

,^(J+l)-3W--(i-l)i'-0. 

Since P, P' are equidistant from O, the sum of the ordinates of P and P' 
is equal to twice the ordinate of 0=2c suppose. 

Hence we have 

2o = 2j,'/(J + l). 

Hence the locus of 7 is the straight line whose equation is 
c (x + a)~ay=0, 

24. Take the intersection of the diagonals of the square for origin, and 
axes parallel to the sides of the square ; then the equations of the circles are 

a^+yi=a^ and x^+y^=2a^. 
The tangents from (a/, y') to the inscribed circle are given by 
(a;2+y2-a«) (x'^+y'^-a^)- {xx' + yy' -a^)^=0. 
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Now the sum of the coefficients of o^ and y* in the above equation is 

equal to x'* -f y'2 _ 20^, 

which is zero if {x\ y') be on the outer circle. 

Hence the tangents to the inner circle from any point on the outer are at 
right angles ; also the diagonals of the square are at right angles ; and hence, 
from Art. 187, Ex. 1, all conies through the four points in which the diagonals 
are cut by the tangents are rectangular hyperbolas. 

25. Take the diameter parallel to the fixed straight line for axis o^ x, and 
let the equation of the conic be 

ax^ + by^- 1=0. 

Let the fixed straight line be ^ = ^, and let 21 be the length of the intercept 
on y = k made by a pair of tangents. 

The tangents from (a/, y') to the conic are given by 

{ax^ + 6y « - 1) (aa/2 + 5^ 'a _ i) _ (ax'x + by'y - 1)2 = 0. 

These tangents cut y = kt where 

(ax^ + bk^-l) (ax'^ + by'^-l)-{ax'x + by'k-'l)^ = 0; 

and since the difference of the abscissae is 2Z, we have 

li={x'(by'k--l)l(by'^--l)}^-{(bi^-l)(ax'^ + hy'^--l)-{by'k--lY\la(^^^ 

Hence the locus of (x', y') is the curve of the fourth degree whose 
equation is 

aP(6y2 _ 1)2=0x2(6% - !)« - {bk^ - l)(by^ - l)(ax2+ by^-l) + (by^ - l){bky - 1)2. 

26. Take the fixed point for origin, and axes parallel and perpendicular 
to MN. Let the equation of MN be ^=X;, and let the equation of the 
conic be 

ax^ + 2hxy + by^-}-2gx + 2fg + c = 0. 

Then the equation of the tangents from (x', ^) to the conic is 

{ax^ + 2hxi/ + by^-}-2gx + 2fy-}-c)</>{x^yy')-{ax'x + h{xy' + x'y) 

+ byy'-}-g(x + x')+f{y+y') + c}^=:0. 

Hence the equation of the lines OP, OQ ia 

{aaP + 2hxy + by^ + 2gxylk + 2fy^lk + cy^jk^) <p (x', y') - {ax'x + h(xy' + ocfy) 

+ by'y+gx+fy+{gx'+fy'+c)ylky=0. 

Hence, if the lines OP, OQ are at right angles, we have 

{k^(a+b) + 2fk-hc}<f>(x',y')^k^axf + hy'-hg)^-{k(hx' + by'+f) 

+ (flfx'+/y'+c)}2=0, 
the locus of (x', y') is therefore a conic. 
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27. Take the fixed diameter for the a^s of se, and let {x', y') be the 
point from which the tangents are drawn. Then the equation of the 
tangents is 

(a;« + 2/2 - a2) (x's + y'2 - a2) - («aj' + yy' - a-)^ = 0. 

Then meet jr=0 in points given by 

(y2 - a2) (ar'2 + y '^ - a*) - (yy' - a') = 0. 

Hence the ordinate of the middle point of the intercept is 

-ay/(a:'2-a2). 

Again, the equations of the lines joining {x\ y') to (a, 0), ( - a, 0) are 
respectively 

X -a y' x'-\-a y' 

Hence the middle point of the intercept made by these lines on a? = 

Thus the intercepts have the same middle point, whence the proposition 
follows at once. 

28. Take the tangent and normal at P for axes, and let the equation of 
the conic be 

a«2 + 2/u:y + &2/2 + 2/y = 0. 

Then the centre of the conic is easily found to be 
/ ¥ -af \ 

and the other extremity of the diameter through P is therefore 



c 



2hf -2a/\ 
ab-h^* ab-h^J' 



Let (x\ y') be one angular point of the triangle, then the equation of the 
tangents through (x\ yO is 

(aa:a+2/u?y + &2/» + 2/y) (a^-^-2hafy' + hi/^ + 2fy')- {ax'x-¥h{xy'^x'y) + byy' 

+/(y+y')P=o. 

And, if the extremities of the base be equidistant from the centre of the 
conic, the abscissa of the middle point of the base is the same as the abscissa 
of the centre of the conic. 

Hence ^ - («^+^y O/ 

ab-h^" {ab - h^) y'+2ar 

whence x' = 2hfl{db - h^. 

Hence the locus of (x\ y^ is perpendicular to the tangent at P and passes 
through the other end of the diameter through P. 
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29. The two tangents to the parabola being at right angles the directrix 
will pass through their point of intersection 0. Also, if S be the focus, the 
two tangents from will bisect the angles between the directrix and OS, 
[In the figure to Art. 98, the tangent RP bisects the angle SRM^ and the 
other tangent from R will bisect the angle SROJ] 

Let SK be the perpendicular from S on the directrix ; then SK=2a. 

And, if XOS be 6, KOS will be 26, or ^-20. Therefore OS sin 2^= 2a. 

Let P be any fixed point on the axis, and let SP=c ; then, if x^ y are the 
co-ordinates of P, we have 

a;=OiScos^ + ccos { ^ - ^ ) = -T^ 4-csin^, 
\£ J sin V 

and i/=OiSf sin^ + csin ( ^ - ^ ) = ^.-t-ccos^. 

^ ^2 / cos^ 

The elimination of d gives the required result, namely 

a; V = (<i + c)* (a:2 + y2 _ c2 _ 4ac) + 2ac2 (o + c) 

aV 
■*"jB» + y2-4ac-c2' 

The equations of the loci of the foci and of the vertices are obtained by 
putting c=0 and c—-a respectively in the above : the equations are 

xhj^ = a2 {x^ + y2) and a:'y * (ac» + yS + Sa^) = o«. 

30. If the tangents make angles Q and 0+ a respectively with the minor 
axis of the ellipse, we have 

•p^ = a? cos« ^ + 6* 8in2 e, 

and i>2^ = «^ cos* (^ + a) -f 6" sin« (^ + o) , 

where j^^, j?^ are the perpendiculars from the centre on the tangents. 

Now, if a;, \j be the co-ordinates of the centre of the conic referred to the 
tangents as axes, we have x—p^ coseo a and y=i?a cosec a. 

Hence 

2x^ sin2 a = a2 -i- 6-^ -H (a^ - 6«) cos 2^, 

and 2y2 ^^\^ _ «« + fti + (aS - ftS) cos 2 (^ -f- a). 

... (a^a 4- y9) sin2 a - (a^ + 6«) = (a^ - 6«) cos (2^ + a) cos a, 

and {7^ - y^) sin* a = (a* - 6*) sin (2^ -i- o) sin a. 

Hence {(x2 4-i/2)sin2o-(a« + 62)}« + cOB2asin2a(ar«-y«)a=(a2-62)3cos2a, 

which is equivalent to 

sin* a (a;* + y* -p*)* - 4 cos« a (jb*j/* sin* o - g*) = 0, 

where p* = a* + 6* and g* = a6. 
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31. ^^ tiyt^he the lengths of the tangents drawn from any point (a, /3), 
and Tit r^ be the lengths of the parallel semi-diameters; then, &om Art. 186, 
Cor. ni., 

ti«.t,VV.ra»=(aV+/3^/&'-l)» «• 

1 cos*^ sin^^ 
Now -T, = — «— 4- -73- ; 

whence a^{b^-r^)taji^e + b^a^-r^)=zO (ii). 

But, [Art. 113], the directions of the tangents from (a, j3) are given by 

(a2-a2) tana^-2ai3tan^+/33-&a=0 (ui). 

Hence, eliminating from (ii) and (iii), we have 

{a« (62 - r2) (i32 - 62) - 6« (a» - r2) (a2 - a»)}a + 4aa62oa/32 (&a - r2) (a« - r3) == ; 
. ^.^._ a"&M(a'+/32)a-2(a'-62)(a«-)82) + (a2-62)n 

From (i) , t^t^ + rjT^ = {a^la^ + ^{h^) r^r^ ; 

.-. tita + rir2=V{(a2+i3')*-2(a2-62) (a2-/32) + (a«-6«)2}. 
and it is easily proved that 

50* . /f02= (o2 +/32)2 - 2 (a2 - 6^) (o^ -§P) + (a^ - h^f. 
Hence OP.OQ + CP', CQ' = OS . OH. 

[A simple geometrical proof is given in the Solutions of the Cambridga 
Problems and Riders for 1878.] 

32. Take the given perpendicular lines A C and BD for axes, and let the 
points P, Q be (a, 6) and (a\ 6') respectively. 

Let the equations of APB and CQD be respectively 

lx+my=l and l'x+m'y=il. 

Then, since the lines go through the points (a, 6), (a', 6') respectively, we 
have 

ia+m6=l (i), 

lW+m'b'=l (ii). 

The equations of AD and BC are respectively 

lx+mfy = l (iii), 

Vx+my=l (iv). 

Also, since APB and CQD are at right angles, we have 

ll'+mm'=0 (v). 

The locus required is obtained by the elimination of Z, m, V and m' from 
the equations (i), (ii), (iii), (iv) and (v). 

From the first four equations it is easy to shew that 

l={b{a'y-hb'x)-y{a'y-i-bx)}l(bb'x^-aaYh 
m={a {a'y + b'x) -x{ay + b'x)}l(aaY - bVx^, 
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,r = {6' {ay + hx)-y(ay + b'x)}l{bb'x^ - aay^), 
m' = {a' (ay + hx)-x (a'y + hx)}l(aa'y^ - bb'x^). 
Hence, from (v), the required equation is 
{ b [a'y + b'x) - y {a'y + hx) } {b' {ay -^bx)-y {ay + b'x) } 

+ {a{a'y + b'x)-x{ay + b'x)} {a'(ay-\-bx) -x(a'y + bx)} =0. 

If PQ subtends a right angle at the origin, aa' + bb' = 0, and the above 
equation may be written 

(ar^ + 3/2) [(ay + b'x) (a'y + bx) + aa' {a + a') a; + 66' (6 + b') y] = 0. 
The locus is therefore a point-circle, and the conic 

(ay + l/x) (a'y+bx)-\-aa' {a + a')x + bb' (6 + 6') y = 0, 
which is a rectangular hjrperbola since oa' + 66' =0. 

33, Let the equation of the ellipse he aa^-]-by^:=l. 

Then the foot of the perpendicular from any point (a;', y') on its polar 
with respect to the ellipse is given by 

aafx+by'y = l .^.. (i), 

ax'{y-y')-by'(x-x') = (ii). 

But if (x'f y') be on the fixed diameter Zx+m2/=0, we have 

Zic' + my'=0..., (iii). 



From (i) and (iii) 
also (ii) may be written 



m -I max - Iby ' 



whence ( H-^ J (7iiaa5-Z6y)4-a-6=0, 

which represents a rectangular hyperbola. 

34. Let the equations of the conies be 

0052+6^2=1 and a'a2 + 6y=l. 
The equations of the polars of P {x\ y') with respect to the conies are 

axx' ^hyy' ^1 (i), 

and • a'xQ^ + b'y7/ = l (ii). 

Also, if {x't y') move on the fixed straight line^-4a;+J5y = l, we have 

A^+By^=l !. (iii). 

Eliminating x' and y' from (i), (ii), (iii) we have the equation of Q, 
namely 

=0, 



ax 


by 


1 


a'x 


b'y 


1 


A 


B 


1 
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that iB {ah' - a'b)xy+B {a -a)x+A(b- h')y=0, 

which represents a rectangular hyperbola whose asymptotes are parallel to 
the axes of the given oonics. 

35. Let the equations of the given oonios be 

aa^ + 2hxy+by^ + 2gx + 2fy + c=0, 
and a'x^'\-2h'xy + b'y^-\-2g'x + 2/y+c=0. 

Then the polars of (x', y') with respect to the given conies are 

(ax' + hy'+g)x-\-(W + hy'+f)y+gx'+fy'+c=0 (i), 

and {a'x -hhy + g')x + {h'x' + by+f)y+g'x' +fy' + c' =0 (ii). 

If the lines (i) and (ii) are parallel, we have 

ax' + hy'Jfg _ hx' + by'+f 
a'x' + h!y' +g'~ h'x' + b'y' +/' ' 
and theierore the locus of [xf, y') is the conic whose equation is 

{ax+hy+g){h'x&b'y-\-f)'{a'x+h'y+g')(hx + by+f\=0. 
Again, if the lines (i) and (ii) are at right angles, we have 

{ax' + hy' + g)(a'x' + hy + g') + (hx' + by'+f)(h'x'-\-by+f)=0; 
hence, in this case also, the locus of {x\ y') is a conic. 

36. Draw lines through A and B parallel respectively to the polars of B 
and A, and let these lines meet in K, Then, if OK cut PQ in J?, since AK 
is parallel to OQ and BK to OP, we have 

AR : QR=KR : OR=BR : P.^, 

Hence we have to prove that the centre of the conic lies on the line OK, 

Let the equation of the conic be 

aa:» + &y»=l, 

and let A be (ar^, y^) and B be {x^, y^)' 

Then the equations of OP, OQ are respectively 

axiX'\-byiy = l and ax^ + by^ = l. 

Hence the equation of the Hne joining to the centre is 

aa; (a^ - Xa) + 6y (yi - ya) =0. 

Again, the equations of AK, BK are respectively 

cuB2(x-x^)+by^{r/-yj)=0 and ax^(x-X2) + byi(y-y^=0. 

Hence the equation of the line joining K to the centre of the conic is 

cm; (ajj - Xj) + l>y (y 1 - yj = 0. 

The centre of the conic is therefore on the line OK, 
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37. Since the conies have a common director-circle, they have a common 
centre, C suppose. 

Let P be the common point, P' the other extremity of the diameter 
PCP', Then, if 5f, H be the foci, we have 

(7P«+5fP.PH=a» + 62 

= square of radius of director-circle. 

Hence SP . HP is constant. But SPHP' is a parallelogram, and there- 
fore SF=HP. 

Hence S moves so that SP . SF is constant. 

The equation of the locus is therefore 

{(x-cf + y^) {{x+cY^y^) = k\ 

where k^ = SP . SP* and c = CP, The curve is called a lemniscate. 

38. Take the two given tangents for axes, and let (a, h) be the given 
centre of the conies. 

Then, if (x, y) be one of the foci, the bther focus will be 

(2a -a;, 2h-y), 

Since the product of the perpendiculars from the foci of a conic on any 
tangent is constant, we have 

X {2a - x) sin^ w=y (26 - y) sin« w, 

where u is the angle between the axes. 

Hence the required locus is the rectangular hyperbola whose equation is 

x^-y^- 2ax + 2by=0. 

39. The centre is given by 

ax+hy=0, hx + hy = l; 
a 



hence 



y= 



ab-h^' 



The line through the centre parallel to the tangent at the origin cuts the 
conic in points given by 

2a/t 6a» 2a _ 



■"• V 2 / " (afc - /i2)2 " (od - h^i* "^ 



2 



ab^n^^ab-h*' 



Hence (7D'= . _ ,g , and therefore the product of the focal distances 

1 
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40. Let S be the given focus, and P the point of oontaot of the given 
tangent ; also let be the middle point of SPi and let OK be parallel to the 
given tangent. Then, if iS' be the other focus of the conic, and C be middle 
point of SS\ C will be the centre of the conic. 

Then, if DCD' be the diameter parallel to the tangent at P, 

CD^=SP.PS'='iSO, OC, 

Since PS', PS are equally inclined to the given tangent, and OC is 
parallel to PS", it follows that OC is a fixed straight line. Also CD is 
parallel to the given tangent, or to OK. 

Hence the equation of the locus of D, or D', when referred to OC and OK 
as axes, is y*=4ax, where a=SO. The locus is therefore a parabola of 
which OK is a tangent and OC a diameter ; and, since the focal distance is 
equal to SO^ and OS and OC make equal angles with OK, S must be the focus 
of the parabola. 

41. Take the two tangents for axes, and let the equations of the other 
lines he x=a,y = b respectively. 

Let the foci be (a, g) and (/, b) ; then, if (x, y) be the centre, we have 

2x=a+f and 2y=h-\-g, 

But, since the axes are tangents, the product of the distances of the foci 
from one axis is equal to the product of their distances from the other, and 
. therefore a/= 6^. 

Hence 2ax - a' = 2by - 6', 

so that the locus of the centres is a straight Hne. 

42. This follows at once from question 55, page 144. 

43. Let jSf, H be the foci of the fixed ellipse, and C be the common 
centre. Let P be the point of contact of the ellipses, and let the tangent at 
S to tiie inner ellipse out the common tangent at P in T. Join CT, cutting 
5P in F. 

Then CT bisects SP, and is therefore parallel to HP. Hence CT and SP 
make equal angles with the tangent PT; from which it follows that 

VT=VP=V8, 

and therefore the angle STP is a right angle. 

Hence (72^= sum of squares of the semi-axes of the variable ellipse. 

But CT=CV-\- VT=CV+ VP=^ (HP +5P)= constant. 

Hence the sum of the squares of the axes of the variable eUipae is constant. 

Now let 0, O'be the two foci; then C/Sf*+Ofif.O'fif=sum of squares of 
semi-axes; hence OS . O'S, and therefore also OS, OH is constant. Then 
see 87. 
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44. By question 23, page 164, if a rectangular h3rperbola out a circle in 
four points the centre of mean position of the four points is midway between 
the centres of the curves. 

Let then A^By (7, D^ E be five points on the circle whose centre is 0; 
and let G be the centre of mean position of the five points, and a, h, c, d, e 
the centres of mean position of four of the points excluding A,B, C, D, E 
respectively. Then Aga is a straight line and AG=^Ga; so also BG=^(jrb, 
CG=Wc, DG=^Gd and EG=iGe. 

Hence a, 6, c, c2, e are on a circle whose radius is one-fourth of the radius 
of the given circle. 

Let -4j, Bj, Cj, Dj, Ei be the centres of the five rectangular hyperbolas 
which pass through four of the five points excluding Aj B, G, D,E respec- 
tively. Then OaA^ is a straight line, and Oyij = 20a; so also 0Bi=20bt &c. 
Hence the five points A^^ Bj, C^, D,, ^i are on a circle whose radius is 
double the radius of the circle on whicn a, b, c, d^ e lie and therefore half the 
radius of the original circle. 

45. IJet the equation of the conic heaaP+by^=l; then the most general 
equation of the rectangular hyperbola whose asymptotes are parallel to the 
axes of the conic is 

xy+gx+fy-^c=:0. 
The abscisssB of the points of intersection are given by the equation 



-KSj)'-'' 



or ax^-\-2afx^ + (af^-\-bg^-l)x^ + 2(bgc-f)x+bc^-f^=0. 

Hence, if (xj, i/i), &c. be the four points of intersection, we have 

Xi + X2 + X^-\-X^= -2/, 

and similarly 2^1 + 2^2 + ^a + ^4 = - ^9» 

Hence the centre of mean position of the four points of intersection is 



( 2' 2)- 



The centre of the hyperbola is easily seen to be ( -/, - p), and therefore 
the centre of mean position of the four points of intersection is midway 
between the centres of the two curves. 

46. I^6t the equations of the sides of the triangle be 
x = Ot y = 0, and lx + my-\-n = 0; 
and let the three parallel lines be 

ar-a = 0, y - ^ = and lx-\-my + n-y = 0. 
Then the curve whose equation is 

xy{lx+my+n)-\{x-a){y'-0){lx+my+n-'y)=O 
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will clearly pass throagh the six points of intersection, whatever the value 
of X may be, for the curve meets x=0 where iy-p) {ls+my-i-n-y)=0, and 
so for the other sides. But when X= 1, the curve is a conic. 



47. Since PO^^PQ-^PG- 
it follows that {PQOG'} is harmonic. 

Therefore, as OCG' is a right angle, CO and CP are equally inclined to 
the axes of the conic. 

Hence, if CO cut the curve in Q, Q', QP, Q'P will be at right angles to one 
another. 

But all chords which subtend a right angle at P cut the normal at P in 
the same point, and therefore pass through 0, which is the point of inter- 
section of the normal and one such chord. 

48. Take the tangent at O for axis of x and the diameter through for 
the axis of y ; then the equation of the conic will be of the form 

Let the equation of PP' helx+my=l. 
Then OP, OF will be given by 

ax^ + by^ + 2ey (te + my) = 0. 

The extremity of the diameter through is f 0, - r- ) » and the equation 

2e 
of the tangent at that point is y= - -^ . 

Hence at the points of intersection of OP, OP' and the tangent at 0\ we 
have 



-^4'-¥(-T^)=»- 



Hence O'Q . 0'Q'=XiX^={^e^b + &me^)lb^a, 

from which it follows that m is constant since O'Q . O'Q' is constant ; and 
when m is constant the line lx-hiny = l cuts 00' in a fixed point. 



49. Take the tangent and normal at P for axes, and let the equation of 
the conic be 

aa^ + 2hxy-\-by^ + 2fy = 0. 

Let the equation of LM be y = 77. 
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Then the equation of PZ, PM is 

The equation of the bisectors of the angles LPM is 



x^-y^ _ xy 
V 



. 2f~ h* 
a-b- — 



or h{x^-y^);=xy (a-b--^ j . 

Hence where the bisectors meet y—rj the co-ordinates satisfy the relation 

h (x^-y^) = xy {a-b)- 2fx, 

Thus the locus of jR is an hyperbola whose asymptotes are parallel to the 
lines h {x^ - y^) = xy (a-b); 

and these lines bisect the angles between the lines 

ax^ + 2hxy + by^=0, 

which are parallel to the asymptotes of the original conic. 

Hence, as the axes of a conic bisect the angles between its asymptotes, 
the asymptotes of the locus of R are parallel to the axes of ttie original 
conic. 

50. IJet the equation of the given conic be ax^ + by^=li and let (c, 0) be 
the given point in its transverse axis. Then the equation of any chord 
through (c, 0) is 

y-m{x-c)=0, 

and the equation of any conic which touches the given conic at the ends of 
this chord is 

ax^ + by*-l + \{y-m{x-c)}^ = (i). 

Now the centre of the conic (i) is given by 

ax-\m{y-m{x-c)}=0 (ii), 

and by-{-\{y-m(x-c)}=0 (iii). 

Also, since (i) passes through (0, 0), we have 

-1 + Xm2c2=0 (iv). 

The required locus is found by eliminating X and m from the equations 
(ii), (iii) and (iv). 

From (ii) and (iii), m= -axjby ; 

.*. mc^ax-y-\-m{x-c)=0; 

.-. c^a^x^ + by^-\-ax(x-c)^0. 
The locus of the centres is therefore a centric conic. 
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51. Let T - «} 7 + a be the eccentric angles of Q, Q' respectively, and let 

4 4 

the equation of the circle QCQ' be 

Then we have the conditions 
a'cos^ Q-aj + 6*Bin«f|-o^ + 2^acos^j-aj + 2/68inK-aj+c=0, 

a^coss (^ + a^+62Bina(^ + a^+2f7aco8(^+a)+2/6sin(^ + a\+c=0, 

andc=0. 

Hence, by addition and subtraction of the first two relations, we have 
a' + 6« + 2^2^a cos a + 2^2/6 cos a = 0, 
and (a^ - 6*) sin 2a + 2^2^^ sin a - 2^2/6 sin a = 

or (a«-62)ooga + ^2ga - ^2fb =0. 

Eliminating cos a, we have 

But the co-ordinates of the centre of the circle are - g^ -/, and therefore 
the required locus is the hyperbola whose equation is 

4 (a^or^ - 62^2) = a* -6*. 

52. Let the equation of the tangent at P be x cos a + 2^ sin a - p = 0, and 
let the equation of the chord through Q, Q', the other points of intersection, 
be X cos a'+y sin a'-j)'=0. 

Then the equation 

x' v^ 

-J + ^j - 1 + X (a; cos a +y sin a - J)) (x cos a' + y sin a' -p') =0, 

will represent any conic touching the given conic at P and passing through 
Q and Q', The above equation will represent a circle provided 

sm(a + o')=0 .(i), 

and 

-5 + Xcosacosa'=r= + Xsinasina^ (ii). 

a* 0* 

Also the circle will pass through (0, 0) provided 

-1+Xi>p'=0 (iii). 

And, since as cos a +y sin a- 2)= touches the ellipse, 

l>'=a*cos'a+6'sin2a (iv). 
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From (i) and (ii) x = ± ^^ - ^ j ; 

hence, from (iii), 

= ±- =_p'2p2=_p'2 („2 C082 o + ft^ sin* a) =i>'3 (a* COS' a' + fc* ginS a'). 



(a^-62)2 X2 

ites of t 
the equi 



The coordinates of the foot of the perpendicular on QQ' are p' cos a' and 
j:)' sin a' ; hence the equation of the required locus is 



53. The conic 

^i$+t-'^)-('^-'=)='^ (') 

will go through the points of intersection of the two conies. 
If X=c, the conic (i) will represent the two straight lines 

'|-2x,+'|^=0 (ii). 

If the curves touch the lines (ii) must be coincident, and therefore 
c^^^a^h^. Thus c= =fca& is the required condition. 

X V 
If c^=a^b^. the lines (ii) will be - ± ^ = 0, so that the points of contact are 
^ a 

on one or other of the equi- conjugates. 

The polars of (a, j8) with respect to the two curves are 

a^ b^ ah ah 

and these polars meet on the lines 

. X y ^ 

that 18 on -=i=f=0. 

a b 

54. Let the conic which goes through the five points A, B, 0, D, E cut 
the circle ABE in G : then, AB and CD make equal angles with the axes of 
the conic [Art. 186], and so also do ^B and EG ; hence EG is parallel to CD, 
and therefore G and F are coincident. Hence the conic through the five 
points Af B, O, D, E will also pass through F, 

The directions of the axes of the conic are known since AB and CD make 
equal angles with the axes ; hence the axes can be drawn when the centre of 
the conic is found. 

Since CD and EF are parallel chords, the line joining the middle points 
of CD and EF is a diameter. To find a second diameter, draw a circle 
through i), C and E : if this circle cut the conic in a fourth point Jf , EH and 
CD make equal angles with the axes of the conic, and therefore EH is parallel 

S. C. K. 11 
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io AB, and therefore H is found by drawing through E a line parallel to AB 
to cut the circle DCE in U. Then the line through the middle points of the 
two paralld chords AB and EH will be another diameter of the conic. The 
centre of the conic is thus determined, and the axes can now be drawn. 

55. I^he six points are always on a conic whose equation is 

{ax'x" + hy'y" - 1) (aar» + fty* - 1) - {axaf + lyy' - 1) (oxaj" + byy" - 1) = 0. . . (i), 

the equation of the given conic being aa6^+ hy^ - 1=0 and P, P' being (a:', y') 
and (x", y") respectively [Ex. 3, Art 187J. 

The conditions that (i) may be a circle are 

xY' + xY=0 (ii), 

and a (byY - 1) = 6 (aafx" - 1), 

or x'x"-y'y'' = -'-T (iii). 

From (ii) and (iii), by squaring and adding, 

(^'+S/l(a5"»+j,"») = g-i)', 

that is CP^ . 01^^= CS^t where C is the centre and S a focus of the conic. 

It follows from (ii) that CP and CP^ make equal angles with the axes ; 

and, since —„ {x"^+y"^) = - - - , and - - r is positive if the major axis of the 

conic is along the axis of x, it follows that y' and /' have different signs, and 
hence the points P, P' are on different sides of the transverse axis. 

Since PC : CS=CS : CP' and the angles PCS, 8CP' are equal, it follows 
that the angles PSC and SP'C are equal and that PS : SP'=PC : P'C, Now 
let the ellipse become a parabola; then C will be at infinity and from the 
above relations we see that in the case of a parabola PSP* is a straight line 
and P5=SP'. 

56. Let T be (x', y') and T be {x'\ y"), the equation of the parabola 
being y^-^ax=Q. 

Then the equations of PQ , P'Q' will be respectively 

yy'-2a{x-\- x') ^ and yy" - 2a (« + x") = 0. 

Hence the equation of any conic through P, Q, P', Q' is given by 

l{y^-iax)-^{yy'-2a(x^-x')){yy"-2a(x-vixf')}=0. 

If the conic pass through (a?', y') we have 

X (i/'2 - 4aa;') - (y'2 _ 4aa0 {2^y'- 2a (x' +x")} = 0; 

/. \=yy"-2a(2f + x"), 

and it is obvious that when X has this value the conic will also pass through 
(x", V"). 
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Hence the six points P, Q, P', Q', T and T all lie on a fconic whose 
equation is 

(y^-4.ax){y'y"-'ia(af-\-x^')} = {yy'-2a{x + x')]{yy"^2a{x-\-x")}. 

In order that this conic may be a rectangular hyperbola it is necessary 
and sufficient that 

yy'-2a(a/+x")=2^y' + 4aS 
or ^{x'-¥x")=-a, 

which shews that the middle point of TT must be on the directrix. 

57. Let T be the point of intersection of AA', BB' and CC Then 

TA . TA' = TC . TC' = TB . TB', 

from which it follows that the point T is on the radical axis of any two of the 
circles OAA'y OBB\ OCC. Also, since the point is common to all three 
circles, it is on the radical axis of any two of the circles. Hence OT is the 
radical axis of the three circles. 

58. Let the point be (a, /3), the equation of the conic being 

Let (ae', y') be the middle point of one of the common chords, then the 
equation of that chord is 

{x-x')ax'-\-(y-y')hy' = {i (i). 

Since the extremities of the chord are equidistant from 0, the line through 
(x\ y') perpendicular to (i) must pass through (a, p) ; we therefore have 

-a-x' _ p-y' 

ax' ~ by' ' 

Hence (oc', y') is always on the rectangular hyperbola whose equation is 
ax [y - p) -by (x - a)=0, 

59. Take for origin, and let the equation of the conic be 

ax^ + 2hxy+by^ + 2gx-\-2fy + c=0. 
Then every conic of the system is included in the equation 

ax^+2hxy + by^+2gx + 2fy-\-c + \{x^+y^-k^)=0 (i), 

where X and k are arbitrary. 

Now the centre of (i) satisfies the equations 
ax+hy-^g+\x=Oj 
and hx+by+f'^\y=0. 

11—2 
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Hence the centre of (i), for all values of X and k, is on the conic whose 
equation is 

y{ax+hy + g)-x{bx + by-\-f)=0, 

and this conic is clearly a rectangular hyperbola. 

60. Ijet S, S' be the foci of the conic, and PSP* be the focal chord. 
Then, if the tangents at P, P' meet in T and the normals in G, the points 
r, P, G, P* are on a circle, and we have 

PTG=PP'G=^-TP'S 

a 

-P'TB, since TS is perpendicular to PSP'. 
But we know that PTB'-P'TS, and therefore TGS' is a straight line. 



61. The equation of the normal at is 



o^ _62L=..2. 



cos sin 

a2_5a 
Hence CG — cos0 (i). 

If the normals at th£ points 0^, 02, 03, 04 meet in any point (a, /3), these 
must be the values of given by 

cos sm 

Hence [aa. - cHf {\ - z^^^h^fl^z^ (ii), 

where z is put for cos 0. 

Now if ?!, Z2» ^3» ^4 ^6 *^6 roots of (ii), 

2ac«a 2aa 

and 2i=?^t = -- 

Hence S — = •— , 

z-^ zz 

1 4 

and therefore also, from (i), S--^-= . 

62. Let the equation of the ellipse be ax^ + hy^=l, and let O be (a, /3). 
Then, by Art. 196, the conic 

{a-b)xi/-\- bay - a,3x =0 (i) 

goes through the points A, B^ C^D and 0. 
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Now the centre of (i) is given by 

{a-b)y-ap=0, 
(a- 6) x + 60=0. 

Hence - + 1=1, so that the locus of the centre, for different values of a 
a p 

and h, is a straight line. 

' 63. Ijet the equation of the ellipse be ax^+ 6y^= 1, and let be (a, /S). 

Then if the normal at (^, 97) pass through (a, )3) we must have the 
condition 

or hxn-ap^-\- (a -1)^71=0 (i). 

The equation of the line joining C to (^, 17) is - = ^ , and the equation of 
the line through (^, 77) which makes an equal angle with the axis is 

or an7 + y^-2^=0 (ii). 

Now the line (ii) will pass through the point given by 

X ^ y ^ ~2 

ha, -ap a-b 

for all values of ^ and ^ which satisfy (i). 

Now (i) is the condition that the perpendicular from (^, 97) on its polar with 
respect to ox' + fty'- 1=0 should pass through (a, p), so that the proposition 
may be enunciated as follows : 

* If the perpendicular from a point P on its polar with respect to an ellipse 
whose centre is C pass through a fixed point O, then will the line through P 
which makes with the axis of the ellipse an angle equal to that made by PC 
pass through another fixed point.' 

64. Let the equation of the ellipse be 0x^+5^^-1=0, and let be 

Then if the normal at (^, 97) [or if the perpendicular from {^^ y) on its polar 
with respect to the ellipse] pass through 0, we have the conodtion 

a^ hri * 
or a/3^-?>ai7 + (6-a)^7=0 (i). 
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The equation of the Ime through ({, rj) making with the axis of the ellipse 
an angle equal to that made by the perpendicular from ((, 97) on its polar with 
respect to the ellipse is 

or ay^ + bxri-{a + b)^Ti=0 (ii). 

Now the line (ii) will pass through the point given by 

y _ X _a-\-b 
^~ -a~ a-b 

for all values of ( and 97 which satisfy (i). This proves the theorem. 

65. Let the equation of the ellipse be x^/a* + y^jb^ = 1, and let P (^, 17) be 
a point on it such that the normal at P passes through a fixed point (a, ^). 
Then we have the condition 

a^ 6« 

or 63/3^ -a2ai7+(aa- 62)^97=0 (i). 

The line through P parallel to CF' is 

b"^ 

or by^-ax7i-\-{a-b)^'n=0 (ii). 

Now the line (ii) will pass through the point given by 

-^ = - = — 
&J3 aa. a+b 

for all values of ^ and 17 which satisfy (i). This proves the proposition. 

66. Let the eccentric angles of the four points P, Q, R^ S the normals 
at which meet in O be 6^ d^^ 6^, $^ respectively. Let Ap^ Aq^ Ar^ As be 
chords through the vertex A perpendicular to the four normals, and let 
a^, o,, 03, 04 be the eccentric angles of p, g, r, « respectively. 

Then 4p, Aq^ Ar^ As are parallel to the tangents at P, Q, R, S respectively, 
and hence 

ai = 2^1, ttg = 2^2, 03 = 2^3 and a^ = 26^. 

But we know that 

^i + ^2 + ^8 + ^4=(2w + l)ir. [Art. 198.] 

Hence a^ + Og + og + 04 = 2mT, 

which is the necessary and sufficient condition that the four points p, g, r, s 
should be on a circle. 
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67. Let the eccentric angles of the points of contact of the tangents 
be $1, $2' T^eii it is easy to shew that the tangents at ^^, &2 intersect in the 
point 

la cos - (^1 + d^ I cos i (^1 - ^2), b sin ^ (^^ + d^ / cos ^ (^^ - eA , 
and that the normals intersect in the point 



{ 



— cos ^1 cos 02 COS 3 {di + ^2) / COS ^ {$1 - ^2), 
d It a 



- — Sin e 




1 ^1 sin ^2 sin 2 (^1 + ^2)/ cos ^(^1 - ^2)^ , 
where c^=a^-b\ 

Since the point of intersection of the tangents is on the ellipse 

we have 4 cos^ ^ (^1 - ^2) = 1 (i)- 

Hence, if (x, y) be the point of intersection of the normals, we have 
^ = ± 2 cos ^1 cos 02 cos 5 (^1 + ^2) = =*= cos 5 (^1 + ^2) {cos (^1 + ^2) + cos (^1 - ^2) } » 
and 
- — = ± 2 sin ^1 sin 62 sin - (^, + ^g) = =^ si^ o (^1 + ^2) {cos (^1 + ^2) 

C a a 

-008(^,-^2)); 

/. (a2a2+5Y)/c* 

= cos' (^1 4- ^2) + cos^ (^1 - ^2) + 2 cos (^1 + ^2) cos {6^ - B^ cos (^j + ^3) 

= Ti since cos (^j - ^2) = - o » ^^^^ (^)' 
so that the normals intersect on the ellipse whose equation is 
4a'x2+46V=c*. 

68. The normals are the perpendiculars from the angular points of the 

triangle ABC on the opposite sides, and therefore meet in a point. The 

2ir 
eccentric angles of two angular points differ by -5- ; and, by the preceding 

o 

2ir 
question, the normals at two points whose eccentric angles differ by -^ , 

meet on the ellipse 4a*a;2 + 4&2y2 = c-*. 

69. The tangent to a;.v=c at the point («', y') is x^f -Vx'y^^c^ and there- 
fore the normal at (a/, y') is 

{X'x')x'-{y-y')y'=^^, 

Hence if the normal at (a;, y) pass through (Z, Y) we have 
(Z-fl;)x-(y-y)y = 0, where xy=c. 
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Hence jr^, x^, ar^,, x^ are the four roots of 

Xai?-x*-Yxc + c^=Oi 

and Bimilarly ^i + ^i + ya + ^4 = ^• 

70. The point of intersection of the normals at 6-^, 6^ is given hy 

ax=c^ cos ^1 cos d, cos - {6^ + $2) / cos 5 (^^ - 0^ 

-by=c* sin ^^ sin 0^ sin ^ (^^ + $2) / cos ^ (^j - $^). 

Now for a system of parallel chords 

^^ + ^j = constant = 2a suppose. 

Hence 2aa; sec o/c^ = {cos 2a + cos (^^ - ^2) } /00s ^ (^^ - 0^ 

a 

2by cosec a/c*= {cos 2a - cos (^1 - ^2)} /cos ^ (^^ - 0^). 
Hence (aa? sec a+6y cosec a)/c* cos 2a = sec- {^1-^2) W» 

and (aar sec a -6yoo8eoa)/c2= cos (^1- ^2) sec r (^1 - ^2) (")• 

Hence, hy addition, 

(tfa;cosa-6y sina)/c*=coSir (0i-0^^ (iii). 

Eliminating 0^ - 0^ from (i) and (iii) we have the equation of the locus, 
namely 

(aa; cos a- 6y sin a) (oa; sec a + 6y cosec a) = c* cos 2a. 

71, The equation of the tangent to 4j:y=ab at {x\ y') is 

2xy' + 2yx'=ab. 

If this line cut the ellipse at points whose eccentric angles are 0^, 0^^ the 
above equation must represent the same straight line as 

^cos -(^1+^2)+! Bin 2 (^i + ^^)='C08 2^^i"^*^- 
Hence cos 5 (^^ + 0^l2ay' = sin - (0^ + ^2)/26x' = cos - [0^ - dg)/a6 ; 

••• Bin ^ {0^ + ^2) COS 2 (^1 + ^s) = cos2 - (0, - ^,), 
or sin {0i + 0^ = l-{- cos {0^ - 0.^. 
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Now, if (x, y) be the point of intersection of the normals at $,, 0^ we have 
[see 67] * * 

ar__cos^iCos^a 1 cos (^i + ^2) + cos (^i - ^2) A r. .x 

■"cos((?i + ^,)-8in(^i + ^2) + l^*2^^i + ^«^-^- 
Hence the normals meet on the diameter whose equation is 
ax + hy=0. 

72. The normal at (a;, y) to the conic 

x^la'^+y^lb^=l. 
will go through (^, 17) provided 

« y 
Hence the abscissae of the four points are the roots of 

{a«^-(a«-62)a:}2(aa-a^) = a26V«« (i). 

If the four points are (x^, y^), &c. we have from (i) 

Hence 2a.,2=_^^^{«»^_62^ + (^,_^)2}. 

052 
Similarly ^V=(^JZ62)2 {^V-a«? + (aa-62)»}. 

Now si- = ^V^' 

Hence, if S — , = -5 , the locus of (^, rj) is the hyperbola 
Pi ^ 

y^ x^_ a^-b^ a*-.b* 

73. If the normals at the four points (x,, y^), &c. meet in the point 
(^. v) ; and if r^ rj, rg, r4 be the lengths of the four normals ; then 
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But, from the previous question, * 

Hence 2...=4(|.+^- i.^^,+ i^, 

+ ^jlji {o»f« - 6V} + 2a'+ 26» 

Hence the required locus is a conic. 

74. The feet of the normals from (/, g) to the ellipse 

x^la^+y^lb^- 1 = 
lie on the conic 

xy (6* - o») + a^fy - h^gx = 0. 

Hence the equation of every conic through the four points of intersection 
is included in 

x^la^+y*lbf^-l-\{xy{b*~a^) + a^fy-h^gx}=0 (i). 

Hence, for some value of X, (i) will represent the same conic as 

{xx'la^ + yy'lbf' - 1) (xxf'la' - yy"ll^ - 1) = 0, 

x'x" _y'y" _ x'^x" _ y' + y" 
•** a^ " &2 - Xfyia^g - ^xa'i^f 

x'x" y'y" 
Hence —^ = ^=-1 (u), 

and /(«' + a;")+flr(y'+y")=0 (iii). 

From (iii) it follows that the middle point of the line joining {x\ y') to 
(oj", y") is on /a;+^y=0 ; this proves the theorem, since (x\ y') and (ar, y") 
may be the extremities of any one of the diagonals of the quadrilateral formed 
by the tangents at the feet of the normals from (/, g), 

75. Let the normals to the ellipse x^ja^+y^jb^ -1=0 at the four points 
(^i» 3/i) > (^2» ^2) ' (^81 Vz) *^<^ (^4' ^4) co-intersect. Then the four extremities 

(a* b^\ 
— , - j , &c. To 

shew that these four points are on a straight line, it will be sufficient to shew 
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that any three are ou a straight line, the conditions for which are of the 
form 



b^ 






1 


yl' 




62 






1 


^2' 




63 






1 



2/3 



= 0, or 



1 



i. 1 



Vt 



(i). 



But, Bince the normals at the points {Xi, y^), &c. 00-intersect, the following 
equations are simoltaneously true, namely 

e!^_^ + 6.-a« = 0,&c. 

By eliminating a^x, - b^ and 6* - a^ from any three of the last four 
equations we see that the conditions (i) are satisfied. 

76. The equation 

X {x^la^ + y^lb^ - 1) - (a« - 6^) ay + a'^fy - b^gx = 

includes all conies through A, By (7, D, the normals at ^, P, C, D meeting 
at (/, 9). 

If the conio pass through the point {ne, 0), we have 

X (e^ - 1) - b^gae =0, or X = - ga^e. 

Also x=- is to cut the conic in co-incident points ; and therefore 

-<^egQ^-t^~-iy{a^-b^)^y-^aVy-b*g^^=0 

has equal roots, the condition for which is that Sa*g^=a* (ae -/)'•*. 
Hence the locus of (/, g) is the two straight lines ac - 05= db 2^2y, 

77. As in question 72, the abscissae of the four points the normals at 
which meet in (^, 77) are the roots of the equation 

{a2^ - (aa - 6^) x]^ (a^ - x^) = a«6V^^. 

Now substitute for x, and we shall obtain an equation whose roots 

are the values of the distances of the four points from the focus {net 0) : this 
equation will be 

{a^e^ - (a^ - b^) (a - r)}^ {a^e* - (a - 7)2} 
=«V62ij2(a-r)2. 
RenoeSA.SB.SC.SD 

= coefficient of r®/coefficient of r* 
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78. Let the equation to the hyperbola be :ry =c'. Then the condition 
that the normal at (x, y) should pass through the point ((, 17) is 

Henoe the abscissae of the four points are given by the equation 

(^-a;)a»-(i7aj-c2)c«=0. 
Hence 2a; =^ and 2x«=^. 

Similarly ^y = V and 2y'=i7*. 

Now the sum of the squares of the lengths of the normals 

= 2{(^-a:)« + (,;-3,)«} 

=4 (e« + i7») -2^2a;-2i72y + 2x»+2y« 

79. I^be point of intersection of the normals at the points whose eccentric 
angles are 0^, 0^ is given by 

oar = c* cos 0^ cos 0^ cos ^ {0i + 0^) / cos - {0^ - 0^, 
and -by=€^ sin ^i sin ^, sin 5 (^1 + ^j) / cos - (0^ - 0^), 



But, if the line joining ^p 0^ pass through the point ( a I — - , ) w 

have 

la-h 1 ,^ ^ . 1 .^ ^ . 

V «"+6 ^^^ 2 <^i "^ ^«>=^^ 2 ^^1 " ^«) ' 

.-. ^^^{l + COS(^i + ^J} = l4-C08(^l-^J (i). 

Now ^ y^^=cos(^i + ^,) + cos(^i-^j); 

X h 

.-., from(i), - + -=cos(^i + ^2) (ii). 

Also ^ ^^-^={cos(^i + ^3j-cos(^i-^j)}tani(^i + ^j); 
.-., from(i), ^=sin(^i + ^j) (iii). 

Hence the locus of (x, y) is the circle whose equation is 
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80. I^ the normal at (x, y) to a^la^+y^Jb* - 1=0 pass through the point 
{^. v)t we have 

^-x rj^y r 

where r is the length of the normal from (^, rj) to the curve. 

Hence r^^^h-^ . iPx^^x^x^^x^ 

= « - ^i)' « - ^? (^ - ^3)' (^ - ^4)' {a* - (a' - &') ^1^ 
|a* - (a2 - 62) x^} {a* - (a« - 6«) ajj^} {a* - (a^ - h^) x^^] . 

where x^, Xg, X3, ^4 are the roots of 

{a^^-{a^-b'')x}^a^-x^-a^b*v^x^=0 (i). 

From(i), a;i%VV=a^^W«'-^V (")• 

Putaf=^-Xin(i), then 

{&2^+ (a2 - 62) x}2 (a2 - (^ - X)2} - a«6V (^ - X)*=0; 
/. (^ - a:i)2 « - x^)^ (^ - a:3)« (^ - x^)^=\V^^\%^ 

= 6*^*(a86«-62^-aVW(«''-&')* (iii). 

Now a* - (a^ - b^) x^ =a^{a- ex^) (a + ex^) ; 

and putting a -exi = fji. in (i), we have 

a^{^-ae + fjLe)^{a^e^-(a-fi)^}-bhi^(a-fi)^=0. 
Hence n (a - ex^) = coefficient of ft<>-T- coefficient of ft* 

= _{(|_a,)2 + ^}62/,2. 
Similarly U{a + exj) =z-{{^ + ae)^+ n^} J^Je^, 

Hence 

riWW= (a'&' - ^^^ - «V)» { (^ + ae)^ + rf'}{{^- ae)^ + r/'}l(a^ - b^)\ 
Now, from question 31, the product of the squares of the tangents 
= (a262 - 62^ _ ^2^)2 {(^ + ae)^ + 17*} {« - ae)^ + 'f}l{l^e + «V)'. 

Also the product of the squares of the perpendiculars from (^, rj) on the 
asymptotes 

= (62^ + aVH(a"-2'^)^. 

Hence the continued product of the four normals is equal to the continued 
product of the two tangents and of the two perpendiculars on the asymptotes. 

81, Since the lines x+\y=^0 and x+fty=0 are in the direction of 
conjugate diameters the equation of the curve will be 

A(x+\yY-\-B(x-\-p.yY=zl (i). 
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The condition that either of the lines a; + Xy = ±i> should touch (i) is easily 
found to be i4p*=l ; and the condition that either of the lines aj+z^y = =tgf 
should touch is Bg^=l. 

Hence the required equation is 

(X + Xy) V + (x + My W= 1. 

82. Let r be the point (x\ y') ; then the equation of PQ is 
XX' la^+yy'lb^- 1=0. 

All conicB through P and Q are included in 

x^la^+y^lI/^-l-{xx'la^+yy'lly'-l)(lx+my+n)=0 (i). 

Hence (i) is the circle TPQ provided 

l = lx'+my' + n (ii)» 

\j^-k.^ (iii) 



0=?H-^ ■ (i')- 



From (ii), (iii), (iv), we have 

la* _ mh^ ?_ ,. 

x'(b^-a^)~y'{a^-h^) x'^+y'^ ^ '' 

Hence, if x'^ + y'^=c\ 

we have , . 

l2c2a*+mV6*=w2(a^-62)2 (vi). 

Now lx+my+n=0 

is the equation of PQ't and (vi) shews that 

lx+my+n=0 
touches the conic 

x\y^_ c« 
a4'^6*""(a2-62^2- 

83. Let the equation of the chord be 

y=m{x-ae); 
then the points A^ B are 

{a, wia(l-e)} and {-a, -ma{l + e)} 
respectively. 

Hence the equation of the circle is 

{x-'a){x + a) + {y-ma(l^e)} {y+ma(l + e)}-0, 
or ti?+y^+2maey-a^-m^ly^=0. 
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The circle cats the ellipse where 

y- (a2 - 62) _ 2maeh^y + m^b* = 0, 
that is {aey - mb^)^ = 0. 

Thus the circle cuts the ellipse in two coincident points. 

84. The points A , B are the points of intersection of the director-circle 
r.nd a tangent to the ellipse. 

The equation of the director-circle is 

x^ + y^=a^ + bK 

Hence, if lx + my — 1=0 he the equation of the tangent ABy the equation 

a^+y^-a^-h^ + \{lx+my-l) = (i) 

is the equation of any circle through the points A and B. 

The circle (i) passes through the focus (ac, 0) provided 

\ = 2b^l(lae-l); 

and, with this value of X, (i) may be written 

/ Ib^ y I mb* Y , ^^ (l^ + m^)b* 262 

In order that the radius of the circle may he equal to a, it is necessary 
and sufficient that 

(P4-m2)6 _2 ^_ 
(lae-1)^ ^lae-1^ ' 
or {P + m^)h^ + 2lae-2 + Pah^-2lae + l = 0, 

or Pa^ + m^h^=l (ii). 

But (ii) is the condition that lx+my = l should touch the ellipse 
a;2/a« + y2/6«=l. 

85. Let the equations of the parabola and of the circle be 

y^-4ax=0 and x^ + {y - p)^=c^ 
respectively. 

The linew=wiic+— touches the parabola for all values of m; the line 
m 

touches the circle provided 

(^-£)7(i+..)=c». 

or c*m* + c^m^ - (pm - o)* = 0. 

Since the coefficient of m' is zero in the above equation, it follows that 
the sum of the tangents of the angles the four common tangents make with 
the axis of the parabola is zero. 
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86. Let (a cos a, a sin a) be the point from which the tangents are 
drawn ; then the equation of the tangents will be 

(x«/a« + y*/6«- 1) (co8» a + a^ sin» o/6*- 1) - {x cos o/a + ya sin o/6*- 1)2=0. 

Hence the equation of any conic through the four points in which the 
tangents cut the directrices is 

(a:*/a» + y^jh^ - 1) (cos» o + a» 8m« o/6« - 1) - (« cos o/a + ya sin o/6* - 1)* 

+ X(e«x2-a2)=o (i). 

We have to shew that, for some value of X, the left member of (i) will have 
a factor of the form y - mx, and may therefore be written in the form 

, ( ysin*o /2 sin o cos a msin*a\ - . ,.„) ^ .... 
iy-mx) |-lL___ar(^ + — p- j+2a sino/ft^j. =0...(n). 

Hence, equating the coefficients of x^ and x and the constant terms in (i) 
and (ii), we must have 

2msinacosa + w2sin*a = sin'o-l + e* + X&V (iii), 

2amsina/62= -2 cos a/a (iv), 

and 0=cos2a/a' + sin'o/6' + X (v), 

simultaneously true for some values of X and m and for all values of a. 

From (iv) m= - (1 - «*) cot a ; and, when this value of m is substituted in 
(iii), we have \b^=e^ cos^ a- 1, which is equivalent to (v). Thus the values 
of X and m which satisfy two of the relations (iii) (iv), and (v) will also satisfy 
the third relation, and therefore the equation (i) can be written in the 
form (ii). 

Hence two of the four points of intersection of the tangents and direc- 
trices are on a straight line through the centre, and the equation of the other 
two, is, from (ii), 

X (2sinacosa + msin2a)+y sin2a-2aBina=0, 

where m = - (1 - «') cot a ; 

and this line cuts the major axis in the point 

{2a8eca/(l + €2), 0}. 

87. Let T be the point of intersection of PC and P'C", and let PCQ, 
P'C'Q' be diameters of the two conies; then, since PP* is parallel to CC\ 
it follows that QQ' must also be parallel to CC\ 

TQ ,TP TQ' . TP" 
Hence _:^__ = _v_^_. 

But, from Art. 186, Cor. ni., TQ , TP : TC^=u : Uq, 

and TQ' . TP" : TC'^=v : Vq, 

Hence the locus of T is given by uvq=vUq. The locus of T clearly passes 
through the points of intersection of the given conies [as is obvious h priori]. 
When u = and v=0 are similar and similarly situated, the conic hvq - UqV = 
will be similar and similarly situated to either. 
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88. Let the equation of the conic be ax^ + by^ - 1=0. If a circle have 
double contact with a conic the chord of contact must be parallel to an axis 
of the conic, for ax'^ + by^-l+\ (Zar + my +n)^=0 can only represent a circle 
when lm=0. Also a circle will not pass through the four points of intersec- 
tion of the conic aa^ + by^-l = and the lines {x -a) {y-p) = 0. Hence the 
two chords of contact of the circles in question must be parallel. The equations 
of the three circles will therefore be of the forms 

ax^ + by^-l + \{x-a)^=0 (i), 

ax^ + hy^-l-\-fi(x-p)^=0 (ii), 

and ax^ + by^-l + y{x-a)(x-p) = 0.... (iii). 

But, in order that (i), (ii) and (iii) should represent circles, we must have 

X=/*=i'=6 — a. 

The squares of the tangents to the different circles from any point (a;, y) 
<m the conic are respectively 

(6-a)(a;-a)2/t, (6 - a) (a; - /3) /6 and (6 - a) (x - a) (ar - /3)/6. 
Hence t^tf^-T^=0, 

89. If A circle have double contact with a conic, the chord of contact must 
be parallel to one or other of the axes of the conic, and the centre of the circle 
must be on an axis of the conic. Hence if a conic have double contact with 
each of two circles the chords of contact must either be parallel or perpen- 
dicular. 

First let the chords of contact be parallel ; then the centres of the two 
circles must be on the same axis and the chords of contact must be perpen- 
dicular to this axis. 

The equation of the conic must therefore be of either of the forms 
{x-a)^+y^-c^ + \(x-a)^=0, 
or {x -h)^+y^ - cP + fx (x - P)^=0. 

From this it follows that 

l + \ _ 1 _ c^-g^-Xa ^ _ o + Xo 
l + Zi'^l" d^-b^-fiP^~b+fi^' 

Hence X=At, a-b = \{p-a) aadly^+c^-a^-cP=\{a^-^); 

.-. Xa={6«-hc3-a2-d«+(6-a)2}/2(6-a). 
Hence the general equation of the conic is 
i(b-a)^\{\x^ + (x-ay + y^-c^}-i(b-a){2b^ + c^-€p--2ab}\x 

+ {2b^ + c^-cP-2ab}^=0. 

Next suppose that the two chords of contact are at right angles, and that 
their equations are 

a;cosa+2/8ina-p=0, and a;Bina-ycosa-9=0. 
S. C. K. 12 
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Then the equation of the conio will be of either of the forms 
(x - a)^+y^ - c^ + X (a: C08 a +y sin a -p)2=0, 
and {x-by + y^-cP^fiixBina-y coBa- g)2=0. 

We therefore have 

1 + X cos* a _ 1 + Xsin'tt _ ^ _ a + Xp cos a _ Xj?sina _ a^-c^-i-Xp^ 
l + Ai8in*a""l+ftco8*a~ -/u^ft + ftg sin a" -At^cosa"" b^-d^+fiq^' 

Whence we have p sin a = 9 cos a, and then 

{h^-cP)\ + {a^-c^)fi + \fip^Bec^a=0, 

X6 + fia + X/Ap sec a = 0, 

and \ + fi + \fi=0. 

Eliminating X and /i we see that p sec a is constant ; we have also 

X = (6 - a) / (p sec a - 6). 

Hence in this case the general equation of the conic having double contact 
with the two circles is 

{x - a)2+y' ~ c' + ^ {cos a (a; -p sec o) +y sin a}2=0, 

where j) sec a is known. 

In the second part of the question the chords of contact are assumed to 
be parallel and the locus of the extremities of the latus rectum which is 
parallel to the chords of contact is required. 

The general equation of the conic is found as above to be 

a* 
(x-\-a)^+y^-c^+\x?-2xa+~=0, 

or a;«(l + X) + 2/2=c2-a2-~. 

A 

Hence, if (ar, y) be an extremity of the latus rectum parallel to a; = 0, we 
have 

2 2_^ 

^=^Tx--r'«^-x)=«'-r?x' 

and y2^(c3-aa-^\(l + X). 

Eliminating X we have the required result. 
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90. The centre of the first conic is given by 

(ZW - r%) x + (l- V) mm'y = Im' - I'm, 
and (Z - V) mm'x + (wi - m') mm'y = ; 

whence ;r^' = l^j = !»,' r«, W- 

m — m I — L Im — Im 

The centre of the second conic is also the point given by (i), and the com- 
mon centre of the two conies is the point of intersection of the two straight 
lines te + my - 1= and I'x + m'y -1=0. 

Now it is clear that all conies through the points of intersection of two 
given concentric conies are concentric with the given conies ; and therefore 
the lines Ix+my -1=0 and Vx + m'y - 1 =0 are diameters of all the conies ©f 
the system. 

The equation of any conic through the points of intersection of the given 
conies is {Pm' -l'hn-\W (l-l')}x^ + 2{{l-l')mm' -\(m-m') W} xy 

■\-{{m^m')mm'-'\(mH'-m'H)}y^-2(lm'-Vm)(x^\y) = (ii). 

The lines lx + my-l=0 and I'x + m'y -1 = will [Art. 183] be parallel to 
conjugate diameters of (ii), provided 

IV { (m - m') mm' - \ (mH' - vi'^l) }+mm' { IV - V^m - \ll' (I - 1')} 

= (Im' + I'm) { (l - 1') mm' - \ (w - m') IV], 

and it is easy to see that this condition is satisfied. 

Hence the lines lx+ my -1=^0 and Vx+m'y -1=0 are conjugate diameters 
of (ii) for all values of X. 

91. Let ax^ + hy^-l = be the equation of the conic, and (/, g) be the 
fixed point. 

Then, if (^, 97) be the middle point of any chord through (f, g), the equa- 
tion of the chord will be a^ {x - ^) + brj [y - 7J)=zO. 

Hence, for some value of c, the circle (x - ^)^ + {y-7j)^-c^=0 will cut the 
conic in points such that a^ {x - ^} + bTf {y - 7f) = will go through two of their 
points of intersection, and the equation of the line through the other two 
points will therefore be a^x - brjy + n=0. 

Hence for some values of X, c, and n, the equations 

ax' + by'i-l + \{(x-^)^ + (y-vY'-c^}=0, 

and {a^x + briy-a^^-bTj'^)(a^x-briy + n) = 

will represent the same pair of straight lines. Hence, comparing the 
coefficients of x and y, we have 

a^(n- a^ - 6ir')/2X| = 617 (n -h o^ -|- bri^)l2\rj, 

whence n = (o^^ + brj^) {a + b)l{a-b). 

But the chord a^x + b-ny -a^-bri^=0 goes through the fixed point (/, g) ; 

•• a^/+6^if-(a|2 + 6V*) = 0. 

12—2 
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And this shews that the line 

passes throngh the fixed point given by 

«__ y _ a + h 

02. Let ABC be the triangle, and let P, Q be the giyen points. Then, if 
JP, BQ, CR cut BC, CA, AB respectively in the points -4', B\ C\ we know 

that BA! . CB' . AC'=BC' . AB' . CA', 

So also BA" . CB" . AC"=BC" . AB" . CA". 

RenoeBA'.BA" . CB* . CB" . AC\ AC" = BC\ BC" .AB',AB\ CA'.CA". 

Hence, by the converse of Camot*s theorem, the six points A\ B', (7, A'\ 
B" and C" are on a conic. 

93. Let AB, BC, CD he three of the sides of the quadrilateral, and let 
these lines pass respectively through the fixed points P, O, Q which lie on a 
Htraight line. Take the point O for origin, and POQ for the axis of x, and let 
P be (a, 0) and Q be (/3, 0) ; then the equation of AB and CD will be 

{y-vhix-a)} {y-m^[x-p)}=0. 

Hence, if ax^-\-2hxy+by^+2gx + 2fy + c=0 

be the equation of the conic, the equation of BC and AD will be 
included in 

ax^ + 2hxy + by^ + 2gx+2fy + c + \{y-mi(x-a)}{y-vi^{X'-^)}=0 (i). 

The points where (i) cuts the axis of x are given by the equation 

ax*-^2gx + c-{-\mi7n^{x-a) (x-p)=0. 

Hence if (i) pass through the origin we have 

c + Xi»imjOj8=0, 

and the other point of intersection is given by 

ax + 2g-^{x-{a + p)}=0, 

so that X = {2gap + ca + cp)j(c - aa/3) , 

and this is independent of X, %, and 7%. Thus any conic through A,BtC,D 
and O will cut OPQ in another fixed point. 

[The theorem follows at once from Art. 320, Ex. 2.] 

94. Project the conic into a circle having the point of intersection of 
PQ and P'Q' for centre. [See Art. 318.] Then, if Pr pass through the 
fixed point S, it is obvious that QQ* will pass through the fixed point S\ 
where 5, <S' are on a line through the centre of the circle and are equidistant 
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from the centre. Also, since the angles SPQ' and SFQ are right angles, it 
follows that PQ' and P'Q touch a conic of which S (and similarly S') is a 
focus, and of which the given circle is the auxiliary circle. This proves the 
proposition, since a conic and its auxiliary circle have double contact with 
one another, and this relation is unaltered by projection. 

95. Let the tangents at the points whose eccentric angles are a, /3 cut 
the Hnes x^-a^=Oin points P, Q such that PQ is parallel to one of the 
equi-conjugates. 

Then, if (x, y) be the point of intersection of the tangents, tan - and 
tan ^ are given by 

- cos^+v 8in^=l, 
a 

orby ?_l + 2|tan|-(^l)tan'?=0 (i). 

Hence 

tan^tan^=(a-ar)/(a + a;) and tan^+tan^ = 2ay/6(a; + a) (ii). 

Now, 2^ =6 tan ^ at P; and ^=6 cot ^ at Q. Hence, if PQ be parallel to 
one of the equi-conjugates, we have 

tan^-cot^=±2, or tan^ tan5-l= ±2tanf . 

X 8 

Hence, from (ii), =±tan^. 

' ' a+x 2 

Substituting for tan ^ in (i) we have 2acy= ±a6. Hence the locus of the 
point of intersection is one or other of two rectangular hyperbolas. 

96. Let the equation of the rectangular h^'perbola be xy=c^t and let 
7v, M, N, R be (xj, i/i), (^2. Vi)* (^si ^s) ^^^ (^4» Vd respectively. 

Then the equations of LM and NR are respectively 

^yi2/2+c*y-c2(yi+t/2)=0 and xyiy^ + c^y-c^(y^-\-y^)=0. 

Hence, if P be (^, 17), the equation of PAa is 



Hence, Pa is the value of r given by 
^y^y* + ryiy^^J^ivi'yJ' + c*) + c^,; + c*r/V(yi V +c*)-c^ (yz + yj = <> ; 
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But P^ = {^yiy2 + <^-c'(2/i + ya)}/V(yiV + c*) 

=^(!/i-'7)(2/*-';)MyiV+c*). 

Henoe 

PA,Pa= -^. (yi- 17) (2/2 -17) {i/3-v)(yi-v)l(c*+yiyf&^A). 

and the symmetry of this result shews that PA . Pa=tPB . P6=&o. 

97, Let P be (^, 17), and let the ordinates of ^, B, C be y^, y^, y^ re- 
spectively ; then t/^, t/jt 1/3 are [Art. 106] the roots of 

2/' + 4a(^-2a) + 8a2,7=0 (i). 

BC is parallel to PA, and is therefore the tangent at the other ex- 
tremities of the focal chord through A. Hence the ordinate of the point of 

contact of B'C is , and therefore the equation of B'C is 

Vi 

^ 2a 2/1 
Hence, from Ex. 18, page 31, the area of A'B'C 

4^5 4^5 

Buttheareaof^PC=— (2/2-2/s)(2^s-2/i)(yi-2/2). [Ex. 21, p. 97.] 

Hence A A'B'C : aABC^ ^^f^VViV^t 

=a^l27f^, from (i), 
= constant if 17 is constant. 

98, Let 0, O' be the middle points of A P, PB respectively, and let Q be 
the centre of the circle which touches the three circles whose centres are 
C, 0, 0'. 

Let AC=CB = 2a, and let CP=2c; then AP=2a + 2c, PP=2a-2c, 
0(7=a-c and 0'C=a + c. 

Also OQ - OP=0'Q - 0'P=2a - CQ; 

.'. OQ=Sa+c-CQ and 0'Q=Sa-c-CQ, 

Hence, if r, 6 be the polar co-ordinates of Q, C being the pole, we have 

(3a + c -r)2= (a - c)2+r* + 2 (a - c) r cos ^, 

and (3a - c - r)^={a + c)^ + r^-2 (a + c)r cos ^. 
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Hence c (3a - r) = -ac + ar cos 6 ; 

and .-. c=arcoB$l{ia-r) (i). 

Also (3a - r)^ -^c^^a^ + c^ + r^- 2cr cos ; 

.-. 4a* - 3ar = -cr cos ^ (ii). 

Eliminating c from (i) and (ii) we have 

(4a - 3r) (4a -r) + r^ cos^ ^ = 0, 
or 16a2 - 16ar + 3r2 + r« cos* ^ = ; 

.-. (4a-2r)2-r2 8in2^ = 0; 

:. — = l±-8m^. 
r 2 

Thus the required locus is two ellipses having the diameter AB for common 
latus rectum. 

99. Let C be the centre and T the point. 

Take CS and CT for axes ; then the equation of the ellipse will be 
(a; + 2/ cos w)*/rt* + y* sin* a;/6*= 1. 

Let SLy S'L' be perpendicular to the polar of T ; and let lines through 
G, Ly G'y V parallel to GT cut fifCS' in the points r/, Z, </', Z' respectively. 

The proposition will be true provided VG . FL= VG' . FL', and therefore 
provided Cg , Cl= Cg' , CV. 

Let T be the point (0, X) ; then the equation of G VG' will be 

Xa;cosw/a* + X2/(l-«*cos*w)/&*=l (i). 

The equation of 57* is 

\x + aey = \ae (iij. 

From (i) and (ii) we have 

C =z~ &*-X*(l-g*cos*a;) 
^" X 62gcoaw-Xa(l-e2cos2wj' 

The equation of SL is easily found to be 

a; + 3/e*cos a;=a« (iii). 

From (i) and (iii) we have 

-,,__ aV 6*e cos a;~Xa (1 - «* cos* w) 
^ X 6*e* cos* w - a* + a2e*^s* w ' 

„ a*6* &*-X*(l-g*cos*a;) 

nence c^. Of- ^ t2^2co8*a;-a* + a««*co82«* 

Since the value of Cg . CZ would be unaltered by changing e into - «, it 
follows that Cg.Cl= Cg' . CZ'. 
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100. Let the equations of BC, CA.ABhQ 

/ia5 + iWjy-l = 0, 7jjj + »/i,y-l=0, 
and 7ja: + m^-l=0 

respectively ; and let the equations of ajb^c^ and tiji)^c^ be 

and X^+;Aay-l=0 

respectively. 

Then the general equations of conies circumscribing 

^i&jCjC,, c^c^fy and aiaji)^2 
are respectively 

(Zjaj + m^ - 1) (/ja:+ Wj^ - 1) + Atj (Xioc + Ahy - 1) (V+/*«y - 1) = 0--W» 

(/jaj + Way-l) (?ix 4-»ti2/ - 1) + ^;, (Xi« + Miy- 1) (Xjaj+Aigy- l) = 0...(ii), 

and (/iX + m,2/-l)(/^ + wi2y-l) + *,(XiX+/Miy-l)(X^+A4y-l) = 0...(iii). 

Now A:3 {l^-\-m^- 1) (^x+m,y - 1) - Afj (^ar + miy - 1) (l^-\-m^ - 1) =0 

is a conic through the points of intersection of (ii) and (iii), and this is two 
straight lines of which BC is one and the other is given by the equation 

ktiyc^-m^ -l)=h^(l^-\-m.^ -I)... (iv). 

Similarly the equations of the other common chords of (iii) and (i) and of 
(i) and (ii) are respectively 

1c^{\x-^m^y ^l) = k^{l^-^m^ -1) (v), 

and Aj {J^ + nu^ - l) = ki {liX + m^-l) (vi). 

It is obvious that each of the lines (iv), (v), (vi) passes through an angular 
point of ABCf and that they all meet in a point, namely in the point given 

by ki {liX-\-mjy-l) = k2(l2X + m^ - l) = Af3 {l^+m^ - 1). 
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Pages 257—263. 

1. Take the two straight lines for axes, and let u be the angle between 
them. 

Let (^, rj) be the centre and c the radius of a circle which intercepts fixed 
lengths 2a, 2b respectively from the axes. 

Then the equation of the circle is 

(x-^)2 + (y-^)2 + 2(a;-^)(2/-i;)cosa»-c2=0. 

This circle meets t/=0 where 

x = ^ + rj cos <a±^(c^ - r/^ sin^ w). 

Hence a = J{c^ - rj^ sin* w) ; 

and similarly h=J {c^-p sin* w) . 

Hence a* - 6* = (^ - rf^) sin* w. 

Hence the locus of the centre of the circle is the rectangular hyperbola 
whose equation is 

a:*-t/2=(a2-fo2)cosec*w. 

2. Take for origin and OPP', OQQ' tot axes, and let the equation of 
the conic be 

00^^ + 2/1X2/ + 26y* + 2px + 2/y + c = 0. 

Then the equation of any other conic through P, P*, Q, Q' is 

ax^-\-2hxy-\-hy^ + 2gx-\-2fy-\-c + \xy=z0, 
or in polars 

r* {a cos* ^ + (2A + X) sin ^ cos ^ + 6 sin* ^} + 2r (^ cos ^ +/sm ^) + c = 0. 
Hence - + - = - 2 (^ cos ^ +/sin ^)/c, 

and is independent of X. 

TT 1 I I 1 ' 

^'''"" or"- OR' = 08-^08^^ 

where St S' are the points where ORR' cuts any conic through P, P', Q, Q', 
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3. Take the tangent and normal at O as axes, and let the equation of 
the oonio on which lies be 

Let a'x^+2h'xy + b'y* + 2g'x + 2fy-\-c' = 

be the equation of anj other conic through the four given points ; then the 
equation of any other conic through the four points is 

aa^ + 2hxy + by^ + 2fy'^\{a'x^ + 2h'xy + by+2g'x + 2f'y + c')=0...{i). 

The abscissae of the points where 2^=0 cuts the conic (i) are given by 

ooB* + X (a V + 2g'x + c') = 0. 

Hence — + — = — ^ and is therefore independent of X. Thus 
arj X, c 

^ + ^ is constant. 

4. Let the equation of the hyperbola he xy=a^ and the equation of the 
circle {x-a)^-h(y-P)^-c^=0. 

The abscissae of the points of intersection are given by 

a;2 (a; - o)2 + (a* - /Sx)2 - c2x2 = ; 

Similarly 2/1 + 2/2 + 1/s + 3^4 = 2)3. 

Now if the points (a^ y^) and {x^ y^ are extremities of a diameter of the 
hyperbola Xj + 0:4 = and 1/3 + 1/4 = 0. Hence in this case 

a;i+X2=2a and ^i + 3^2=2^, 

which shews that the centre of the circle is the middle point of the line 
joining (xj, y^) and {x^ yjj, 

5. We know from Art. 297 that the axes of the parabolas are always 
paiallel to conjugate diameters of any conic of the system. 

We also know that in a given ellipse the acute angle between two con- 
jugate diameters is least when they are the equi-conjugates; and that in 
different ellipses the angle between the equi-conjugates is greatest in that 
which has the least eccentricity. Hence if the directions of a pair of con- 
jugate diameters are known, the conic has the least eccentricity when they 
are the equi-conjugates. 

6. If TQ, TQ' be the tangents, and V be the middle pomt of QQ'\ then 
will TV be a diameter and QQ' will be parallel to its conjugate. Hence, as 
in 5, the eccentricity of the conic will be least when one of the equi- 
conjugates is TV and the other is parallel to QQ\ 

7. The equation of any conic touching the axes in the points (a, 0) 
(0, 6) is 
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and the condition that -r + — - 1 =0 should touch the conic is 
I m 

Now, if (ar, y) be the middle point of the intercept made on 
? + i?-l=0 

I VI 

by the axes, we have 2x=l and 2y=m, 

Hence the equation of the required locus is 

The locus is therefore a rectangular hyperbola unless ^=-t; and when 

2 

\ = —r the locus reduces to a straight line, and the original conic is a para- 
bola for this value of X. 

8. Let the equation of the conic be 

Let (a, /3) be the centre of the circle ; then its equation will be 
a^ + 2/* + 2a;y cos w - 2x (a + /3 cos «) - 2?/ (jS + a cos «) = 0. 
Hence the equation of PQ is 

? + y =1 

2(a + /3cosw) 2(^ + acos«) 
In order that PQ should touch the conic we must have [Art. 216] 

[a 2 {a + ^ cos <a)f [b 2 (p + a cos (a)f ' 
Hence the locus of (a:, y) is the hyperbola whose equation is 
2(x+y cos u)(y+x cos «) (2 - \ab) -2a{y+x cos «) - 26 (a; + y cos (a) + ab= 0. 

9. Let OA=a and OB = b; then, if the area of the triangle OAB be 
constant, aft = constant =0^ suppose. 

The equation of any conic touching the axes at A and B is 
and if the conic pass through D, (a, 6), we have 1 - 2Xa&=0. 
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Hence the equation of the conio is 

or or ab a b 
The centre of the conio is therefore given by 

a b S' 
Hence the locus of the centre is the hyperbola whose equation is 

10. The general equation of the conies which touch the axes at the 
fixed points (a, 0), (0, b) is 

The equation of the tangent at (x', y') to this conic is 

Hence, if the tangent pass through the fixed point (a, p) the point of 
contact satisfies the rdations 

and (^' + ^J - 1 y - 2\x'y'=0. 

Hence for all values of X the point of contact is on the curve whose 
equation is 

The required locus is therefore the conic whose equation is 

2(5 + f-l)«V-(a!,+^.)g + |-l)=0. 
One of the conies of the system is the pair of coincident straight lines 

(M-')'-». 

and any line through (a, /3) cuts this conic in coincident points : this explains 
the presence of- + ~l=Oas part of the locus of the points of contact. 

11. Let the equation of the conio be 

ax^ + 2hxy + by^ + 2gx-\-2fy + c=z0; 
and let the equations of the straight lines be Ijpe-^-miy - 1=0, (fee. 
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Then we have four relations of the form 

Al^^+2Hljrni + Bmi^ + 2Gli + 2Fm^+C=0 (i), 

where A, J5, C, JP, G, H are the co-factors of a, b, c, /, g, h respectively in 
the determinant 

a h g 
h b f 
g f c 
The equation of the polar of (^, rj) is 

(a^-hh7j-\-g)x-\-m-\-bri-^f)y+g^-\-f7j + c = 0. 

Hence if the polar of (^, rj) is the fixed straight line \x + fiy -{- 1 =0, we 
have 

a^ + h7) + g + k\=0, 

h^ + bri+f + kfA=0, 

and g^+fri-hc-\-k=0. 

Hence ^(\G+fiF+C)=\A+fiH+G ...(ii) 

and rj{\G + fiF+C)=\H+fiB + F (iii). 

Eliminating A, B, C, F, G, H from the equations (i), (ii) and (iii), we have 

= 0. 
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2'i 


2m, 


1 


k' 


il^ 


«./ 


2/, 


27B, 
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/» 


-\v 


1-^17 


-n 



Multiply the last column by X and subtract from the last but two, then 
multiply the last column by fx and subtract from the last but one, and we 
have the equivalent determinant 

= 0. 



V 


2^mi 


V 


2/i-X 


2l7li-/i 
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V 


2tjma 


m,^ 


2/2-X 


2m2-/i 
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2m3-/x 
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2l^m^ 


m,» 


2i4-X 


2m4-/* 
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X 


/* 





1 





-^ 





X 


/A 





1 


-1; 



from which it is obvious that the locus of (^, 17) is a straight line. 

[The theorem can be easily proved by using Trilinear Co-ordinates, as in 
Art. 281.] 

12. Let the equation of the hyperbola be xysc*. Then the equation 
of any conic touching the asymptotes of the hyperbola is of the form 

(lx-\'my-l)^=\xy. 
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Hence the codIo whose equation is 

(lx+my-l)^=\c^ 

passes through the points of intersection ; and this conic is the two straight 
lines 

which are clearly parallel to, and equidistant from, the chord of contact 
whose equation is 

Ix + my -1=0. 

13. The equation of any one of the conies may be taken to be 

with the condition a + b= constant = c suppose. 

The equation of the polar of (a/, y') with respect to the above conic is 

xx'la^-^yy'lh^=:l. 
Hence if the polar is the fixed straight line Ax -k- By =1^ we have 
x'la^=A and y'lb*=B. 

Hence \/l[ + >v/^'=« + ^=^- 

Hence the required locus is the parabola whose equation is 

14. Take two of the tangents for axes and let the equation of the 
other given tangent be 



Let the equation of the parabola be 



then the equation of the line through the points where the parabola touches 
the axes is 

? + |-l = (i). 



Since the parabola touches the line 
the equation 



M--"- 



^V^-K^-9 
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must have equal roots, and therefore 

^ + f-l=0 (ii;. 

a b ^ ^ 

Now (ii) shews that the chord of contact (i) passes through the fixed point 
(hf k); this proves the theorem. 

The theorem may be thus enunciated: — TAy TB are tangents to a 
parabola which are met by any other tangent in the points P, Q respectively, 
and the parallelogram TPOQ is completed; then the point O will be on AB, 

15. Take the two given lines for axes, and let the equation of the 
parabola be 

and let the chord of contact pass through the given point (a, b). 
Now the equation of the chord of contact is 

therefore I"^Jk"^~^ ^^^' 

The focus is given by the equations 

x^-\-y^ + 2xycoa(a = hx=ky (ii). 

Eliminating h and k from (i) and (ii), we have the equation of the 
locus of the focus, namely 

ax-\-by = x^-\-y^ + 2xy cos w. 

The locus of the focus is therefore a circle. 

16. The axis of the parabola must be parallel to the line ax •~by=0. 
Hence if the axis pass through the fixed point (a, /3) its equation must be 

a{x-a)-b{y-p) = 0. 
Now the focus is given by the equations 

ic^ + y^ + 2xy cos w= - = f . 
'^ ^ a b 

Hence as the focus is on the axis it must be the point of intersection of 

a{x-a)-b{y-p) = 

, X y 

and -=f ; 

a 

and therefore the equation of the locus of the focus for different values of 
a and b is 

x(a;-a)-i/(y-/3) = 0, 

which represents a rectangular hyperbola. 
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17. Take for origin, and let the equation of the oonio be 

ax^+2hxy + hy^ + 2gx + 2fy-\-e=0. 
Then the equation of any two lines through is 

Ax^+2Hxy+By^=0. 
The conditions that the conic represented by 

ax^-\-2hxy'^by^-\-2gx+2fy+c+\(Aa^+2Hxy+By^)=zO 

should be a circle are 

a-6 + X(4-B)=0 (i), 

and h + \H =0 (u). 

The centre of the conic is given by 

ax + hy+g + \(Ax + Hy)=0, 
hx + by+f + \(Hx+By)=0, 
Hence, 
y {ax + hy+g) ' X (hx + by +f)=\H {x^ -y^) + \{B - A) xy 

= h(y^'-x^) + (a- b) xy, from (i) and (ii). 
Therefore gy -fx= 0. 

Hence the locus of the centres of all possible circles is the straight line 
gy -/a:=0, and this line passes through O and is perpendicular to the polar 
of with respect to the given conic. 

18. Let QL cut the conic in S, and let RS and QP meet in M. 

Then [Art. 213] the polar of M goes through L; also, since T is the pole 
of PQ, and M is on PQ, the polar of M goes through T. Hence TLK 
is the polar of M, 

But, from Art. 213, the polar of M goes through the point of intersection 
of QR and PS^ and therefore PSK is a straight line. 

19. Take the fixed line on which P moves for the axis of x, and AB 
for the axis of y. 

Let AR and BQ meet in F, and AB and QR meet in W, 

Then VW is the polar of P with respect to the conic, and VP is the 
polar of W. 

Let ax^ + 2hxy + by^-\-2gx-\-2fy-\-c=0 

be the equation of the conic, and let P be (a, 0). 

Then the equation of WV is 

(ax + hy + g)a-\-gx-\-fy + c=0 (i). 



Hence jr is (o. - ^) . 
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and therefore the equation of YP is 

-{^X + hy^rf)^^-^-^^gx^Sy^.C = (S (ii). 

of F^^e^i*^"^ " l^etween (i) and (ii) we have the equation of the locus 
Hence the locus of K is a conic. 



20. The conic 



a2 + X'*'&2:hX~-^ 



will pass through the point (a cos a, 6 sin a) provided 



whence X=0 or 

X = - (a2 sin2 a + 62 cos2 a). 
Hence the equation of the hyperbola is 

(a2 - 62) cos2 a "^ (62 - a-) sin2 a ~ ■^' 
x^ v^ 

or — . y. — fl2_7,2 

cos2a sin2a~'* ^' 

21. The tangent at (x\ y') to the conic 

a?2 ya 

is -^^ + -^^1^ = 1 

a2 + \^6=* + X 
If this tangent cut the major axis in the fixed point (<?, 0), we have 
car'=a' + X. 

But -^ + J^ = 1 

a2 + X^62 + X ' 
and eliminating X we have 

x'^ y'2 

ex' h^-d^ + cx' 
Hence the locus of (x'y y') is the circle whose equation is 
a;(62-a2+cx) + cy2=c(62-a2 + ca;). 

22. If the eccentric angles of P, Q be o, ^ respectively ; then, as in 20, 
we have 

X = - (o2 sin2a + 62 co82a) and fi=-{a^ sin2^ + 62 cos2/3) . 

S. C. K. 13 
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If P, Q be extremities of conjugate diameters a=/3:t ^, and therefore 

X+/i=-(a«+6»). 
If the tangents at P and Q be at right angles 

cosa 008/3 8inasin/3__^ 

/I 1\ _ l + tan«a . l+tan«^ 
nenoe \\ %/ " a^ tan«a + 62 "*" a« tan«/3 + 6« 

23. Let the equation of anj one of the ellipses be 

Then, if (x, y) be the extremities of one of the equi-oonjugate diameters, 
we have 

Eliminating X we have 

2x8 2y« _ 

2x2+22/a + a2-/>a"*'2a:2 + 2ya-aa+62 » 

.-. 2ar»-2y2=a«-6», 
Thus the required locus is a confocal rectangular hyperbola. 



24. The directions of the tangents to a^ja^+^y^ (1^-1 = through the 
ints («, y) are given by y= 
between the tangents, we have 



points («, y) are given by y='mx-{-,J(ahf? + W), Hence, if ^ be the angle 
I ha 



The parameters of the two oonfocals through («, y) are given by 

or X2-X(x2 + y«-a2-62)^^252_52jBa_a22,2=0. 

Hence, if X^, X2 be the two parameters, we have 

*-^*-^ «• 

which is the required relation between ^, \ and \, 
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From (i 


l) we have 


*-1 -X 


,X, 






(l-tan«?y t^'^ 




and this equation is 


clearly satisfied by tan^- = 




by 






Un^'-~-b 




, ,1 




2 X, 







195 



(ii). 

Since the normals to the confocals through any point bisect the angles 
between the tangents drawn from that point to the original conic, the equa- 
tion of the tangents when referred to the two normals as axes will be 

y= ±xtB,Ji - ; or, from (ii), 

25. Let di, dg be the lengths of the semi-diameters parallel to OPP' and 
OQQ' respectively. 

Then [Art. 186] ^~, = ^. 

Also [Art. 229] ^, = |,; 

.-. OP ,0P' , QQ'=OQ . OQ' . PP', 

Or thus 

The line through 0, (a, /3) which makes an angle $ with the axis of x 
cuts a^^/a^+t/^/ft^- 1=0 the points whose distances from O are the roots of 

/cos«g sin^^X /acosg ^sin^N a^ fl^ 

Hence 

OP .OP* a^^ b^ 

PP' ~ /l/acos^ /3sin^\a /a^ /S--^ ^\fco8'0 sin-^^N) 

Now if OPP' touch the conic a:2/(a2 + X)+y2/(fo2 + x)=:i we have 
)3-atan^=V{(«^+X)tan2^ + 62 + x}, 
.-. sin2^(a2-a2)-2a/3Bin^cos^ + cos2^(|32-6«) = X. 

13—2 
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„ OP ,0P' ah /a» ^ -\ 

Hence __^ = -^^-^ . (^_+ -, - Ij. 

„. ., , OQ,OQ' ah /o» /3* -\ 

Hence OP , OP' . QQ' = OQ . OQ' . PP'. 

26. The tangent at (ac', y') to the conic a^l{a^ + X) + y«/(62 + X) = 1 wiU pass 
through the fixed point (a, ^) if 

a« + X'^6»+X~ * 

a* + X ft^ + X 

To find the locus of (x', y') we have to eliminate X between the last two 
equations. We have 

1 1 

g^X h^-hX __ -1 

^y'-y'^ " x'^-ax' " x'y' (ay' - ^x') * 

1 1_^ 

By'-y'^ x'^-ax' -I 



o^^-P x'y' {ay' -^x')' 

Hence the locus of (a/, ^') is the cubic curve whose equation is 

(x^ + y^-ax-py){ay-px)-(a^-h^)(x-a)(y-p) = 0. 

The cubic clearly passes through the point (a, /3), and also through the 
foci. 

27. The tangent to the conic x^l{a^+\) + y^l(b^+\) = l at the point 
(x , y') will be parallel to the fixed line ^=xtana, if 

tana= -x' {h^+\)ly' (a^+\). 

ahj' sin a + h^x' cos a 

Hence X= V^ -j ; 

y sin a+ar cos a 

„ ^ (a'-6')x'cosa , ,, > ih'-o^)y'Bina 
y'eina+acosa y'sina + x'cosa 

Substituting for a*+X and t^ + X in the equation 
x'2/(a2 + X) + y'2/(62 + X) = l, 
we have (x' sec a - y' cosec o) (x' cos a + y' sin a) = a^ - 6*. 

Hence the locus of (a;', y') is the rectangular hyperbola whose equation 
is 

a^-y^ + xij(i&na-coia) = a^-h* (i). 
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(«)• 



Now the axes of the hyperbola are given by 
x2-yg_ 2ary 



2 tana-cota 

Eliminating (a) from (i) and (ii) we have the equation of the locus of the 
rertices of the rectangular hyperbolas for different values of a, namely 

i.e. (ar2 + 2/2)2=(o2-b2)(a;2_2,2)^ 

or, in polars, r2 = (a2 - h^) cos 26, 

28. Let ABC be the triangle, and let the sides BG, CA, AB touch the 
conlocal ellipse in A\ B\ C respectively. 

Let EAF, FBD and DCE be the tangents at A, J5, C. 

Then the locus of the pole oi BC with respect to all the conies of the 
given confocal system is the line through A' perpendicular to BC [Art. 227]. 
Hence A'B is perpendicular to BC. 

But, since BC and BA make equal angles with FBD [Art. 228], and BC 
and CA make equal angles with DCE, it follows that D is the centre of one 
of the escribed circles of the triangle ABC, Hence A', B\ C are the points 
where the escribed circles touch the sides of ABC, 

29. If two conies have double contact the line through the intersection 
of the tangents at the points of contact and through the middle point of the 
chord of contact will pass through the centres of both curves. Hence if a conic 
have double contact with two concentric conies it must be concentric with 
the other two ; and hence both the chords of contact must be diameters, for 
the conies 

aa?-\-hy^-l=zQ and ax^ + hi/-l-\-\{lx-\-my + nY=0 

are not concentric unless n=0. 

Let now a conic have double contact with two confocal conies, and let 
PCP' and QCQ' be the two chords of contact. Let the tangents at P and 
Q meet in T ; then CT will bisect PQ, since TP and TQ are tangents to the 
same conic ; and since TP and TQ are tangents to two confocals, and CT 
bisects PQ, it follows from Art. 226, Ex. 4, that the tangents TP and TQ 
are at right angles. Hence the tangents at P, P' and Q, Q' form a rect- 
angle. 

30. Let T be (a, /3) ; then the equation of the polar of T with respect to 
the conio 

x2/(a2 + X) + y2/(i2 + x) = l 

is a:a/(a2 + X) + y/3/(62 + X) = I. 

Hence, if (^, f)) be the point of intersection of the normals at the ex- 
tremities of the chord, the equation of the line joining the other two points 
the normals at which pass through (|, ri) will be 

- + 1 + 1=0. [Art. 197]. 
a p 
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Also, for same value of /x, the equations 

and an/ (a» - 6«) + (ft^+X) 17a? - (a^+X) ^y=0 

will represent the same oonic. 

Hence /a=1; and comparing the coefficients of xy^ x and y in the two 
equations, we have 

tt /3 _a 1 /3 1 

(a^ + X)^'*'tt(6» + X) ga + X a fe^ + X ^ 
a>-6» (fta+Xh ""-(a''+X)V 

aa(62 + X) + i32(a« + X) _ /3(a^-a«-X) _ tt03«-6«-X ) 

Hence each fraction 

.-. 2o/3(a^+/3^) = (a2-j32-a»+6»)(a2-6»+/3^-a^). 
Hence the locus required is the straight line whose equation is 
(aa;+)3y)(a2+i32 + o«-6«) = (a«-62)(a2-i32-o« + 6«). 

31, Let Ay B, C be respectively the points of contact of the three 
tangents B'ilC, C'BA\ A'CB' to the eUipse a:2/a2+y*/6»-l=0; and let 
a, /3, 7 be the eccentric angles ot A^B^ C respectively. 

Then, at the point -4', 
x=acos2(/3+7)/cos2(^-7) and y=6sin ^ (^+7)/cos2(/3-7); 

and similarly for B' and C". 

Hence, if B' and C are on the conic 

a;»/(a2+x)+y2/(68+X) = l, 
we have 

C082-(7-a)=^^C0s2^ (7 + a) + ^j^^8m«- (7+a), 

and C082^(a-/3) = ^C082|(a + /3) + ^^^8in2l(a+/3). 

Hence X»-a«62=(a2-62)Xcos(7+a)-(a2+X)(62 + X)cos(7-o), 
and X«-a26«=(a2-62)Xco8(a+/3)-(a2 + X)(62+X)cos(a-/3); 

whence 

(a«62 + 262X + X2) cos 7 cos a+ (a^ft^ ^ 2a2X + X») sin 7 sin a + X^ - o^fta = 0, 
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and (a262 + 2b^ + X«) cos a cos ^3 + {a-b^ + 2a^ + X^) sin a sin j3 + X« - a^b^ = ; 
. {a^h^ + 2h^ + \^)cosa _ {a^h^ + 2a^\-\-\^) sing _ \^-a%^ 
cos- 03 + 7) 8m-(i8 + 7) cos -03- 7) 

Hence, at the point A', we have 

^= a«&'-X2 ^ ^^"' ^'^^ y= a2&2-x2 ^'''^' 

Hence A' is on the conic 

a2(a^&* + 262X + X2)2 "^ ft^ (a26» + 2a2X + X^)^ (a^ft^ - X^)^ ' 
and the difference of the squares of the semi-axes of this conic is 
{a2 (a262 + 262X + x2)2 - 52 (^252 + 2a2X + X2)2} ^ (a262 _ x2)3, 
which is easily seen to be equal to a^ - h^. 
Hence A' moves on a confocal conic. 

32. Let the equations of the ellipse and hyperbola be respectively 
x2 «2 ^ ^ a;2 2/2 



a2 62 a2-X 62 _x 



x2 1/2 

Then the lines -5 - Is =0 are coincident with 
a* 62 

a2-X^62-X""' 
and therefore X(a2+62)=2a262 (i). 

Now the equation of any conic through the extremities of the axes of the 
ellipse is 

^ + g-l+2;iX2/=0 (ii). 

Let {x'y y') be any point common to the hyperbola and the conic (ii) ; 
then, the tangents at (or', y') will be at right angles, if 

But at the points of intersection of the hyperbola and (ii) we have 



or 
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Now (iv) Bhews that the relation (iii) is true provided \ be such that 

a-^X + prx + r^' 
which leads to 

X(a9 + 6a)-2a«62=0, 

and this is known to be true. 

33, The parameters of the confocals which pass through the point (|, 17) 
are the roots of 

fV(«' + X) + V'/(6» + X) = l, 

or \2 + (a2 + 62-|2-i72)x + a2ft»-62?-aV=0. 

Hence XiXa= a^&a _ 52^ _ dhf, 

and (Xj-\2)2=(a2 + 62_^_^)«_4(a262_52^_a2^) 

= (a2 - 62)2 _ 2 (a2 - fc2) (^ - ^2) + (^2 + ^2)2 

= {(^ + a€)2 + ,72}|(^_a^)2 + ,2{. 
Hence 
Xi V(^i - \j)'/(«' - ^)'= (t'^+ «V - a262)2{(|+ a«)2+^2} {(|_ ae)2+7r'}/(a2- 62)2. 

But the continued product of the squares of the four normals from (^, 17) 
is equal to the expression on the right. [See solution of question 80, page 
228.] 

Or thus*:— 

Let 5 = ^ + ^-1 and ^'=(ar-^)2+(y- 77)^-7^. 

Then *S + iS'=0 is the equation of any conic through A^ B, C, D the 
points of intersection of iS=0 and the circle S'—^ which has its centre at 
the point (^, 17) and is of radius r. Now if A; be determined so tiiat 
&5+/S'=0 may represent straight lines, these straight lines will be one 
of the three pairs AB and CD, AC and BD, AD and BC, The equation 
determining k is the cubic 

which is equivalent to 



Now, if Xj, Xg be the parameters of the two conies confocal to 5=0 which 
pass through (^, 17) we shall have 



r* , y* , (fe-X,)(fe-Xa) 
2 + A;"^62 + ^ * (a2 + ^)(52+^)» 



* The following interesting investigation is due to Mr A. R. Forsyth, of Trinity College. 
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Hence the equation to determine k is 

'^" {a^+k){b^-hk) ^''* 

Now, if the cirole touch the ellipse, two of the three pairs of lines 
become coincident, and therefore the cubic in k must in this case have 
equal roots. 

But when 

k{k-\)(k-\)+r^{a^ + k){b^+k)=0 

has equal roots, the common value satisfies also 

{k-\){k-X;} + k(k-\)-i-k(k-\)+r'(a^ + k) + r^{h^ + k)=0; 

.'. , eliminating r, we have 

k'^ k^'^k^}^'' a^Tk~ ^^Tk""^ ^^^^* 

Now (ii) is of the fourth degree : there are therefore four values of k 
depending on X^ and X,, that is on the point (^, tj), but not on r, such that 
the circle will touch the ellipse ; and when the values of k are known, the 
corresponding values of r are given by (i). 

But when the circle touches the ellipse, r is the length of the normal. 
Hence the length of any pormal is given by (i), the quantity k occurring 
in it being one of the roots of (ii). 

Hence, if r^, r2y r^i r^ be the lengths of the four normals, we have 

^evwa_ nw.n(fe-\).n(fe-x,) 
^ * ^ *^ n (a^+k) . n (b'^+k) ' 

It will now be found that 

n {k) = Wfi^b^, n (fe - Xi) = Xi (x^ -\^{a^+ \) (b^ + x^), 

n{k-}^=\(\-\i){a^+\^{b^ + \), n(a2+fe) = a2(a2 + Xj)(a2 + Xa)(62-a2) 
and n (62 +k) = b^ (b^ + X^) (b^ + \) (a* - b^). 

Hence r,\%\^^^^^^^p^\ 

34. It is known [Art. 187, Ex. 1] that any rectangular hyperbola through 
the three points P, Q, B will pass through S, the orthocentre of the triangle 
PQR. It is also known [Art. 213] that if PQ, RS meet in A, Q8, PR in B, 
and PS, QR in C; then ABC is a self-polar triangle with respect to any 
conic through P, Q, R and S. This proves the theorem, since -4, B, C are 
the feet of the perpendiculars of the triangle PQR. 

35. Take the tangents TP, TQ for axes, and let the equation of the 
conic be {ax + by-l)^-{-2\xy=0. 
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The equation of the bisectors of the angles between the axes is x^-y^=0; 
and these bisectors cut ax+ by - 1=0 in the points 0, 0' where 

Oisf-^T, -^^and O'isf-^, r^^V 
\a-i-b a + hj \a-b b-aj 

Hence the equation of ROR' is 

a+b y a+bj 

and therefore the equation of TR, TR' is 

{ax + by -\x + hy){a^-b)l(l + k)Y + 2\xy=0y 

or (x-y)2(aA;-6)a + 2X(l + A;)aa?y = 0, 

which is of the form 

{x-yY+tixy^O (i). 

Now if two straight lines be cut by any circle whose centre is at the 
intersection of the Unes, two pairs of parallel lines will go through the 
points of intersection, and each pair of Imes will be parallel to one or other 
of the bisectors of the angles between the original lines. 

Hence the bisectors of the angles between the lines 

(a;-y)* + Ma^=0 
are parallel to 

(x - y)' + /xary + L (a;2 + y^ + 2a^ cos w) = Xc2, 

provided L is so chosen that 

(x-yY-\-tuni-{-L{3?-\-y^-{'2xy<iOBw) 
is a perfect square ; and it is obvious that if 

(x - y )2 + fucy + -^ (^ + y* + 2xy cos w) 

is a perfect square it must be {x^y)\ Hence the lines a;±y=0 are the 
bisectors of the angles between TR and TR' : thus TO and TO' are the 
bisectors of RTR'. 

Similarly, if SO'S' be any line through 0' cutting the conic in Sf, S' ; then 
TO and TO' will be the bisectors of STS'. 

Or thus : 

Let TO, TO' be the tangents to the confocals through T, and 0^ being 
on PQ. Then TO, TO' are the bisectors of the angle PTQ, and the pole of TO* 
with respect to any one of the system of confocals lies on TO [Art. 227]. 
But the pole of TO' with respect to the original conic must be on PQ, since 
TO' passes through the pole of PQ, Hence is the pole of TO' with respect 
to the given conic ; and similarly O* is the pole of TO. 

Now let any line through out the conic in -R, R' and TO' in K; then 
the pencil T{ROIt!K} is harmonic, and TO is perpendicular to TK\ therefore 
TO bisects the angle RTR'. 
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36. The axis of the first parabola bisects the interior angle between AB 
and DC; and the axis of the second parabola bisects the interior angle 
between AB and CE, 

Hence the angle between the axis is half the angle DCJEJ, or one-quarter of 
the angle DE subtends at the centre of the circle. 

37. It is known (or easily proved) that when a circle cuts a parabola in 
four points, the sum of the distances of the four points from the axis of the 
parabola is zero : the axis of the parabola therefore passes through the centre 
of mean position of the four points. Hence the point of intersection of 
the axes of the two parabolas through A^ £, (7, D is the centre of mean 
position of Ay By C, D, 

Now, since ABC is a maximum triangle in an ellipse, the eccentric angles 

of Af By C may be taken to be a, a + — , and a + -n- ; and therefore [Art. 186, 

Ex. 1] the eccentric angle of D will be 2fMr - 3a. 

Hence, if (x, y) be the point of intersection of the axes of the parabolas, 
we have 

4a;=a -^cosa + cos («+ ir ) +cos f a + -^ J+cos(2nir-3o)l , 

or 4a; =a cos 3a; 

and similarly 4y = 6 sin 3a. 

Hence the equation of the required locus is 

a2 ■*" fca - 16 • 

38. The axis of a parabola through the four points a, ^, 7, 8 will make 
equal angles with the join of a, /3 and of 7, 6, Hence the axes of the two 
parabolas are parallel to the lines 

a; cos - (a + /3) + y sm ^ (a + ^3) = ± jar cos ^{y + 8) + yBm^{y-\- 8)1 , 

i.e. parallel to 

occos/S+y sin/S=Oand a;sin<Sf-y cos/S»=0. 

Also the sum of the perpendiculars on either axis from a, j3, 7, d will be 
zero. Hence, if the axes be 

xcoBS+yBiaS-p=0 

and xBinS-yooBS-q^Oy 

we have 2 (a cosa cos 5f + a sin a sin S -jp)=0; 

.*. jp= jScos(-S-a). 
Similarly g = |ssin(S-a). 
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Hence the equations of the axes are 

X cos S+y Bin S = j^ oos {S - a), 

and xBinS-yooaS=2XBm(S-a). 

Since the sum of the perpendiculars from a, j3, y, S on the axis of either 
of the two parabolas through these points is zero, it follows that the point 
of intersection of the axes is the centre of mean position of a, j3, 7, d. And 
similarly for any other four of the five points a, ^, 7, 5, e. Whence it follows 
that all the five points of intersection of pairs of axes lie on the circle whose 
equation is 

where 6a;o=a (cos a + oos^ + cos7 + cos8 + cos€) 

and 6^0 = a (sin a + sin /3 + sin 7+ sin 5 + sin 6). 

39. The first part of the question is proved in Art. 212. To prove the 
second part, divide the polygon into quadrilaterals whose sides are -4, B, C, Jf ; 
X, D,E, Y\ r, F,G,Z; &c. Let the equations of the sides A,B,C, &c., be 
a=0, 6=0, c=0, &c. Then for points on the conic we have ac=\hx, 
xe=fidy, yg=vfz, &o. Hence a,c ,e»g... varies a,Bb ,d ,f, h.^ 

40. The normals at two consecutive points on a curve intersect in the 

centre of curvature. But the normals at the ends of - cos a+rsin a-l=0 

a b 

X V 

and of h v-^ h 1=0 meet in a point. Hence the equation of OR 

a cos a & sin a '^ 

is of the form 

-^_ + _l_ + l=0; 
a cos a Bin a 

and therefore, if T be (ac', y'), we have x'=-aseca and y'=-6cosec a. 
Eliminating a we see that (a?', y') is on the curve whose equation is 

41. The ordinates of the points of intersection of 

(x-a)*+(y-/3)2-c2=0 and y^-4tax=0 
are given by the equation 

y* + ia (4a - 2a) y« - Z2a^py + 16a« (a^ + /3« - c^) = 0. 

If 4a - 2a be positive, the signs in /(y) are + , + , - , * 1 and the signs in 
/ ( - 2/) are + , + , + , ± . Hence the total number of changes of sign in f{y) 
and in/( - ^) is two, and therefore by Descartes' Bule of Signs there cannot be 
more than two real roots. 

The equation of any conic through the four points of intersection of 
y«-4aa;=0 and (a;-a)2+(y-j8)2-c2=0 is of the form 

\{y^-^ax) + {x-a)^+{y-p)^-c^=0 (i). 
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In order that (i) may represent a pair of straight lines, X must satisfy the 
equation 

1, 0, -a-2a\ 1 = 0, 

0. \ + l, -jS 
-a-2aX, -/3, a' + Z^-^-c* 

or 4a2\3 + 4a(a + a)X2 + X(4aa-/32 + c2)+c2 = 0. 

Hence Xi + X2 + X3=- ^Eit^ (ii). 

Now when (i) represents a pair of straight lines the equation of the 
parallel straight line through the vertex is \y'^r^x^ + y^=0, which' meet the 
parabola in points where as = - 4a (1 + X). Hence the sum of the abscissae is 
constant when the sum of the values of X is constant, and this from (ii) is the 
case when a is constant. 

42. Let x=Of y =0y lx + my + 1=0 he the equations of the given straight 
lines. 

Let the equation of a conic with respect to which the three straight lines 
form a self-polar triangle be 

ax^ + 2hxy + hy^-\-2gx + 2fy + l = 0. 

Then since Ix+my + 1=0 is the polar of (0, 0), it represents the same 
straight line as gx+fy +1 = 0, and therefore g=ly f=m. 

Again the polar of ( - y » ) with respect to the conic is x = 0; hence x=0 
is the same as — ^ + Za;-l + mi/ + 1=0, whence /i=Zm; and this is a suffi- 
cient condition that y=0 is the polar of (0, j , 

Hence the general equation of a conic with respect to which the given 
triangle is self-polar is 

ax^ + 2lmxy + hy^ + 2lx + 2my + l = (i), 

where a and 6 are arbitrary. 

Now the centre of (i) is given by ' 

ax + lmy+l—0, lmx+by + in=0. 

And, if (i) is a rectangular hyperbola, a + b- 2lm cos w = 0. Eliminating a 
and h from the last three equations we have the equation of the locus of the 
centres of the rectangular hyperbolas, namely 

lm(x^ + y^+2xiyQO%(a)+ly+mx = 0. 

Hence the locus is the circle circumscribing the triangle. 

[The theorem can be easily proved geometrically from the fact that two 
conjugate diameters of a rectangular hyperbola make equal angles with an 
asymptote. See also the solution of 22, pag0 311.] 

43. The equations of any three tangents to the circle are 

xcosa + 2/sina -c = 0, a:cos^ + ysin^-c=0, and a?co87+2/sin7 -(;=0. 
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The vertices of the triangle formed by these tangents are 

|c cos 2 03+7) sec ^ (^-7), c sin -(j8 + 7) sec - ^-71 , &o. 

These three points will all be on the ellipse provided values of a, /3, 7 can 
be found which will satisfy the three simultaneous equations 

^cos22(i3 + 7) + psin95(/3+7)=-3COS»2(i3-7) W* 

^,co822(7 + a)+^sin92(7 + a)=^cos22(7-a) (ii), 

and ^oos2l(a+i3) + isin>l(a+i3)=icos2i(a+i3) (iii). 

Now (i) can be written in the form 

T. X . 1 1 1 * 

But, smce- = - +t, 

a2"^6* ?" a6* a2 62 ^2" be' h^ a? c^ ac' 

Hence (i) and (ii) are equivalent to 

acos^cos7+6sin j8Bin7+c=0, 

and acoS7COSa + 5sin7sin a+c = 0; 

a cos 7 _ 6 sin 7 c 

" sin /3 - sina "" cos a - cos/3 ~ sin (a- /3) ' 

a cos 7 5 sin 7 -c 

.-. 1 - 1 - 1 » 

coSgCa+jS) sm^(a + i3) cos-(a-/3) 

.•.^,cos2l(a+/5)+isin2^(a+/3) = icos2i(a-i3), 

which is (iii). 

Hence if any two of the three equations (i), (ii), (iii) be true, the third will 
be true also. This proves that if any tangent to the circle cut the ellipse in 
the points A, B, and the other tangents to the circle through A and £ meet 
in (7, then C will also be on the ellipse. 

44. Since the osculating circle at P passes through Q, the tangent at P 
and the line PQ make equal angles with the axes. 

Also, since the osculating circle at Q passes through P, the tangent at Q 
and the line QP make equal angles with the axes. 
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Henoe the tangents at P and Q are parallel, and therefore PQ is a di- 
ameter. Then the diameter PQ makes the same angle with the axis as its 
conjugate, and therefore PQ must be one of the egui-conjugates. 

45. If the parabola be y*- 4aa;=0, all conies which have contact of the 
third order are included in the equation 

X (2/2 _ ^ax) - {yy' -2a{x + x')}'^=0. 

This is a rectangular hyperbola if \-y'*- 40^=0, and the equation of 
the hyperbola is 

(y^-^ax){y'^ + ^a^)- {yy' -2a(x + x')Y = 0, 
or ay^ - ox' + y'xy - x (y'^ + 4a2 + 2axf) + x'y'y - ax'^ = 0. 

The centre is given by 

and -2ax + y'y-2/'2-2ax'-4a2=0. 

Hence the centre is given by 

a;+ic' + 2a=0 and y=y^; 

and therefore the equation of the locus of the centre for different values of 
x' and y' which satisfy y'^- 4ax'=0 is 

y^+4a{x + 2a)=0. 

Hence the locns is an equal parabola similarly placed with respect to the 
directrix of the original parabola. 

46. I^et the normals at P and Q meet in and cut the conic again in 
P', Q' respectively; and let the tangents at P, Q meet Q'OQ, P'OP respec- 
tively in T, T, 

Then, since PQ, PQ' make equal angles with POP*, and PT, POP' are 
at right angles, the range {TQOQ'} is harmonic. 

Hence the polar of T goes through ; the polar of T also goes through P, 
and therefore T'POP' is the polar of T. 

Then, since the polar of T goes through V, the polar of T will go through 
T. The polar of T also goes through Q ; and therefore TQOQ' is the polar 
of T, Hence {T'POP' J is harmonic, and therefore, as QT', QO are at right 
angles, QP and QP' make equal angles with QOQ'. 

47* ^^e co-ordinates of the point at a distance r from (x', y') measured 
along the normal inwards are given by 

where p is the perpendicular from the centre on the tangent at {x\ y'). 
The radius of curvature = CD^/p. 
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Hence, at the centre of cnrvature, 





ar=J(a>-CD'')=^,(a« + X) [See 20], 


and 


y = ^^(6«-CD») = g(6»+X). 


Also the pole of 








with respect to 






aS+X+ftii+X-^ 



is easily found to be 

48. Let the tangents at ^, B, C be Q.4i2, RBP &nd PCQ respectively. 

' Then, since AB and AC touch a confocal, AB and ^(7 must be equally 
inclined to QAR. Similarly BCy BA must be equally inclined to BBP, 
and CBy CA equally inclined to PCQ. Hence ABC is the pedal triangle of 
PQfi. 

Hence PA is perpendicular to QAR^ and therefore PA touches the con- 
focal hyperbola through A, 

Again, as in Example 28, PA' is perpendicular to BA'C, and therefore 
PA' touches the confocal hyperbola through A'. 

But, since A BC is the pedal triangle of PQB, the angle CBP is equal ta 
PQJR, and therefore BP^'= complement of PQR=zQPA, And, since the 
angles BPA' and QPA are equal, and PB, PQ touch an ellipse, PA' and PA 
will touch the same confocal ellipse. Hence tlie confocal hyperbolas through 
A and through A' are the same. 

Or thus :— 

We have found in question 31, that if A'^ P', C be on the conic 

a^la^+y^lb^=l, 

and A J P, C on the confocal conic a:'/(a2 + X)+y^/(6^+X) = l; then, if the co- 
ordinates of ^' be a cos a, 5 sin a, the co-ordinates of A will be 

o(a262 + 262\ + X2) 6(a262 + 2a2\ + X2\ . 

— -iw:^^ — '°' "' — 7W^^ — ' ^^^ «• 
The confocal hyperbola through A' will be [question 20] 



cos' a sin^ a 
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The condition that this hyperbola should pass through A is that 

and it is easily seen that this condition is satisfied. 

49. X^et the equation of the hyperbolas be 

a;2-2/2=a2-/32 (i), 

and xy-^x-ay = (ii). 

Then equation of any circle through the centre of (i) will be 

x^+y^+2gx + 2fy=0 (iii). 

The abscissae of the points in which (ii) and (iii) intersect are given by 

or a;3-2(a-^)ar2 + (a2 + /3a-4a^ + 2/3/)a; + 2^a2-2/a/3=0 (iv), 

and the ordinates are given by 

2/3- + 2/j32_2^a^=0 (v). 

These points being (ajj, y^), (ajg, 2/2) ^Jid (jCg, yg), the conditions that they 
form a conjugate triad with respect to (i) are easily found to be 

Now 

^z - 2/22/3= 2 (/iS - go) ^^ + ^J 

= 2 (fp-ga), since («i, yj) is on (ii). 

Hence the necessary and sufficient conditions that PQR may be a self- 
polar triangle with respect to (i) is that 

2/j8-2^a = a2-/32. 

But this condition is not satisfied by any circle through (0, 0) but only by 
circles whose centres are on the fixed line 

2oa:-2/32/-a2-f/32=0. 

50. I^et the equation of the hyperbola be 2xy=c^, and the equation of 
the first circle 

x^+y^-h2gx + 2fy=0. 

Then if (aji, 2/1), Ac. be the four points A^ B, G, D respectively, the equation 
of tiie second circle will be 

a?+y^+2x^x + 2y^=0 (i). 

A', the point of intersection of the tangents at (a52» ^2) ^^^ (^8» Vs)* "^^^ ^® 
found to be { ^f^ , —, — ) , 

and this point is on (i) if 

C^{X2 + Xi + X^-\-^X^fC^i(x^.i + X;iXi + XiX2) = (H). 

S. C. K. 14 
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Now the abscissae of the points of intersection of the hyperbola and the 
first circle are given by the equation 

4x* + 8ga^ + if(Px + c* = 0. 

Hence 4^XiX^^^=:<^, 

and Xi (ajj +Xg+x^ + x^x^ + x^^ + x^x^ = 0, 

and these shew that (ii) is true. 
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Pages 271—275. 

1. Let the equation of the parabola hey^~ 4aa;=0, and let P be {x\ y') ; 
then the equation of NM is 

^ + --1=0, ox^ax + yy'-y'^=0. 
Hence the equation of the envelope ia - lQax=y^, 

2. Let the equation of the line be - + — ^ = 1, where c is the given dif- 

a a-c ^ 

ference of the intercepts. The equation may be written a^ - a (c + a; + y) + ca; = 0; 
hence the equation of the envelope is 4ca;=(a; + y + c)2, which represents a 
parabola. 

3. Take the fixed straight lines for axes, and let the equation of the line 
be - + 1^ = 1. Then ah = constant = c^ suppose. Hence we have 

a^y-(ic^ + xc^=0, 
and therefore the envelope is the hyperbola whose equation is ixy^cK 

4. The equation of PD is 

g + |)oos0-g-|)8m0=l. 
Hence the equation of the envelope is 



aa"^6a"2* 



14—2 
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The oo-ordinates of the middle points of NP and MD are a cos tp, ^ sin <f> 
and - a sin 0, ^ cos 0. Hence the equation of the line joining them is 
- (sin - cos 0) - -^ (cos 0+ sin 0) = - 1, 

»' (!-?-')- e-?)'"t-(M*')'»i-''- 

Hence the equation of the envelope is 

(M*')e*?-')Ki-?)'-»' 

or -T + -^ = l- 

5. Let the straight lines meet in 0, and let OA = aj OA'=a', AB = l, 
A'B' = V ; also let AP=kl, then will ^'P'=W'. 

Hence the equation of the line PP* is 

a + kl^a' + kV ' 

or kHV + * (ar + a'l - xV - yl) + aa' -xa' -ya=0. 

Hence the equation of the envelope is 

41V (aa' - jra' - ya) = {xl'+yl- aV - a' If, 

The envelope is therefore a parahola, and it is easy to verify that the axes 
are tangents. 

6. Take OAP and OBQ for the axes of x and y respectively. Let OA=a, 
and 0B=6, and let AP . BQ=cK 

Then the equation of PQ will he 

a + k^~? ^ 

or k^(b-y) + k {c^ + ab-bx-ay) + c^ {a- x)=zO. 

Hence the equation of the envelope is 

4(a-x) [b -y) = {c^ + ab -bx - ay)^. 
Thus the envelope is a conic touching the lines x=a and y — b, 

7. Take the two given straight lines for axes ; then the equation of the 
system of circles is 

a^+2xy ooB b)+y^ - 2aa -2ay +a^=^0. 
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Let (a, p) be the given point ; then the polar is 

xa + {xp + ya) OOB u + yp- a {x + y + a-{- p) ■\'a^=0. 

Hence the equation of the envelope of the polar, for different values of a, 
is 4 {x {a+ p Qoa (a) +]/ (p+ aooB uj)} ={x + y + a + p)^. 

Thus the envelope is a parabola. 

8. Let 4>, <f>' be the eccentrio angles of the extremities of the chord, and 
let 6 sin + 6 sin 0' = 2kb. 

Then the equation of the chord is 

X <b + d)* y . d> + <p' 0-0' 

-coB ^ -^ + 1 sm ^Sr^= cos ^^-^ . 
a 2 b 2 2 

with the condition sin ^ ^ cos ^ ^ = k . 

„ X . + 0' + 0' y . ,0 + 0' , 

Hence - sin ^^-^ cos ^^-^ +|Bm^ ^^^ =jfc, 



(I-') 



^ ,0 + 0' a;^ + 0' , ^ 
tan« ^^-^ + - tan ^-^ - A;=0. 
2 a 2 



Hence the envelope is the parabola whose equation is 



9. Let the equation of the fixed tangent be y=%x+ — , and let 
y=mx +— be the equation of any other tangent FT, Then the co-ordinates of 
T are and - + — ; and therefore the equation of TO is 

or vn?\y \-\-m(x-a) =0. 

Hence the envelope is the parabola whose equation is 

10. Take the given straight line for axis of x, and let the conic be given 
by the general equation. 

lict P be (a, 0) ; then the equation of the polar of P is 

ir(aa + ^) + y (fta+/)+flfa + c=0. 
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Hence the equation of the line through P parallel to its polar is 
{x-a)(aa+g)+y{ha+f)=0, 
or a* , a-a(ax + hy-g)-(gx+fy) = 0. 

Hence the envelope for different yalues of a is the parabola whose equation 
is (ax+hy-g)^+^a{igx+fy)=0, 

11. If the comer C fall on C, the line of the crease will bisect CC at 
right angles, in Y suppose. 

Hence the locus of F is a fixed line bisecting the page; and, since the locus 
of the foot of the perpendicular from G on the line of the crease is a straight 
line, the line of the crease must envelope a parabola of which C is a focus. 

12. Let P be one of the points of intersection of the fixed and moving 
ellipses ; then OP must make equal angles with the major axes of the two 
ellipses, whence it follows that a common chord which is not a diameter 
must subtend a right angle at the centre. The envelope is therefore a circle 
from Art. 138, Ex. 3. 

13. Let 8 be the fixed point, and AB the fixed straight line. Draw SA 
perpendicular to AB ; and through A draw AC such that the angle SAC is 
equal to the given angle. Let SPQ be any position of the angle, P being on 
AB, and let PQ meet ^C in r ; then, since SAG=SPQ, S,A, P, Y are all on 
a circle, and therefore SYP is a right angle. 

Hence PQ moves so that the foot of the perpendicular on it from the 
fixed point S always lies on the fixed line AC: the envelope is therefore a 
parabola whose focus is 8 and of which ^<7 is the tangent at the vertex. 

14. Take for axes two conjugate diameters one of which is parallel to 
the given straight line. Let the equation of the ellipse be 

and the equation of the straight line x=a. Then the equation of the chord 
whose middle point is (a, /3) is 

aa (x - a) + h^ (y - ^3) = 0. 

Hence the envelope, for different values of j8, is the parabola whose equa- 
tion is 

by^ + ^aa{x-a)=0. 

15. Suppose the conic to be an ellipse, and let $, <f>^^ <f>^ be the eccentric 
angles of O, P, Q respectively. 

Then, since OP, OQ are in given directions, $ + 4>i, and $ + <f>2&re both 
constant. Hence ^ ~ 0, = constant = 2a suppose. 
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The equation of PQ is 

-cos 2 (01 + 02)+ f sin ^ (01+ 02)= cos ^ (0^- 02)=cosa. 
Hence the line tenches the ellipse 

a2cos2a"**62cos2a~ 

at the point whose eccentric angle is 5 (0i + 02). 

The above applies to the case of the hyperbola, the eccentric angle of any 
point (x, y) being the imaginary angle given by 

x=aooB$f y = J^li .baine. 

If the conic is a parabola, and y^, y^, y^ be the ordinates of 0, P, Q 
respectively, then ^1+^2 ^^^ ^i + l/s ^.re both constant since OP, OQ are 
drawn in constant directions, and therefore y2-y3=oonBta,nt = 2c. 

Hence the equation of PQ is 

y (2/2 + 2/3) -'*«^- 2^2^3=0, 
or 22/(2/2-c)-4aa;-2/a(y2-2c)=0, 

whence the envelope is the parabola whose equation is 
y^-^ax + c^=Q. 

16. Let the equation of the circle be x^ + y^- c^= 0, and let the equation 
of PQ he lx + my -1 = 0, Then the equation of the diameters through P and 
Qis 

a;2+y2_c2(te + W2/)2=0. 

Hence, if these diameters are conjugate, we have 

a2 (1 - c^P) + 62 (1 _ c%2) =0, 

or aVZa+62c%2=tt2 + 62 (i). 

The envelope oflx + my=l with the condition (i) is 



i + ife = 



aV 6V a^ + fta- 

Thus the envelope is a similar and similarly situated ellipse. The 
envelope will be the original ellipse provided c^=a^ + h^y that is provided the 
circle is the director-circle. 

17. Let the equation of the straight line be 
Ix+my + 1=0, 
and let the n fixed points be (xi, y^), <fec. 
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Then, by supposition, 

2 {Ixi + my I + 1)^ = constant = nc' ; 
.*. PZajj^ + 2lmZxjyi + m^'Zy^ + 2/23?^ + 2wiSyi + n (1 - c*) =0, 
which from Art. 239 is the tangential equation of a conic. 

18. Take -4J5, AC for axes of x and y respectively, and let the equation 
of^Cbe fta; + cy = l. 

Let the moving line cut BC, CA^ AB respectively in £#, M, N^ and let the 
equation of LMN be Za; + my = 1. 

Then the abscissae of N and L will be -r and respectively. Hence 

J/2yr : ML=^ : — ^ — r =con8tant=l : k. 
I mb-le 

Therefore l(m-c) = k {mb - Ic) ; 

.-. Im-(l-k)lc-khm=0 (i). 

We have to find the envelope of 

Ix-hmy -1=0 
with the condition (i). 

The directions of the two lines through (a?, y) are given by 

Im- {{l-k)cl+kbm} {lx+my)=0. 
The lines will therefore coincide if 

U (1 - k) h€xy= {kbx+ (1 -k)cy- 1}2. 
This is equivalent to 

Jkb~x-\-J(l-k)cy^l^ 
the envelope is therefore a parabola touching the sides of the triangle. 

19, Take OA^ OB for axes, and let the given fixed point be (a, ^). 
The equation of any circle through is 

x2+2a;ycosw+y2+te + my = 0. 
Hence the equation of PQ is 

f + ^+l=0 (i). 

But, since the circle goes through (a, j3), we have 

o2+2a/3cosw+/38 + ^ + mj8=0 (ii). 

The directions of the two lines through («, y) are given by 
Im {a^ + 2a fi COB (a 'h^)-(ly + mx) {la + mp)=0. 
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Hence the equation of the envelope is 

4apxy = (ax + ^y - a^ - 2aj8 cos u) - ^)\ 
or ^ax + ^^y + ^{a? + 2aP<iO6(o^^)=0. 

Hence the envelope is a parabola which touches the axes. 

20. Let the equation of the ellipse be 

then, from Art. 197, if the equation of R^ be 
Ix + my -l = Of 
the equation of PQ will be 

^ + ^ + 1=0. 

Hence we have to find the envelope of 

lx+my-l=0 



with the condition 



^ + 5^ + 1 = 0. 



(a, ^ being the fixed point through which PQ passes. 

From Art. 219, Ex. 1, or Art. 239, Ex. 2, the equation of the required 
envelope is 

Jaax + fjh^y =1. 

Thus ES envelopes a parabola touching the axes. 

21. Let the equation of the hyperbola be 

The equation of the chord whose middle point is (a, /3) is 

(a;-o)a-(y-/3)i3=0. 

Hence the equation of the line through the middle point of the chord and 
perpendicular to it is 

(x-a)/3+(y-j8)o=0. 

Now if the extremities of the chord are en a circle whose centre is {/, 0), 
the line which bisects the chord perpendicularly must pass through (/» 0) ; 
we ti^ierefore have the condition 

{f-a)p-ap = 0, 

whence j8 = or 2o =/. If j8 = the line 

(a;-o)a-(y-/3)i8=0 
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is parallel to an axis ; and the envelope of 

is the parabola whose eqnation is 

(2x-/)/=y». 

22. T^SkkQ the line on which the centres lie for the axis of a;, and the 
conjugate diameter for the axis of y ; then the equation of any ellipse of the 
system is 

where a and h are known. 

The polar of the fixed point (xj, y^ is 

Hence the required envelope is the parabola whose equation is 






23. Let C, C be the centres of the two circles of which C is fixed, and 
let be the fixed point. Then the locus of C is a circle whose centre is O. 
The radical axis bisects GC at right angles, and therefore the locus of the 
foot of the perpendicular from G on the radical axis is a circle whose centre 
is the middle point of CO. Hence the line envelopes a conic of which C is 
one focus and whose centre is the middle point of CO ; hence is the other 
focus. 

24. Let the equation of the ellipse he aa^+by^=l. 

Let {xi, yi) be the pole of the chord joining the extremities of a pair of the 
diameters ; then the equation of the chord is 

0x1x4-62/1^=1. 

Hence the equation of the corresponding pair of radii vectores is 

am? + by^ = {axix + by^y)^ ; 

and, since the sum of the angles these two lines make with the major axis 
is a right angle, we have a - ahu^ —b- Vhf^, 

Hence the locus of (acj, y^ is the concentric and co-axial hyperbola 
whose equation is ah? - bhj^ =a-b. 

The envelope of the chords is the envelope of ax^x+by^y -1=0 with the 
condition a\^ - b^y^^ -(a-b)=0. 

The envelope is therefore the rectangular hyperbola whose equation is 
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25. I^t (fta, kb) be any point on the equi-conjugate bx=ay ; then the 
equation of tne lines joining this point to the extremities of the axis major 
is easUy found to be 

k^ (bx - ay)2 -a^{y- kb)^=0. 

Hence ^ + ^ - 1 - X {A;2(5a; - ay)^ - a^ (y - kb)^} =0 

will, for some value of X, represent PQ and y=0. The coefficient of a^ must 
therefore be zero, whence 

l-Xa2&2A;2=0. 

The equation of PQ is then found to be 

2abk^x + ahf-2a^bk = 0; 

and therefore the envelope, for different values of ft, is the rectangular 
hyperbola whose equation is 2xy = ab, 

26. Let the equation of PNP* be 2x-a=0. Let a parabola through 
C, P, P' cut the eUipse at the extremities of the chord whose equation is 
lx + my+n=0. Then the equation of the parabola will be 

^ + |j-l-X(2a;-a)(ia; + my + n) = (i). 

Since (i) goes through (0, 0), we have-l+Xaw=0 ; also, since (i) is a 
parabola, we have ( ~2 "" ^^^ ) w ~ ^^'^^* 

Hence, eliminating X, we have 

n^-2aln-h^m^=0. 
The equation of the chord may therefore be written 

n^ + 2an {my + w) - b^xm^ = 0. 
Hence the envelope is 

b^x{x + 2a) + ah^^ = 0, 

a* b^ 

27. Take the line parallel to and midway between the given parallel 
lines for axis of y, and the perpendicular line through the fixed point for 
axis of X ; and let the equations of the parallel lines be x= =ta, and let the 
fixed point be (c, 0). 

Then the line y=m{x-c) cuts the parallel lines in the points 

{a, m (a - c)} and {-a, -m{a + c)}. 

Hence the equation of the circle on PQ as diameter is 

{y + mc-am) {y-\-mc + am)+x^-a^=0 ; 

.-. xa+y2-a2 + 2cym+(c2-a2)m2=0. 
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Remse two etreles pass throngh any particular point (x, y) ; and when 
(a;, tf ) IB a point on the envelope the two piiclea will coincide. The equation 
of the envelope is therefore 

28. Take the axes of x parallel to the chords and let the conic be given 
by tiie general equation. 

The chord y=\ cuts the conic in points given by 

ax2 + 2a; ( A\ + ^) ^^ 6X2 + 2/X + c = 0. 

Hence the equation of the circle of which the chord is a diameter ie 

a a ^if f 

Hence the equation of the envelope of the circles, for different values 
of X, is 

{a + b){aa:^+ay'-\-2gx + c) = {hx-ay+f)^. 

The required envelope is therefore a conic. 

29. IJet yij 2^2 ^ ^^^ ordinates of the extremities of the ehord, then the 
equation of the chord is 

also the equation of the circle of which the chord is a diameter is 

Where the circle meets the parabola we have 

16a2 (y - yj (y - Va) + (y' - yi*) (y* - 2/2') =0 ; 

••• (y-yi)(y-ya){i6a3+(y+yi)(y+y2)}=o. 

Hence, in order that the circle may touch the parabola, the roots of 
lQa^+(y+yi){y+yi)=0 
must be equal ; and the condition for this is 

or 2^1 -^^2=^ 8a. 

Hence the equation of the chord may be written 

2y (y,+4a) -4aa;-y2 (ya+8a) wO, 
and the equation of the ^nyelope is therefore 

4a(a?^2y)=c(4a-y)^ 
or f/^;=^a{x-4a). 

The required envelope is therefore an equal parabola. 
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30. Take AP for axis of x^ and a perpendicular line through A for axis 
of y, and let AP=a. 

Let a:cosa + y sin a-p = 

be the equation of any possible directrix ; then 

{-p COB at -p sin a) 

is the corresponding focus, and the equation of the corresponding parabola 
will therefore be 

{x +p cos a)^ + (y -hp sin a)^ = {x cos a + y sin o - p)*. 

But the parabola cuts y=0 in the point (a, 0) ; hence 

a2sin2a + 4apcosa = (i). 

The equation of the directrix may therefore be written 
Aax COB^ a + iay sin a cos a-H a^ sin^ a = 0. 
Hence the envelope is the parabola whose equation is y^=ax. 

31. Take the two fixed diameters to which the bisectors are parallel for 
axes, and let the equation of the conic be 

aa^+2hxy'\-by^=:l. 
The equation of the two tangents from (x^, y^) is 
{ax^ + 2 to/ + 61/2-1) (axj^ + ^hx^y^ + hy^ - 1) 

- (oxtX + hx^y + hy^x + hy^y - 1)* = 0. 
The two tangents are therefore parallel to 

{(ah-lv') y^-a} a? + 2 {(h^-ah) x^y^^h] xy ■{■ {(ab - h^) x^^-h} y^=0. 
By supposition the tangents make equal angles with the axes ; hence 

(h^-ab)xiy^-h=0 (i). 

The equation of the chord of contact 

{ax + hy)xi-\-{hx+by)yj^-l = 
may be written 

(h^-ab)(ax + hy)Xi^+h{hx+by)-{h^-ab)Xi==0, 
Hence the equation of the envelope is 

4h (ax + hy) [hx + by) = h^- ab. 

Thus the envelope is an hyperbola whose asymptotes are ax + hy=0 and 
hx-\'by=Qt and these are the conjugates of the axes. 

32. Take AB^ AC for axes, and let the oonio be given by the general 
equation. 

The equation of the polar of any point (a^, y^ is 

x{ax^+hy^+g)'\'y (hx^-\-by^+f)+gx^ + fy^ + C^a. 



Digitized by VjOOQ IC 



222 CONIC SECTIONS. [CHAP. 

Henoe the equation of the line through A and the middle point of QQ' is 

x (ooci + /lyi + ^) - y (Axj + 6^1 + /) = 0. 
Hence the oondition that this line should pass through P is 

ari(aXi + %i+^)-yi(^+&yi + /)=0. 
Hence the locus of P is the conic whose equation is 

The polar of P is the same line as that represented by the equation 

Zx+my+n=0, 
provided 

<w;j + %i+^ + XZ=0, 

;ia;i + 6yi + /+Xm=0, 
and ya:i+^i + c + Xn=0. 

lA+mH+nQ'lH+mB+nF IG+mF+nC 
But «i(axi+;iyi+^)-yi(^i+6i/i+/)=0; 

.-. l(lA-\-mH-\-nG)-m(lH+mB+nF)=(^ (ii), 

and from Art. 239 the envelope of 

te+my+n=0 
with oondition (ii) is a conic. 

33. I^6t the polar equation of the conic referred to the focus as pole be 

- = l + ecos^. 
r 

The equation of the line joining the points whose vectorial angles are 
a + jSanda-^is 

-=ecosd + sec/3cos(d-a) (i). 

The simi of the reciprocals of the focal distances of the extremities of the 
chord whose equation is (i) is 

^ {2 + e cos (a + /3) + e cos (a - ^)}. 

Hence, if the harmonic mean of the focal distances is constant, 

cos a cos j8= constant = h suppose. 

Hence (i) may be written 

Ik 

— = fc« cos ^ + cos o cos {d - a), 
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2kl 
or — = (1 + 2fte) cos ^ + cos (^ - 2a) (ii). 

But the line whose equation is (ii) tonches the ellipse whose equation is 
2kl 
r 
at the point whose vectorial angle is 2a. 

Thus the envelope is a conic having one focus in common with the given 
conic. 

34, Let the equation of any chord which subtends a right angle at the 
focus of y^ - ^ax = be 

Ix + my -1=0. 

Beferred to parallel axes through the focus the equations of the parabola 
and the line will be 

y2-4a (a: + a)=0 and Ix + my + la- 1 = 
respectively. 

Hence the equation of the straight lines joining the origin to the points 
of intersection is 



^ 1-la \l-la J 



Since the lines are at right angles to one another, we have 
(l--la)^-Aal(l-la)-Aa^{P + m^) = 0, 
or Pa^ - 4m2a2 -Qal+ 1=0. 

Hence the directions of the tangents which pass through {x, y) are given 
by J?a^-Am^a^-Oal(lx + my) + (lx-¥myY=0. 

Hence the equation of the envelope is 

(aa + x^ - 6aa;) (y^ - AaPj = (xy- 3ay)2, 
or 2ya + (a5-3tt)2=8a2. 

35. The simplest proof of this theorem is found by reciprocating 
with respect to the fixed point. The theorem then becomes : — 

* The locus of the point of intersection of two tangents to a parabola 
which out at a constant angle is a conic having double contact with the 
parabola.' [See Art. 107, Ex. 1.] 

Or thus: 

Take the tangent and the normal at the fixed point O for axes, and let 
the equation of the conic be 

ax'^+2hxy + hy^-\-2fy=^0. 
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Let lx-]-my- 1 = be the equation of any one of the chords ; then the 
equation of the lines joining its extremities to the origin is 

aa^ + 2hxy + by^-{'2fy{lx + 7ny) = 0. 

The angle between these lines is 

tan-i 2^{(/i+/Z)»-a(& + 2/m)}/(a + & + 2/m). 

Hence, if the chord subtend at the angle a, we have 

4(h+ft)^-ia(b + 2fm)-t&n^a(a + h + 2fm)^=0 (i). 

It therefore follows from Art. 239 that the envelope of the chord is a conic, 

except when a=^, in which case the chord always passes tinrongh the fixed 



p°^* ("'-^O- 



We will now shew that the envelope has double contact with the given 
conic, the chord of contact being the polar of ( , — - ] whose equation is 

2hx + {b-ayy + 2f=0. 

The line lx + my-l = will touch the conic 

ax^ + 2kxy + by^+2fy + 'k{2h6+(h-a)y + 2f}^=0, 
provided 

ax^ + 2hxy + by^ + 2fy{lx + my) + \{2hx + (b-a)y + 2f{lj: + my)y=0 

is a perfect square in x and y, the condition for which is 

{a+^\(h+ft)^}{b + 2fm+\{b-a+2Jm)^} = {h+fl+1i\{h+fl){b-a + 2fm)}\ 

or (h+fl)^-a{b + 2fm)-a\mh+fl)^+(h-a+2fmf}=0, 

or (h+fl)^-a(b + 2fm)-.^^^{a + b + 2fm)^=0 (ii). 

Now (ii) coincides with (i) provided 

a\ tan' a . ^ .^^ 

1 - 4aX 4 

Hence the envelope of lx-\- my -1=0 with condition (i) is the conic 

^{aa^-\-2hxy + bf+2fy}+Biii^a{2hx + (b'-a)y + 2f}^=0. 

Thus the envelope is a conic having double contact with the given conic. 

36. Take the fixed point for origin, and let the equation of the circle be 
a^ + y^ + 2gx+c=0. 
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Let Ix+my -1=0 be a line joining extremities of a pair of the perpen- 
dicular chords ; then the lines given by 

x^-]-y^ + 2gx (lx + my) + c {lx + my)^=0 

must be at right angles, the condition for which is 

2 + 2gl + c(l^ + m^)^0 (i). 

The envelope ofZa;+mj/-l=0 with condition (i) is then found to be 

(2c-g^)y^+2c!t^ + 2cgx+c^=0 (ii). 

Writing (ii) in the form 

{g^-2c)(x^+y^) = {gx-hc)^ 

we see that the origin is one focus. Also the centre of (ii) is clearly midway 
between the origin and the centre of the circle ; and therefore as the origin 
is one focus the centre is the other. 

37, Let y^-iax=0 be the equation of the parabola, and let (a, 13) be 
the point S; then the equation of the parabola referred to parallel axes 
through (a, j8) is (y+j8)2=4a (x + a). 

The polar of (0, 0) is /3y-2aa;+/32-4aa=0; therefore the equation of 
SG is 2ay +px=0. Hence SO meets the axis y + iS = in the point (2a, - /3). 

Let lx + my +1=0 he the equation of any chord which subtends a right 
angle at 8 ; then the lines given by 

{y-p(lx+my)}^+4aa{lx+my)-iaa(lx+my)^=0 

are at right angles, and therefore 

(l-pm)^ + ^l^ + Aal-iaa{P + m^) = ..(i). 

From Art. 241 the centre of the conic whose tangential equation is 
(i) is (2a, - /3) : thus the centre of the conic (i) is G. 

Note. To find the centre of the conic whose tangential equation is given. 

The centre of a conic is always on the line midway between any pair of 
parallel tangents. Now the two tangents parallel to the axis of y are 
liX+l = and ^+1=0, where Z^, l^ are the roots of al^ +2gl + c=0. Hence 

the centre is on the line 2a;+ - + ^ =0, or 2a;- — =0 ; and similarly on the 

c 

line 2y - J= 0. Therefore the centre is the point (-»-)• 

38, Let the equation of the conic be ax^-\-hy^=l^ and let be (o, j8). 
Transfer the origin to 0; then the equation will be 

ax^ + hy^ + 2{aax-\-}>Py) + aa- + hp:^-l = Q, 

Let the equation of PQ, one of the chords, be te + my + l=0; then the 
equation of OP, OQ will be 

ax*^by^-2(aax-{-hpy){lx + my)-\-{aa^ + b^-l){lx-\'my)^=0. 
S. C. K. 15 
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Since OP, OQ are at right angles we have 

a + h-2aal'2bpm-h(aa^ + b^'l){P + m^)=0 (i). 

The directions of the two chords which pass through (x, y) are given by 

(a + &)(te + my)2 + 2(aai+&j8wi)(te+my) + (aa« + 6/3*-l)(P+m*)=0. 
Hence if (x, y) be on the envelope we must have 

{(a + &)x«+2aax + aa* + &i9»-l}{(a + &)y« + 26/Sy + aa« + fti8«-l} 

= {{a + b)xy+aay + bpx}^\ 
.: {a + b) (aa^ + b^-l) (x^ +2^) - {aay - b^xf 

+ 2 {aax + b^) (aa^+bpl^- 1) + (aa« +&i3«- 1)9=0, 

or (aaa?+&/9y+aa«+6i3«-l)»=(ar»+y*){a«o« + 6»i3*-(a + ft)(aa» + 6/3»-l)}, 

from which it is evident that the origin is a foooa and that the equation of 
the corresponding directrix is 

the directrix is therefore the polar of with respect to the original conic. 
The centre of the oonic whose tangential equation is (i) is 



\a + 6* 0+6/ '' •" 



and therefore the other focus is 



/-2aa -26j8 \ 
\o+6 ' a+bj' 



Hence the second focus is fixed if the ratio a : 6 is fixed: the envelopes 
correspon^ng to a system of ooncentrio similar and similarly situated oonics 
are therefore confocal. 

39. I^et te+my-l=rObethe equation of PQ j then the equation of RS 
will be 

r+7ir;^+l=0; 



Hence the envelope of 225, for difierent values of X, is the parabola whose 
equation is 

Urn {b^mx + aHy + a^Wm) = (wioj + Zy + aHm + bHm)\ 



(f-^<'-^)^^i=''- 



Hence the envelope touches the axes, the equation of the chord of con- 
tact being 

I m 
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40. Let a, b be the radii of the oiroles and 2c the distance between their 
centres. ^ Take the origin midway between the centres of the circles, and let 
the line joining the centres be the axis of x. 

Then the lengths of the intercepts made by the circles on the line whose 
equation is lx+ my -1=0 are respectively 

Hence, if the intercepts be in the ratio A : 1, we have 

a» (P + m3) -(Ic- 1)»= ft2&2 (p + m2) - fc2 (fc + 1)2, 

and therefore the line will envelope a conic. 

If k=l we have 

(a«-6«)(?2 + m2)+4cZ=0, 

whence the envelope of Ix+my -1=0 is at once found to be the parabola 
whose equation is 

icY = (a' - h^) (^x + a2 - ft»). 

41. Let the equation of the hyperbola be a? - y' - a2=0, and let (a, p) be 
the fixed point 0. Then the equation referred to will be 

Then, ifZx + my-l=Obethe equation of any straight line which subtends a 
right angle at 0, the lines represented by 

x^-y^-\-2{ax-py){lx + my) + {a^-^-a^){lx + myf=0 

will be at right angles, the condition for which is 

(a»-/32-a2)(i2+wi«) + 2aZ-2/3m=0. 

Hence the directions of the two chords which pass through (a;, y) are 
given by 

(tt«-j8»-a*)(P+m«) + 2(ai-/Siii)(te+my)=a 

Hence if the two chords through (or, ^), which subtend a right angle at 0, 
are at right angles, we have 

a*- /S*- a* + ox - j8y = 0, 
so that (x, y) is on the polar of 0. 

42. Let the equation of PQ he Ix + my "1=0; the equation of AP, AQ 
will be y'-4aaf(te+t»y)=0. 

Since AP^ AQ make an angle of j with one another we have 

(l-4aO'=4{4a«wi2+4aZ}, 
or 16a>i« - 16a*m* - 24aZ+ 1 =0. 

15—2 
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Hence the directions of the two chords through {x, y) are given by 
16a«r» - 16a%2 _ 24aZ {Ix + my) + (te + myf = 0. 

Hence the equation of the envelope is 

{x^ - Uax + 16a2) (yS - ICa^) = (xy - 12ay)\ 

y^ (x-12aY 
^^ IGa^"^ 128a3 ~ 

43. Take the given point for origin, and the given straight line for axis 
of X, and let the conic be given by the general equation. Then, if 

te+my-l=0 

be the equation of the line joining a pair of the points, the lines represented 

by 

ax2+2/w;y + V+2(5fiB+/y)(te+my) + c(te+my)2=0 

must be equally inclined to the axis of x ; and therefore 

/i+pwi+/i+cZm=0 (i). 

We have therefore to find the envelope of te+wiy- 1=0 with the con- 
dition (i). 

The equation of the two lines through (sc, y) is given by 

clm-\-{gm-\-fl){lx+my) + h(lx-\-my)^=0 (ii). 

The lines given by (ii) are coincident provided 

4 {hx' +fx) (hy^ + gy) = (2hxy + gx +fy + c)\ 
or 4 (fg -Ju:)xy = (gx +fy + c)^. 

Hence the chords envelope a conic which touches the axes of coordinates: 
the origin must therefore be on the director-circle of the conic. 

44, Take the fixed point O for origin, and let Si=0 and iSfa=0 be the 
equations of any two of a system of conies which pass through four fixed 
points ; then the equation of any other conic of the system is Si + \S2=0. 

Let Ix+my + 1=0 be the equation of any chord of Si + \S2=0 which 
subtends a right angle at 0; then the straight lines represented by the 
equation 

{a^-\-\a2)x^+2(h^ + \hi)xy+(bj + \b2)y^ 

-2{(gi + \g^x+(fi+\fi)y}{lx + my) + {Ci + \c^(lx+myf=0 

must be at right angles to one another. Hence we have 
ai + &i-2Z^i-2m/i + Ci(P+m2) 

-hX{a2 + &2-2Z5f3-2wi/a + C2(Z2 + m2)}=0 (i). 

Now (i) is the tangential equation of a conic, and therefore the chords 
of Si-\-\S2=0 which subtend a right angle at O envelope a conic. Also 



Digitized by VjOOQ IC 



XII.] CONIC SECTIONS. 229 

the system of conios of which (i) is the tangential equation will clearly all 
touch the four common tangents of the conies whose tangential equations 
are respectively 

rti + 61 - 2Z^i - 2m/i + Ci (2« + w^) = 0, 

and ^2 + ^2 - 2^/72 - 2w/2 + C2 (i* + m*) = . 

45. Take AB^ AC for axes and let B, G be (^, 0), (0, /) respectively, and 
let D be (x^y y-^). 

The general equation of a conic through Ay B, C is readily found to be 

ax^ + 2?ixy + by^ - agx - bfy = 0. 

The conic will also pass through (x^, y^) if the three unknown constants 
a, h and 5 satisfy the relation 

a(xi^-gx^) + 2hxjyi-i-b{yj^-fy{j = (i). 

The equation of the tangent at B is 

2agx + 2hgy -ag{x+g)- bfy = 0. 

Hence if the equation of PQ, be Za? +my + 1 =0, we have 

mag^ + 2hg-bf=0 (ii). 

We have similarly 

lbf^ + 2hf'ag = (iii). 

From (i), (ii), (iii) we have 



x^^-gx^y xiy^y yi^-fyi 
mg^ . g, -f 

-9 , /, IP 



=0 (iv). 



Now (iv), being of the second degree in I and m, shews that Ix+wy + 1=0 
envelopes a conic. 

46. Take the fixed point for origin, and let the equation of the circle 
be a;2+y2 + 2^ar + c = 0. Let Za: + TOy + l=0 be the equation of PQ; then to 
find the distances of P and Q from we have to eliminate 6 between 
r'+2^cos^ + c=0 and Wco8^ + rm8in^ + l=0, 

The result is 

(Zr» + cZ~2^)8-4paffiV + m2(r»+c)« = 0. . 

Hence, if OP. 0Q= constant = a', we have 

(c2-a*)(P+m2)-4c^?+V=0 .(i). 

Also, if OP2+OQ2= constant =6^, we have 

(62 + 2c)P + (6»+2c-V)m«-4^Z=0 (ii). 

The Cartesian equation of the envelope whose tangential equation is (i) is 
easily found to be 

(c« - a* + ^cgx + Ag^x^) (c* - a* + ^gY) - {^^OV + ^9^J^y)* = 0, 
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whieh may be written 

Henoe in the first case the locus is a conic of which the otigin is one 
focas. 

The Cartesian equation of the conic whose tangential equation is (ii) is 
easily found to be 

(68 + 2c - 4^«) (6> + 2c - 4^x) = 4py . 

Hence in the second case the envelope is a parabola. 

47. Take the diameter AA* for the axis of x, and let the equation of the 
circle be a;' + y' - a*, and let A, A' he {^c^ 0). 

Let a, ^1, $2 be the angular co-ordinates of P, Q, E respectively. Then 
the equations of PQ, PR will be respectively 

ajcos ^(a + ^i) + ysin ^ (a + ^i)=o cos ^ (a-^J, 

and a;cos^ (a + ^2) + ysin5 (a + 0^=a coB^{a-$^), 

Since the lines PQ, PR pass through the points (c, 0), ( - c, 0) respectively, 
we have 

c cos 5(a + ^i) = acos ^(a-^i) and -ccos^ (a + ^i) = acos ^(a-^a)* 

whence tan tr atan » (?i = and tan - a tan xO^= : 

2 2 * c + a 2 2 ** c-a 

.-. tanl^i^tani^,=(c-a)V(c + a)2 (i). 

Now the equation of QR is 

a;cos^(^i + ^J + ysin-(^i + ^jJ = acos^(^i-^j). 

or x-a + yliAU -^i+tan^^,) -{x-\-a) tan- 0iiAn^ez=O. 

Henoe, from (i), 

(«- a) (c - a)«+y tan ^ ^1 {(c - a)2+ (c+a)*} - (*+a) (c+ a)' tan*2 ^1=0. 

Henoe the equation of the envelope is 

(ar2-a«) (c2-aV + (c« + a»)9ya=0, 

the envelope is therefore an ellipse of which the given circle is the auxiliary 
circle* 

48. Let the equation of the ellipse be ar^/a^ + y^jl^ -1=0, and let the two 
fixed points be (ar„ y^) and (xj, yj. 
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Let d^y $2t Oq be the eccentric angles of the points -4, B, C respectively. 
Then, since AC goes through {x^y y^) and BC through (x,, y^, we have 

"^ cos ^ (^1 + ^,) + 1^ sin ^ (^1 + ^,) = cos ^ (^1 - ^ J, 

r 1 V 1 1 

and *^ cos ^ (^2+ ^s) + jf si^ ^ (^a+ ^8) = cob ^ (^j - ^»)- 

Hence 

Eliminating tan ^ 0,, we have 

whence P+ Qtan jr^i + JJtan 0^2 +'Sf tan-^jtan o^j = (i), 

where P, Q, ii, /Sf are known constants. 
Now the equation of AB is 

|cos^(^i + ^a) + |Bin-(^i + ^J = cos-(^i-^3), 

which may be written 

?-l-g + l)tani(>.tanio,+ |(tan^<>. + tanio,)=0, 

or from (i) 

(^-l)(iJ+5tani^,) + g + l)(p + gtanl^)tan^^, 

+ ||tani^i(l2 + 5tani^i)-P-gtani^j)=0, 

whence it is obvions that the envelope is a conic. 

To prove that the two conies have double contact with one another, it is 
only necessary to take the point C on the ellipse indefinitely near one of the 
extremities of the chord through the two fixed points, when it will be seen 
that the envelope has double contact with the ellipse, the chord of contact 
being the line joining the fixed points. 
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Or thus: 

Project the line joining the two fixed points to infinity and the conic into 
a circle. Then, inscribed in a circle we have a triangle two of whose sides 
pass through fixed points at infinity, that is are drawn in fixed directions ; 
and it is now obvious that the envelope of the third side is a concentric circle. 
Thus the envelope has double contact with the original circle, the chord of 
contact being the line joining the fixed points. Hence the original envelope 
must have been a conic having double contact with the originsd conic. 

49. I^et the points A^ B, C be on the ellipse 

x^la^ + y^lb^ -1=0, 

and let the sides AB, AC touch the ellipse 

Asx^+By^=l. 

Then, if a, /3, 7 be the eccentric angles of ^, £, C respectively, the equa- 
tion of AB is 

|cosi(a+j8) + |Bini(a+/3)=cos^(a-/3). 



This line touches Aa^ + By* -1=0; 

.•.^cos«l(a+^)+^sm«^ 



^ cos«5(a+/3)+ji-sma^(a+/3) = cos2|(a-/3), 



.i -^^ - ^ + (si " b^)cos(a + ^) = cos(«-«. 

then we have 

cos a cos j8 (1 - M) + 8in o 8in/3 (1 + 3f) - 1*=0. 

We have similarly, since AC touches the conic 

Ax^ + By^-1=0, 

cos a cos 7 (1 - 3/) + sin a sin 7 (1 + itf) - L =0. 

Hence 

costt _ sing _ 1 

L(l + M)cos^{p + y) L{l-.M}Bm^{p+y) (l-M«)cosi(/3-7) ' 

.-. L«(l + Af)«cosa^03 + 7) + L2(l-lf)'sin'^(/3+7) 

= (l-H«)«cos«|(a-/3) (i). 
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Now the eqaation of BC is 

^co82(/3 + 7) + |sin-03 + 7) = cos-(^-7), 
and (i) shews that BC always touches the conic 



a^L^ (H^ M)2 ^ b^L^ (1 - iU )2 ( 1 - M2)2 * 

50. I^et the eqaation of the conic be the general tangential eqaation of 
the second degree, and let 

l^x + miy + l = Oj &c, 
be the three given tangents. 

Then we have 

al^^ + 2hlinii + bmi^-{-2glj^ + 2fm^-\-c = (i), 

ay + 2W2WI2 + ^"*2* + 2^^ + 2/m2+ c=0 (")» 

al^^ + 2hl^m^ + bm^^+2gl^ + 2fms + c=^0 (iii). 

Also, if {Xf y) be the centre of the conic, we have [see 37] 

^-ca;=0 (iv), 

f-cy=0 (v). 

The sqaare of the radius of the director-circle is constant, and equal to k^ 
suppose. Hence, from Art. 241, we have 

J(^c^=g^+p-c{a + b); 
or, using (iv) and (v), 

a + b-gx-fy + kh=0 (vi). 

Eliminating a, /i, 6, g,f, c from the equations (i), (ii),..., (vi) we have the 
equation of the required locus, namely 



1, 
, 
0, 



y, l^in^i m^y 



1 . , 

0, 1 , 

2/1, 2/rti, 

2^2, 2»i2, 

2^, 2m3, 



^2 



= 0. 



Multiply the fourth column by x and the fifth by y, and add the sum to 
the sixth ; we then have 



1, , 1 . -a;, -y, h^-x^-y^ 

0,0,0,1,0, 

0,0,0,0,1, 

l^, l^m^, m^y 2^1, 2mi, 2J^x+2m^y + l 

y, ZjWij, m^, 2/2, 2WI5, 2Zja? + 2m3y + l 

^2, fjTH,, TWjS, 2^,, 2m3, 2yc + 2m0 + l 



= 0, 
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1, 


, 


1 , k^-a^-y^ 


V. 


/jmi, 


7V. 2l^x-\-2m^y + l 


y. 


/jnia. 


w,2, 2l^-^2m^-\-l 


V, 


V«s» 


mj*, 2/5a; + 2in2»/ + l 



=0. 



from which it is obvious isb&t the loons of the centres of the conies is a circle 
for any particular value of k^ and that the circles are concentric for different 
values of k. 

Or thus:— 

The general tangential equation of a conic which touches three given 
straight lines is 

XiSi + XjSfa+Xj5fj=0, 

where X^, X^, X, are arbitrary and Si=iO, S^=Oy 8^=0 are the tangential 
equations of any three conies which touch the lines. 

Now from Art. 241 we see that the equation of the director-circle of a 
conic is of the first degree in a, A, 5, &o. It therefore follows that if * 
Oi=0, C,=0, C8=0 be the director-circles of the conies 5fi=0, 5fj=0, ^8=0 
respectively, the equation of the director-circle of 



will be 



XiCi+X2<72+X,C78=0. 



Now it is easy to prove that a oirde will cut the three circles 0^=0, 
(72=0, (73=0 orthogomJly, and that this circle will also cut orthogonally any 
one of the systems of circles given by 

XiC7i + X2Cj+X8e3=0. 

We therefore have the following theorem :—TJie director-circles of all 
conies which touch three given straight lines are cut orthogonally by the 
same circle. 

It follows from the above that all those director-circles which are of 
given radius have their centres (which are also the centres of the corre- 
sponding conies) at a given distance from the centre of the orthogonal 
circle : diis proves the proposition. 
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1. In order that a point may be on the bisector of an angle it id sufjucient 
and necessary that the perpendiculars from the point on the line bounding 
the angle should be equal. Hence for any point on the bisector of A we 
have fi=y; and similarly the equations of the other bisectors are 7= a and 

2. At A\ the middle point of BC, it is obvious that b^=cy; and the 
ratio ply is clearly the same for all points on AA\ Hence at any point on 
AA' we have 6/3= C7. 

The equations of the three medians of the triangle are therefore 
hp-cy=Ot cy-aa=0 and aa- 6/3=0. 

3. At B' we have /3=0 and cy-aa=0; also at C we have 7=0 and 
fe/3-aa=0. 

Hence the line whose equation iabp+cy-aa=0 passes through B' and 
through C. 

Similarly the equations of C'A' and A'B' are respectively 
aa-6/3+C7=0 and aa + 6/3 -07=0. 

4. The trilinear co-ordinates of the centre of the in-circle are pro- 
portional to 1, 1, 1 ; also the co-ordinates of the centre of the circum-circle 
are proportional to cos A^ cos By cos C. 

Hence the equation of the line joining these two points is 
a , /3 , 7 1=0. 
1 , 1 , 1 I 
cos Ay COS By cos C \ 

5. The co-ordinates of the four centres are given by 

2A 

ai=/3i=7i=^:p^:jr^. 

-a, = ft=7a=_^^^^^: 
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2A 



as= -ft = 7s = 



a-b + c^ 

J ^ 2A 

and aA = B.= -74= 7 — • 

* ^* '* a + b-c 

The co-ordinates of the middle point of the line joining (o^, /S^i 7i) ^^^ 

1 / 2A 2A \ 

(a,ft,7jare-(^— ^--^-P^j, 

1 / 2A 2A \ 1 / 2A 2A \ 

2\a-\-b + c'^ -a + b + cj* 2 \a + 6 + c"^ -a + b + cj* 

which are proportional to -Uyb + c, b-^ c. 

The co-ordinates of the middle point of the line joining (a,, p^, y^ and 
(a4. A» 74) we 

1 / 2A 2A \ 1/ 2A 2A \ 

2\a-b + c'^ a + b-cj' 2\ a-b + c a + b-cj' 

1 / 2A _ 2A \ 

2 \a-b-\-c a-\-b-c) * 

which are proportional to a, c - i», 6 - c. 
Hence the six middle points are 

(-0, 6 + c, 6-hc), (o+a, -6, c + a), 

(a + 6, a + 6, - c), (a, c - 6, 6 - c), 

(c - a, 6, a - c) and (6 - a, a - 6, c). 

It is now easy to verify that these six points are all on 

a^ + bya-{-cap=0. 

6. Let be (aj, /Sj, 71). Then the equations of AOA', BOB', COC are 
respectively 

X_ «=o and --#=0. 

7l «! «i Pi 

Hence B' is the point 3=0, - - — =0, 
7i "i 

and C is the point 7=0, ~ - — =0; 
Pi «i 

and both these points are clearly on the 

^i 7i «i 
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Thus the equations of B'C\ C'A' and A'B' are respectively 

ft 7i «i 7i «i ^1 

and ^ + |.a = o. 

Now P is the point of intersection of a=0 and 

^1 7l «! 

or of 0=0 and f + ^=0; 

ft 7i 

hence the line — + ^+ ^=0 goes through P, and the symmetry of the 

^1 Pi 7i 
equation shews that it also goes through Q and R. Thus P, Q, B, are all on 
the line 

«i ft 7i 

Again, since Q is the point of intersection of /3=0 and — + ^ = 0, 

°-\ 7i 

the equation of BQ is — + -^ = ; 

«i 7i 

so also the equation of 012 is ~ + ^=0 ; 

°-i ft 

and the equation of ^4^' is -§- = -^ . 

^1 7i 

These three lines obviously meet in the point P' given by 

«i ft 7i * 
7. At the point P it is easy to prove that ^=a cos C-\-- sin C, and 

7= a cos B + ^ sin P. Hence the equation of AP is 

/3 ^ 7 

2co8C + sinC 2cosB + sinB' 

or j8(2cosB + sinB)=7(2cosC+sinC) (i). 

The equations of BQ and CR are similarly 

7 (2 cos C + sin C) = a (2 cos -4 + sin -4) (ii), 

and a(2co8 4+sin4)=/3(2oosB + sinB) (iii), 

and it is obvious that the three lines whose equations are (i), (ii), (iii) meet 
in a point. 
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8. Let 2a+in/9+fi7=0 be the equation of the straight line; then the 
lengths of the perpendiculars on this line from 

a^0.o).(o.^^^0).ana(0.0.^^) 

are proportional to 

— , -r— , and [Art. 257]. 

Hence we have — = 7- = — . 
ap bq cr 

The equation of the line may therefore be written in the form 

apa + bqp + cry=0, 

9. Let ABC, A'B'C be two triangles such that AA\ BB\ CC meet in 
some point 0, Take ABC for the triangle of reference, and let O be 
(/, g, h). 

Then the equation of AA'O is ^ = ^, and therefore A' may be taken to be 
g h 
(ttj, g, h). So also B' and C may be taken to be (/, ft, h) and (/, g, y^ 
respectively. The equation of B'C is therefore 

=0. 



a . 


/3. 


y 


/» 


ft. 


h 


/. 


g f 


7i 



Hence B'C meets BC where 

a=0 and —2- + JL_=o. 
g-Pi n-yi 

Similarly the point of intersection of CA and C*A' is given by 

/3=0 and .5A- +^-^^=0, 

and the point of intersection of AB and A'B' is given by 

7=0 and -^ + -^=0. 

The three points of intersection oi corresponding sides are therefore on 
the straight line whose equation is 
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1, The perpendicular from the centre of a conic on any tangent cannot 
be less than the semi-minor axis. 

Hence, if (o^, ^q, 7^) be the centre of any conic inscribed in the triangle 
of reference, and p be the length of the semi-minor axis, and r be the radius 
of the inscribed circle, we have 

a«o + ^i9o + C7o>(a + 6-|-c)p; 

also flao + 6^oC7o = 2A=(a + 6 + c)r; 

.-. r>p. 

2. Let (ai, /3i, 71), <fec. be the angular points of the triangle; then, as 
in Art. 6, 



2 X area of triangle = sin C 



Oj cosec (7, ft coseo C, 

03 cosee C, ft cosec C, 

oj cosec (7, ft cosec C, 

aai , &ft , 2A 



2Aab sm C 



1 

= (2A)2 



cuii 






C72 

<*73 



2A 
2A 



by subtracting the sum of the two first columns from the third 



abc 



ft. 7i 
ft. Ti 
ft. 7s 



3. The equations of the conies which have a common self -polar triangle 
may be taken to be 

Uia^ + Vjp^ + Wiy^=Ot <fec. 

The four points of intersection of the first two are given by 

« P 7 



^^(vnc^-v^Wj} ±V(tCitia-tr,tii) ^VKva-Vi)' 
The four points of intersection of the other two are given by 
ft ^ /3 ^ 7 

±V(VaM^4-*'4«^s) =fcN/KU4-tr4Uj ±>/K^4-«*4V»)' 

The eight points will all lie on the oonic whose equation is 
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provided L (Vjirj - v.^ic^) + M {w^U2 - w^Uj) + N {UiV^ - u^Vj) = 0, 

and L (v^w^ - v^w^) + Af (w^u^^ - 10411^) + N (u^v^ - u^v^) = 0. 

Hence the eight points are all on the conic whose equation is 



VjlO, - rglTj , W1U2 - M?2?fi , 



7^ 



= 0. 



4. Hefer the conies to their conimon self -polar triangle; then their 
equations will be 

ttia^+i;i^ + iri7'=0 and u^a*+v^-\-w^y^=0. 

The line la+mp+ny=0 

will touch both conies provided 

-+ — + — =0 and — + — + — =0. 

1*1 Vi Wi 1*2 ^2 ^9 

Hence the equations of the common tangents are of the form 
^t±m/3=t 117=0. 

The points where the four common tangents touch the two conies are 
given by 

Uia_ Vi^^iTiY ^^^ u^^v^^w^^ 
I ±m ±n I =tm ±n' 

These eight points are all on the conic whose equation is 

= 0. 



a», 


^. 


y 


P 


m« 


n" 


V' 


"i" 


"i' 


P 


ro» 


n» 



5. Befer the conies to their common self-polar triangle; then their 
equations will be 

u^a^ + Vj^-i-Wjy^=0 and iUfl^ + v^^ -^10^^=0. 

The co-ordinates of their four common points are given by 

« P 7 



^{ViWi - tJjWi) " =»= V(wiWa - tTjtti) ~ ± VKvj - tiatJi) ' 
which are of the form ±/, ± ^, ± /i. 

Hence the equations of the eight tangents are of the form 

±t<j/a±t;i^/3±trift7=0 and ^^^u^fa^^v^p^w^hy^O .. 
The eight tangents will all touch the conic 



.(i). 
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provided 

A U^^P ^2*9* W2^h* n 

and ^+_^l + _^ = 0. 

Hence ^/{v,W - t^a^i') = J / K V " <V) = 5J/ KV-^^aV). 
Hence the eight lines (i) touch the conic 

that is + ^ + ^ =0. 

6. Take the triangle formed by the diagonals for the triangle of 
reference; then the equations of the four sides may be taken to be 

Za±tn^±n7=0. 

Hence the equation of the lines through A and through the extremities 
of the opposite diagonal is 

Now the equation of any other pair of lines through A which are harmoni- 
cally conjugate to 

may be put in the form 

m2/33 + nV + 2X/37=0. 

Hence the three pairs of points which satisfy the given conditions are 
given by 

m2/32 + nV + 2X/37=0, a=0; n^-\-Pa^ + 2fiya=0, ^=0 

and Pa»+m«/3« + 2»'(i/3=0, 7=0, 

The six points are all on the conic whose equation is 

Pa^+m^^ + iv^ + 2\py-^2fiya + 2i»a/3=0. 

7. The perpendicular distance of (a, /3, 7) from - oa + 6/9 + C7 = Js 

-aa + b^-{-cy -aa + b^ + cy 

^(a^+b^+c^ - 2bc cos A+2caooaB + 2ab cos C " 2a 

S. C. K. 16 
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The perpendicular distances of (o, /3, 7) from 

ao-6/3 + C7=0 

and aa + 6/3-C7=0 

. ., , aa-h8 + cy , aa + b8-cy 
are Bimilarly ^T and ^- . 

Also the lengths of the sides of the triangle formed by the three lines 
whose equations are 

-aa + bp + cy=0, Ac. 

a h c 
2' 2' 2- 
Hence, from Art. 269, the required equation is 

a^ 68 c^ 



=0. 



-aa + 6/^ + 6-7 aa-b^ + cy aa + b^-cy 

8. The equation of any circle concentric with the circumscribing circle 

is 

a/37 + 67a + ca/3 + X {aa + 6/3 + ^7)2= 0. 

Along the line through A parallel to JBC we have 

«a=2Aand bp-\-cy=0; 

hence at the points, P, P* suppose, where this line meets the circle, we have 

0*6/32 + 262/3A - 2c2/3A - 4ac\A« = ; 



.'. PA,AP'Bm^C=Pjfi^= 



ab 



- -^ 4c\A' , ^ 

ab ain^C 

Hence the required equation is 

_2_ pa 
a/37 + 67a + ca/3 — (oa + 6/3 + cy)^=0. 

9. The point which is at a distance p from (uq, /Sq, 70) on a line parallel 
to BC is 

K, fio + pBinCyo-pamB), 

Hence, if this point be on the circumscribing conic whose equation is 

Z/37+m7a+na/3=0, 
we have 

I (/3o + p sin C) (7o -psin B) +m%{yQ-p sin B)+naQ (Po + pBin C7) = ; 



" P^- -iBmBBinC ' 
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Hence, from Art. 186, Cor. I., we have 

a b c 
1 m n 
The equation of the conio must therefore be 

U ^2 ^3 

10. ' Take ABC for the triangle of reference, and let the equation of the 
conio be 

Ipy + mya + na/3 = 0. 

The equations of B'C\ C'A\ A'B' will then be respectively 

m7+n/3=0, na + ly=0 and Z/3 + ma^O. 
The equations AA'y BB\ CC are easily seen to be respectively 

m n n I I m 

from which it is obvious that AA'^ BB\ CC meet in a point. 

Again the point D is the point of intersection of a=0, 7717 + 71)8=0. 
Hence D is on the line whose equation is 

I m n 
and it is obvious that E and F are also on this straight line. 

11. Take ABC for the triangle of reference, andlejt P be (/, ^, h). Then 
the equations of AA\ BB\ CC are 

^=1 ? = ;and^ = ^ 
9 h* h f f g 

respectively. Hence the equations of B'C, CA', A'B' are respectively 

-?+f +1=0. ^f +1=0 

f 9 h f 9 n 

and 7 + ^-?=0. 

f 9 h 

Hence the points Ki L, M are on the line whose equation is 

f 9 h 
Now, (i), if P be on the fixed straight line 
la+mp + ny=Ot 
we have lf+ m9 + nh=0t 

16—2 



Digitized by VjOOQ IC 



24f4 CONIC SECTIONS. [CHAP. 

which Bhews that 

7 + -+H 
f 9 ^ 

tonohes the oonio 

^/Ztt+^/m^ + ^/n7=0. 

Also, (ii), if P move on the fixed conio 

i/3y+m7tt + na/3=0, 

I m n f. 
we have ? **" a hT 

whence it follows that 

f 9 n 

passes through the fixed point (Z, m, n). 

And, (iii), if P move on the fixed conic o/3=Xr*, we have fg=\hK The 
equation of ^Lilf may now be written in the form 

the envelope of which is 4a/3=xy. 

12. If be (/, 9, h) and 0' be (/', flf'. h'h ^' will be tt=0, ^ = ^, and 
so for B' and C; also A" will be o=0. ? = |. and so for B" and C". 

Hence B'C is f "^I"/"^* 

andJB"C"is ^'"^V"/'^^' 

and therefore at P ^ (f " ?) "^"^ ({ " ^) =^' 

Hence the equation of AP is 

/3 _ 7 

The equations of J3Q, CJB are similarly 

hhf{fg'-fgr/f{9h'^g'k) 

^""^ ff'{9h'-9'h) " 99' (hf - h'f) ' 
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The point Z is therefore given by 

/3 



// to^' - m " 99' W' - h'fj - hh' {fg' - fg) ' 
Now, if 0, 0' are both on the oonio 

- + ^ + -=0, 
a p y 

we have j j = j j = , . 

W?h W'Kt Jg'Tg 

Hence Z is the fixed point (X, /a, v), 

13. Take the triangle of reference as in Art. 258, and let the given 
points be (/, ±p, ^h). Then the equation of any conic through the four 

points is ua^+vfP-\- ijoy^ = 0, 

with the condition up+vg'^+wh^^Q. 

Let Xa+/ij3+v7=0 

be the given straight line; then, if (f, 17, f) be its pole with respect to 

the equations 

\a+tip+vy=0 and u^tt+ri7/3+w;i^=0 

must represent the same straight line, and therefore 

\ ^ fi ~ p ' 
Hence, from the condition 

behave ^ + ^ + ^=0. 

Thus the locus of (^, 77, ^) is a conio circumscribing the triangle of 
reference. 

14. Take the triangle of reference as in Art. 259, and let the equations 
of the given straight line be 

Za±iiij8± 717=0. 
Then the equation of any conio touching the given lines is 

with the condition - + — + — = 0. 

U V to 
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Let (/, g^ h) be the given point ; then its polar with respect to 
ua' +v/32 + w^yS=0 ifl ufa + vg^-^-why-Q. 

And the condition - H 1 — =0 

u V w 

shews that ufa + vg^ + ir^ = 

touches the conic 

Thus the envelope of the polar of (/, g, h) for all possible values of u, v, w 
is a conic which touches the diagonals of the quadrilateral. 

15. The equation of any conic of the system may be taken to be 

with the condition 

U V v> 
The tangent at (a', /S', 7') is 

tta'a + 17/3'/3 + w?7'7 = 0. 

The condition that this tangent may be parallel to the fixed line 
Za+wi/3+ 717=0 

is uol' {mc-nh)-{-v^{na-lc)-\-w^(lh--ma)=:0 (i). 

But, since (c^ , /S', y) is on the conic, we have 

wo'«+t?/3'2+t^'^=0 (ii). 

From (i) and (ii) we have 



'/(na-lc)-'pr (lb-ma) "' 
Substitute for u, v and t(7 in the condition 

U V w 

and we obtain the equation of the required locus, namely 

2Pa {a {W -ma) -y [mc -nb)} {p{mc-nb)-a{na-lc)}=zO, 

Thus the required locus is a cubic curve which passes through the angular 
points of the triangle of reference. 

16. Let r^ r, be the semi-axes of an ellipse inscribed in the triangle 
of reference, and let (oa, jSq, 70,) be the centre of the ellipse. Then, if Sie 
sides of the triangle make angles ^^ ^21 ^s "^ith the axis r,, we have 
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oo^ = r^ cos« e^ + r^ sin^ e^y 
/9q2 ^ ^^a coflS e^ + rj» Bin» ^j, 
and 70^ = r-^ oos^ ^g + rg' sin' 6^. 

Hence 2 V(ao* - V) • sin (^a - ^s) =n/W " ^a*) 2 sin {6^ - ^j) cos ^^ = 0. 
Hence, as sin {e^ ~ ^3) = sin J, 

we have the following quadratic in r^ whose roots are the squares of the axes 
of the conic, 

The above equation when rationalised becomes 

2a* (ao» - r2)a - 226»c3 (^,^ - r«) M " r^) = 0, 
or {226»c3j3o V " 2a*Oo*} - 4r» a6c2ao2 a cos J + r* { 2262c2 - 2a*} = 0, 

whence it follows that 

„ , abc _ - 
'•i^ + ^*=4^a2ao2acos^, 

and *-iV= 16^ (aao + ¥0 + ^70) ( - aao + 6/3o + cyo) 

(aao - 6^0 + C7o) (a«o + ¥0 - C7o)- 
In the case before us the centre of the conic is 

{R cos At R cos Bf R cos C) ; 
and it will be found that 

rj* +ra*=122 (1-4 cos A cos B cos C7), 
and ri%2 = 4B< cos^ ^ cos» B cos^ C, 

Now i2--22a(l-8oos^cosBcosC). 

Hence rj«+ra2=-(i2a+cp) 

and »-W=^(i2'-d')». 

so that 2ri and 2/, are equal to R+d and iZ - e2. 

17, Let -404', BOB', COC be diameters of the conic ; then, if the centre 
be within the triangle DBF, it is clear that A\ B\ C will all be outside the 
triangle ABC, Now, if the curve be an hyperbola, two at least of the points 
At Bt C must be on the same branch of the curve ; let then B and C be on 
the same branch, then the arc from B to C is convex to O, and therefore A' 
cannot be on the curve. It therefore follows that a conic through A, B and 
C must be an ellipse if the centre be within the triangle DEF, 

Next suppose that the centre is in the angle diametrically opposite to D, 
and as before let AOA\ BOS', COC be diameters of the conic; then it is clear 
that B' and C are within the angle BAC, 
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Now if a oonio through A, B^ Cis bji hyperboU with centre 0, B and C 
oannot be on Uie same branch, for the arc of an hyperboU being everywhere 
convex to the centre, the line OA would cut the arc in some point X between 
and BCi and there would be three points A^ X, A' on the same straight 
line. Then, since B and C are on different brandies, it follows that A and 
B or else A and C are on the same branch. Suppose A and B are on the 
same branch, then C* must also be on this brancm, since C and C are on 
opposite branches ; but it is impossible that A , B, and C should be on the 
same brandb of an hyperbola for C is within the angle BAG, 

Or thus : 

The general equation of the circumscribing oonio is 

\yz+fAgx+wxy=0. 

The conic will be an ellipse, a parabola or an hyperbola according as the 
ratios x :y : z given by 

\yz+fjLZX'\-wity=sOf cuc+by-hez=0 

are imaginary, equal or real ; that is according as the roots of 

a\yz ^{fiz + ifx)(by+ cz) = 

are imaginary, equal or real. 

Hence the necessary and sufficient condition that the oonio may be an 
ellipse is 

{bfJL +ev- aXf - ibcfjiy < 0, 

that is a«\«+6V+c^'-26c/iy-2cayX-2a6X/A<0 (i). 

Now (^, Tit ^), the centre of the conic, is given by 

a " b '^ c * 
whence 7-7 r—r — : — l. = —7—^ — r- 



Hence, from (i), the necessary and sufficient condition that the oonio 
may be an ellipse is that 



^(-a^ + 617 + cf) rjia^-byi + e^) i:(a^+br,-ci:)' 

from (i), the necessary and sufficient condition tl 
sllipse is that 

2a«?(-a^ + 6i7 + crt>-2S6ci7i-(a^-di7+cf)K+6i7-cn<0, 
or that 

or (2A - 2a^) (2A - 2617) {2A - 2c^) > 0. 

Now within the triangle DEF all the factors on the left are positive ; 
and within either of the angles vertically opposite to one of the angles of the 
triangle DEF two of the factors are negative and the other factor is positive. 
This proves the theorem. 
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18. The conic 
is a parabola if it touches 

the condition for which is 

But this condition shews that the parabola also touches the lines 

-aa + 6j8 + C7=0, aa-6/34-C7 = and aa + bp-cy=0. 

The focus of the parabola is therefore on the circle circumscribing the 
triangle formed by these tangents, and this circle is clearly the nine-point 
circle of the triangle of reference. 

19, Let (a, j3, 7) and (a', /S', 7') be a pair of foci of any conic touching 
the four lines Za=fcTOj3±n7=0, both foci being real or both imaginary; then 
since the product of the perpendiculars from the foci of a given conic on 
any tangent is constant, we have 

=^- . £ '- = constant =X. 



Hence 



^1 

XP ' 
'^ ' la+mp + ny 



and 



la' - mp' - ny =: 
la' + mfi 
'la' -mpf + Tv/— 



\PJ 



la-m^-ny* 

ny = 

-la + m^-vrY 

■la-m^+ny' 



Hence, by addition, 



p*' 



la + mp+ny la-m^-ny -la-k-m^-ny -la-mp + ny 
20. Let (^, Vt t) be one focus; then the other will be 

Vr v' ?)• 

The equation of the line joining the foci is given by 

= 0. 



= 0. 



a, 


i8» 


y 


^ 


v^ 


r 


1 


1 


1 


r 


v' 


f 
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By snpposition the line joining the fooi passes through (/, g^ h). Hence 
we have 

/, 9, h =0. 

^ V, r 

111 
Henoe the locus of ((, 17, ^) is the cubic 

21. Let the line on which the centre moves be 

la + mp+ny=0. 
Let (^, 1;, i*) be one focus ; then the co-ordinates of the other will be 
XXX 

r v' r 

where X is given by 

I ^ i* 
If (a^, jSq, 7o) be the centre of the conic, we have 

and _ 27.= f+2A/f(5 + ^ + |). 

,..,.nf.2.(|.^H-Q/(|.^.£) = 0. 

22. The equation of a rectangular hyperbola with respect to which 
the triangle of reference is self -polar is 

with the condition 

u + v+w=0 (i). 

The centre is given by 

ua _^vp __tDy 
a ~ b ~ c 

Substituting for u^ v^ w in (i), we have the equation of the locus of the 
centres, namely 

a b c ^ 
0/37 



Hence 
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23. The equation of any one of the conies is 

or in the rationalised form 

\*a? + ti^^ + v^'-2tiv^y-2v\ya-2\tm^=^Q (i), 

with the condition 

X' + /A2 + y3 + 2/Avcos4 + 2»'XcosP + 2X/iCO8C = 0= (ii). 

Now the centre of (i) is given by 

X (Xa - Mj3 - vy) _ /a (- Xa + /ijS - 1^) _ »> (- Xa - /i/3 + vy) 
a " b ^ c * 

from which it follows that 

\ a V 



a(aa-h^-cy) h (- aa + h^-cy) c(-aa-bp + cy) 

Substituting in (ii) we have the equation of the locus of the centre, 
namely 

a^ (aa - 6/3 - C7)» + 6* (- aa + 6/3 - C7)2 + c^ (- aa - ftjS + C7)« 

+ 26c (- aa + 6j8 - cy) (- aa - hp+cy) cos A 
+ 2ca (- aa - 6/8+07) (aa - 6/8 - cy) cos B 
+ 2a6(aa-6/3-C7) (- aa + b^-cy) cos C = 0, 
which reduces to 

a« sin 2^1 + j8« sin 2B+y^ sin 2C=0. 

24. The equation of the inscribed circle is 

J(8-'a)aa+ >^(«-6)6/8+ J{8-c)cy = 0, 
or 2(«-a)2a2a«-2S(«-6)(«-c)6c/37=0. 

Hence the equation of any other circle is included in 
2(«-a)Vtta-22(»-6)(«-c) 60/87 + (Xa + aa/3 + 1^7) (att + 6/3 + 07)= 0. 
The nine-point circle goes through the points 

a=0, 6/8-C7=0; /3=0, C7-aa=0; and 7=0, aa- 6/3=0. 
Hence X, /i, v are given by 

(«-6)a+(»-c)a-2(«-6)(«-c) + 2^^ + ^^ = 0. 

or (6_c)« + 2(^ + ^)=0, 

and two similar equations. 
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Hence we have 

X II p 

a(a-6)(a-c)~6(6-c)(6-o)""6(c-o)(c-6)* 

The equation of the radical axis of the inscribed and nine-point circles 
is therefore 

~ +-^^ + J1L=o (i). 

h-c c-a a-b ^' 

It follows at once from Art. 278 that the radical axis of the nine-point 
circle and the inscribed circle touches the inscribed cirde : the two circles 
must therefore touch one another. 

Again the equation of the circle which touches BC externally and CA, 
AB internally is found as in Art. 279 to be 

V-a«o + i/6{«-c)j3+<yc(«- 6)7=0. 

The common radical axis of this inscribed circle and the nine-point 
circle is found as above to be 

J!l +_^+ -^=0 (u). 

b-c c+a -a-b ^ ' 

It follows from Art. 278 that (ii) touches the escribed circle ; from which 
it follows that the nine-point circle must touch the escribed circle. 

25. ^6 ^^0 found in the preceding example that the equations of the 
four tangents are 

^+Jl+^.=0 (i), 

b-e e-a a-b ^ " 

aa bB cy ^ /... 

-T4 + r^+^=o <'^)' 

— — c c — a a + o 

«,d ^+_»^+J3L=0 (iy). 

6 + c -c-a a-b 

The line joining the intersections of (i), (ii) and of (iii), (iv) is easily 
found to be 



#3+^^=0 (V). 



The equations of the other diagonals are respectively 






, aa b3 ^ , .,^ 

Now it is clear that each of the lines given by (v], (vi) and (vii) passes 
through one of the angular points of the triangle of reterenoe. 
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The lines joining corresponding angular points of the triangle of reference 
and of the triangle formed by the lines (v), (vi) and (vii) are given by 

6/3 _ cy ey _ aa a ^^ ^ ^P 

c2 _ a'i "~ ^aTp » ^2 - 6* "* b^ - c» * 53 _ ^2 ~ c*^^ ' 

and it is easy to shew that these lines are all parallel to 

a cos -4 +/3 cos B + 7 cos C=0, 

which [Art. 286] is the radical axis of the nine-point circle and the 
circomscribing circle. 

26. Take ABC for the triangle of reference, and let the conic be given 
by the general equation. 

Then the equations of B'C\ C'A' and A'B' are respectively 

ua-\-w'p + v'y=Of 

w'a + vp + u'y=Ot 

and v'a + u'p + wy=0. 

Hence the equations of AA\ BB\ CC are respectively 

P _ 7 7 a g _ /3 

u'v' - ww' w'u' - vv' ' v'vf - uu' u'v' - ww' * u'w' - w' v'w' -xiu'' 

Hence AA\ BB', CC meet in the point given by 

tt (uu' - v'w') =j3 (w' - w'u')=y (ww' - u'v'), 

27. The conic given by the general equation cuts a=0 where 

17/32 + try + 2M'j»y=0. 

Hence the condition that the conic should pass through the middle point of 
BC'v& 

vc^-\-w}y^+2u'hc=0 (i). 

Also, if 6/9 - cy be one factor of v^-\-wy^-\-2u'^, the other factor must be 
v/S wy 
T~~c~' 

Hence the equation of the line through A and the other point of inter- 
section is 

vpib-wylc=0. 

Hence, if the conic given by the general equation of the second degree 
pass through the middle points of all three sides of the triangle of reference, 
and cut those sides again in A', B't C respectively, the lines AA', BB', CC 
all meet in the point 

ua __^vp __iDy 

a ""T "" c 
This point is on the circumscribing circle provided 

u+v+w=0 (ii). 
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Now if the oonio be a rectangular hyperbola we have 

u+v+w-'2u'ooBA-2v*coBB-2tD^eoBC=0, 
which reduces to u+v-\-w=0, 

since we have vc^'^wb^+2u'bc=0 and two similar equations. 

28. Let the equations of the conies, referred to their common self-polar 
triangle, be 

Uia2 + Vi/3' + 1^17^=0 and u^a^+v^+w^y^^iO, 

Let the equation of the given straight line he la+mfi+ny=0. 

Then the polars of {/, ^, h) with respect to the two conies are 

u^af-h v^g + Wjyh = 0, 

and u^f+ v^g + w^yh = 0. 

But, since (/, g^ h) is on the given line, we have 

lf+mg+nh=0. 

Eliminating /, ^, h from the last three equations, we have the equation 
of the required locus, namely 

=0, 



tltt, 


^iPf 


w^y 


t,a. 


Vap, 


w^y 


I , 


m, 


n 



which clearly is the equation of a conic circumscribing the triangle of 
reference. 

29. ^^6 equations of the two conies may be taken to be 

a«-2Xj37=0 and a^- 2/4/37=0. 
The polar of (a', /S', y) with respect to the first conic is 

aa'-X/5y-X7j3'=0. 
Hence, if this polar touch the second conic, we have 

^'a-2X»/3'y=0. 
Hence the equation of the required locus is 
/«ia-2X«j37=0, 
which proves the proposition. 

30. Take one of the triangles for the triangle of reference, and let 
(ttj, ^1, 7i), (fee. be the angular points of the other triangle. 

Let the conic on which the six points lie be 

^-f^ + ?l=0 (i). 

tt /3 7 ^' 
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Then we have 

- + ^+-=0 (11), 

*i '^i ^1 
and two similar equations. 

The equation of the line joining the points (aj, ft, y^ and (oj, ft, 73) 
is easily seen to be 

A«+7^A+ nL=o (ill). 

<hfh PA 7273 

Now the condition that the line (iii) may touch the conic 

^ v/^+Vftfe^ ^7-;^,=" <'^'' 

is, from Art. 278, 

\ il V f. 

- + ^ + - = 0, 
«! ft 7i 

and this condition is satisfied since (a^, ft, 7 J is on the conic (i). 

The symmetry of the above result shews that the conic (iv) touches all 
six sides of the two triangles. 

31, Take one of the triangles for the triangle of reference, and let 
(«i> ft» 7i)» *C' ^® *^i6 angular points of the other triangle. 

Let the conic with respect to which the triangles are self-polar be 

tm2+t7/33 + «772=0 (i). 

Then the equations of the sides of the second triangle are 

uaia+t?j3ij3+w?7i7 = (ii), 

and two similar equations. 

Also, since the second triangle is self -polar with respect to (i), we have 

MOaaj-Hr/Sa/Sg-H 1^7378=0 « (iii), 

and two similar equations. 

Now the conditions (iii) shew that the lines (ii) all touch the conic 
whose equation is 

Vu^OiOaOja -|- Vv^/Si^a/Ss/^ + sjw^^y^y^y = (iv). 

The conditions (iii) also shew that the points (oi, ft, y^, <fec. are all 
on the conic whose equation is 

uaiO^ja+vp^M P+'^iyirsly=o (V). 

This proves the proposition, since the conies (iv) and (v) are respectively 
inscribed in and circumscribed to the triangle of reference. 

32. iJet ABC be the triangle whose angular points are on thetjonic S 
and which is self-polar with respect to the conic 2. 

Take any other point A^ on S^ and let its polar with respect to 2 cut S in 
the points B' and C". Let the polar of B' with respect to S, which we know 
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will pass through A\ cut B'C in the point D. Then the triangles ABC and 
A'BfD are both self-polar with respect to 2 ; and therefore, by the preceding 
question, the six points A^B^ C, A', B', D are on the same conic. But five 
of the points, namely A^ B, C, A\ B' are on tiie conic S^ and only one conic 
will pass through five points, therefore 2> must also be on Sf, so that C and 
Z> must coincide. This proves the proposition, since A' is any point on S, 

33. The asymptotes of the conic u^ + vffi + wy^ = are parallel to 

u (bp + cy)* + va^^ + wa*^ = 0. 
The angle between these lines is [Art. 44] 

tan-i ^n/J^^^^*- (^^+^^') («c* + tga')} sin A 
ub^ + va^ + tic* + wa* - 2ubc cos A 

__. _j 2s/ {- tngg* - wub'' - uvc'*} sin A 
" a(M+t7 + io) 

Hence, if the conic be one of a system of similar conies, we have 

k*(u+v+w)^+2vwa*-k'2wub^ ■\'2uv(^-0 (i), 

where k is some constant. 

Now the centre of the conic is given by 
Ma _ rjS _ wy 
a "~ 6 ~" e ' 

Substituting for n, t7, w in (i) we have the equation of the locus of the 
centre, namely 

\tt ^ yj \py ya a^J ' 

or k^ (a^y + 67a + ca^Y + 2abca^ (aa + bp + cy) = 0. 

The locus is therefore a curve of the fourth degree &c. 

34. This is the converse of Brianohon's Theorem, and may be proved 
thus : — ^A conic will touch the/z7fi lines AB\ B'Cy CA\ A'B and BC ; let the 
other tangent to this conic from the point & cut BA' in the point X, Then 
by Brianchon's Theorem, BB', CC and A'X meet in a point ; but BB\ CC 
and A' A meet in a point ; hence X must coincide with A^ and therefore the 
conic touches C'A. 

35. lict the equation of the conic be 

V x^+ s/llp+ s/n= 0. 

The points of contact are a=0, /ij3=i»7; &c. 
Hence the normals at the points of contact are 

{fjL cobC-p cos B) 0+ /aj3 - »'7= 0, 

{y cos -4 - X cos C) /3 + 1^ - Xtt = 0, 

(\ cos 5 - /A cos il) 7 + Xa - ^4)3= 0. 
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If these lines meet in a point, the locus of the point will be found by 
eliminating X, /x, v from the three equations : the equation is 

(a cos C + j8) (/3 cos -4 + 7) (7 cos jB + a) = (o cos JB + 7) (/3 cos C + a) (7 cos -4 + /3). 

The locus is therefore a cubic curve ; and by considering the three conies 
■which have two of the sides of the triangle for asymptotes we see that the 
points at infinity on the locus are in directions perpendicular to the sides 
of the triangle. 

36. Take the diagonal-triangle of the quadrilateral for the triangle of 
reference, and let the equations of the four lines be 

Ia±mj3±n7=0. 

The equation of the conic will be 

with the condition 

- + — +— = (1 . 

U V w 

Let \a+fip + vy=0 

be any other tangent to the conic ; then we have 

- ^ + ^ + 'L' = (ii). 

U V w 

Now the three pairs of opposite angular points of the quadrilateral are 

a=0, mp^ny=0; &c. 

The actual co-ordinates of one pair of points are therefore 

^ 2An 2Am , . 2An 2Am 

0, ■ , ; and 0, , 1— ; 

bn+cm bn + cm bn-cm cm-bn 

and so for the others. 

Henoe the product of the perpendiculars from these three pairs of 
points on \a-{-fxp+py=0 are 

F^ ' 6V-c2ni2» pa • cH^^ahi^ P^ ' a^m^-b^P' 

But, from (i) and (ii), 

1 ^1 1 

whence it follows that the ratios of the three products of perpendiculars is 
independent of X, fi and y. 

37. Take ABC tor the triangle of reference, and let the conic be given 
by the general equation. Then the equation of the polar of A is 

S. C. K. 17 
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Hence A' is given by 

whence it follows that A\ B' and C are on a straight line, namely on the 
line whose equation is 

!^ + 4 + ^=0. 

U V w' 

Since A'B'C is a straight line, it follows that AA\ BB', CC are 
the diagonals of the quadrilateral formed by the sides of the triangle and 
the line A'B'C. The proposition is now reduced to a particular case of 
Art. 299 (5); for A A' is a limiting form of a conic touching the four 
lines, and the circle on A A' as diameter is the director-circle of this 
limiting conic ; and so for the other diagonals. 

38. The equation of any conic which touches BG at its middle point is 

The condition that the conic should touch 

flo + 6/3 + C7=0 
is [Art. 278] 

-+2=0 ...(i). 

The condition that the line 

Xa + /u/3+ 1*7=0 
should touch is 

r + -+-=0 (li). 

But, if ^y 9, r be the perpendiculars from the angular points of the 
triangle on the line 

Xa + jM^ + v7=0, 
we have 





£=1=:. 




\ t "L 




a b c 


Hence, from (ii). 






I b c ^ 




— + — + — =0; 




ap bq cr 


.•.,from(i) 






^ + --^ 








q r p' 



39. The condition that 

apa + bqp-\-cry=0 
should touch 

a^ + bya + cap=0 
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is [Art. 276] ^^ + JWq + V^= 0, 

that is ajp + 6;^^ + cjr=0. 

It A\ B\ C be respectively the middle points of the sides BG.CA, AB oi 
the triangle of reference, and if p', q' , r' be the perpendiculars from A\ B\ C 
on any tangent to the nine-point circle, it follows from the above that 

a^p' + hjq ' + cjr' = 0. 

But, if p, g, r be the perpendiculars from A, B, C on the same tangent to 
the nine-point circle, we have 

2p' = q + r, 2q'=r-^p and 2r'=p + q-j 

aj(q + r) + hj(r +p) + c^{p + g) = 0. 

40. From question 16, the sum of the squares of the axes of a conic 
inscribed in the triangle of reference is equal to 

-ry {a^a cos A + p^h cos B + y^c cos C} , 

where (a©, /S^, 7 J is the centre of the conic. 

Hence if the sum of the squares of the axes is constant and equal to k^, 
the locus of the centre of the conic is 

a?a cos A + ^% cos B + y^c coaC= -j- (aa + h^ + cy)\ 

The locus is therefore [Art. 285] a circle concentric with the self-polar 
circle. 

41. From 40, the theorem will be true for all conies whose director- 
circles are equal if it be true for any one of them, for the locus of the 
centres of the director-circles is a circle concentric with the self-polar circle. 
Let ABC be the triangle, and let O be the orthocentre which we know is 
the centre of the self-polar circle. Let OA cut BG in A', Then, if P be 
any point on BC^ the line AP is a limiting form of an inscribed conic, and 
the circle on ^P as diameter is its director-circle ; also OA . OA' is equal to 
the square of the tangent to this circle from O. But OA . O^' is also equal 
to the square of the radius of the self-polar circle, and therefore the self- 
polar circle cuts orthogonally the circle on AP as diameter. This proves 
the theorem, since P is any point on BC, 

42. In the figure to Art. 60, 

{BODS} = {AOCR} = {QSPR} = - 1. 

Hence, from Ex. 6, page 69, any circle through O and S cuts orthogonally 
the circle on BD as diameter ; and so for the other diagonals. 

Hence the circle ROS cuts orthogonally the circles whose diameters are 
BD, AC and QP, 
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43. All oonicB which oiroumMrihe the same quadrilateral are cut in 
involution by any straight line [Ex. 2, Art. 820]. If the line touch two of the 
conies, the points of contact will be doable points of the involution, and the 
theorem follows from Art. 68. 

44. This is the reciprocal of 48. 

45. Befer the conies to their common self-polar triangle, and let their 
equations be 

Uia^ + v^'\-Wjy^=0 and u^^ + v^ + w^y^=(i. 

The equations of the pairs of tangents from (^, 17, j*) to the two conies are 

(t*ia« + VijS* + wy) (u^p + v^r,^ + w^t") - K^a + Vinp + w^iW* = 
and 

(M,aa + v^ + M7,7«) (u^ + v^rj^ + w^^^) - {u^a + v^rjfi + w^)* = 0. 

If the two pairs of tangents are conjugate pairs of a harmonic pencil, 
the lines from A to the points where they cut BC will be conjugate pairs of 
a harmonic pencil, and the equations of tiiese pairs are 

and (Va/3« + w^y^) {u^ + v^rp + wj;^ - {v^vP + m?2^)* = 0. 

The condition that these should be conjugate pairs of a harmonic 
pencil is 

whence 

Ujlia {VjW2 + VjtTi) ^-2 + VjVj (WjU^ + w^Ui) ri* + WiW^ [xijV^ + u^v^) f2 = 0. 

The locus of (|, 1;, i") is therefore a conic. 

From the point of contact of either of the conies with a common 
tangent, three out of the four tangents are coincident and the four will 
therefore form a harmonic pencil. Hence the locus passes through the 
eight points of contact of the eommon tangents of the oonios. 

46. The equations of the circles can be taken to be 

a;2+y2 - 2aa}- c2a.O and a;«+2/»+2a« - c^aO- 

The tangents from (a?', y') to the first circle cut a;=0 where 

(y2-c*)(x'*+y'2-2ax'-c«)-(yy'-ax'-O'=0, 

or y«(a?'^-2aa?'-c«) + 2yy'(«^+c*)-(<^ + «')«^-cy2=0. 

The tangents from (x', y') to the second circle cut a;^0 where 

y* («'2+ 2aa^ - c«) + 2yy' (c*- ax') - {c»+ a«) x'^-chf'^^O. 

Hence if the pairs of tangents are conjugate rays of a harmonic pencil 
we have 
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whence the equation of the required locus is 

(c2 + a2) x'^ + (c^ - a?) 2/« - c» (c« + a^) = 0. 

Hence the locus is an ellipse of c^>a^ and two parallel straight lines if 
c'^=a\ This proves the proposition. 

47. Let the equations of the two conies be 

u^a? + v^^ + w^y^=(S and u^a^+V^ + w^y^=Q, 
The co-ordinates of any point on the first conio can be taken to be 



. / - ^ cos ^, . / - — ^ sin ^, - 1. 



Hence the equations of the tangent at the three points 6^ <p, ^ wUl be 

aJul^ooB0+pMjviBiD,0+yJ-Wi=^O ,. (i), 

a>JniGOB<p+pJvianif>'^yJ-Wi = (ii), 

aJu^(ioa\l/-{-pJ'i\sm\p+yJ-Wi=0 (iii). 

The points of intersection of these lines in pairs are given by 

CO8^(0+V) Bm^(i> + f) OOSgC^-^) 

Hence, if the point of intersection of (iii) and (i), and also the point of 
intersection of (i) and (ii) be on the second coniOy we nave 

'^cos3i(^ + ^) + -2sin»g(^+^)-^co82^(^-d)=0, 
or 

f?i2_!La_!LAcos^cos^+f^^^^-'i«Vin^8in^-(^-^-l«-^»V<>. 

or Lcos^cos^+Jtf sin^sin^-^=0, 

and also Lcos0CO8^+Jtf sin^sin^-JiTrrO. 

Whence we have 

JDcos^ Jlfsin^ N 

— i = 1 — 1 ' 

<iOB^{i>+f) sin^(0+^) 008^(0-^) 

.•.loos«i(0+^)+^sin«l(0+^)-j^cos2l(0-^)=O. 
Hence at the point of intersection of (i) and (ii) we have 
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M=^- 



■ -2 and 



J^=^«- 









48, Befer the conic to their common self-conjugate triangle; then their 
equations will be 

Uia* + t;i^ + 1^17^=0 and u^a^+v^-\-w^y^=0. 

Let (/, p, h) be any point P on the first conic; then the equation of the 
tangents PQ, PR from P to the second conic are 

{u^a^ + v^+w^r^) (iia/' + Vaflf^ + MJA^) - (Uifa + v^p + w^hy)^=0... (i). 

But the equation of PQ, PR is included in 

X (Wja^ + Vj^ + M^iT^) - K/a + VififjS + w^hy) {La ■{-M^ + Ny)=0... (ii). 

Comparing coefficients of /Sy, 7a and a/3 in (i) and (ii) we have 

Mwih + Nv^g = iiv^w^h, 

Nu^f+ Lwih = /xw^ujif, 

and ivi^ + NtLif= fiv^v^fg^ 



Hence 

But 
Hence 

which shews that 
touches the conic 



IT 



N 



^=/*-.;^ 



. I ^2^1 , 



M21 
w ' 



<&c. 



■.=0. 



M ^i^^i w^i^i Wit;J 
La + ilf/3 + ^7=0 

S,^J_!V^2 + ^ + !f2?!_2l\2=o. 

I ^'iW'l «^1«*1 %Vi( 

49, Take the triangle on which the angular points lie for the triangle of 
reference ; and let the two fixed points P, Q be 

(/i» 9v h) and (/a, pj, \), 

Let D, E, F be points on BC, CA^ AB respectively. Suppose that P u on 
DF and Q <m DE, 

Then if la+mfi+ny:=0 be the equation of FJE, it is easily seen that the 
equations of FD, EQ will be respectively 



and 



g^ (Za + 717) =^ (Z/a + n^ij). 
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But, since FP and EQ meet on 5C, we have 

and the envelope of la+mp+ny=0 with the ahove conditions is clearly a 
conic. 

50. The equation of the two tangents from A to the given conic is 

u {ux^ + vy^ + wz^-{- 2u'yz + 2v'zx + 2w'xy) - (ux + w'y + v'z)^ = 0. 
These meet BC in points given hy 

x=Oy(uv- w'^) y^ + (UM7 - v'^) £2+2 {uu' - v'w') yz = 0, 
that is a;=0, Wy^ + Vz^'-2U'yz=:0, 

where U, V, Tf, &c. are the co-factors of w, t?, «?, &c. in 



w, 


< 


v' 


w, 


V, 


u' 


v\ 


< 


w 



Hence these points, and by symmetry the corresponding points on CA 
and ABi are on the conic 

VWx^+ WUy^-\- UVz^ - 2UV'yz - 2VV'zx - 2WW'xy=0. 
This conic intersects 'L,JxU'=0^ that is 

17'V+FV+ W^z^-2V'W'yz-2WV'zx-2V'V'xy=^0 
in the same four points as the conic 

S {VW- V'^)x^+2^ (rJT- UU')yz=0. 
But the latter conic is the original conic since 
VW- U'2=mA, Ac. 
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CHAPTER XIV. 
Pages 336—338. 



1. See Art. 148 (7). 



2. Conios through four given points have a common self-polar triangle ; 
and, from Art. 306, if the conies be reciprocated with respect to a vertex of this 
self-polar triangle, the reciprocal conios will be conoenteic 

3. Reciprocate with respect to any point the following known theorem : — 
< Four circles can be drawn so as to touch three given straight lines, and the 
reciprocal of the radius of one of the circles is equal to the sum of the reci- 
procals of the radii of the other three; also the centres of the circles lie two 
and two on lines through the angular points of the triangle formed by the 
three given straight lines.' 

4. Let the two oonics be 

Uia^+Vi^+Wjy»=Q (i), 

u^a^ + v^+w^y^s^O (ii) 

the polar of the point (a', /S', y') with respect to the first conic is 

Uia'a + Vj^^ + t(7i7'7=0 (iii). 

If (a', /3', 7') is on (ii), we have 

u^'^ + v^'* + w^y'^= (iv). 

Now (iv) shews that (iii) touches the conic 

V..+!!i.V+!?iV=0 (V). 

ti, Va w^2 
Hence (v) is the equation of the reciprocal of (ii) with respect to (i). 
Similarly the equation of the reciprocal of (i) with respect to (ii) is 



3^a^ + Vl^+'^^%ii=0 (vi). 



U-, t;, ' M?i 



1*1 Vj H/j 

It is dear that the conies given by (i), (ii), (v) and (vi) have a common 
self-polar triangle. 
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5. Let the conies L, and U be referred to their common self-polar triangle, 
and let their equations he respectively 

Iia2 + wiii33 + ni72=0 (i) 

and iiia*+Vi/32 + M'i7*=0 (ii). 

Then, by the preceding question, the equation of L^ will be 

^'a2+!l'^«+^fLy^0 (iii). 

1/j is the reciprocal of (i) with respect to (iii), and its equation is therefore 

¥-'-j>-i:^^=o (^^)- 

M.2 is the reciprocal of (iii) with respect to (i), and its equation is there- 
fore 

&-'-?>-S^=° w- 

It is now clear that (iv) and (v) are reciprocals with respect to (ii). 

6. Let the pencil be cut by any straight line in the points A^ A' ; B, B' ; 
(7, C ; &c. Let P be the vertex of the pencil, and let APA' and BPB' be 
light angles. Then, if PO be perpendicular to ABC ; it is clear that 
AO .OA' = BO .OB'=^PO\ so that is centre of the involution. It 
therefore follows that, if C, C are any other pair of conjugate points, 
CO , OC'=PO^, and therefore CP, C'P are at right angles. 

7. Let Fbe the middle pointof ^^'and also oiBB'\ and let Obe the centre 
of the involution. Let A V= VA'=a ; BV= VB'=b; and VO = x. 

Then 3i?-a^=x^- 6^, from which it follows that x is infinite ^ since a and b 
are unequal. 

Now let c, c' be any other pair of conjugate points, and let (7r=c, 
VC'=c' ; then we have 

x^-a^=(x + c)[x-c'), 

which gives h finite value for a;, unless c=c', 

8. Beciprocate with respect to any point ; then we have to prove the 
following theorem : — 

The points in which any straight line cuts a system of conies through four 
given points are in involution. 

This is proved by projection in Art. 320, Ex. 2. It may however be 
proved thus : — 

Take the line for axis of x, and for origin the centre of the involution 
determined by the two points in which the line cuts any two conies of the 
system S^=0 and S^ = 0. Then any other conic is Si + XS^ = 0, or 

a^x^ + 2?iixy -h b^y^ + 2giX + 2fiy + c^ 

-{-\(a^^+2k2xy-^b^-{-2g^ + 2f^+c^)=z0. 

S. C. K. 18 
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This conic cuts y = in points such thftt a^Xg = (^i + ^^2) / (^1 + ^«2)« ^^^ ^® 
know that Cj/fli^Cj/oj, whence it follows that (Cj + Xc2)/(ai + Xog) is indepen- 
dent of X. 

Let O be either of the points of intersection of the director-circles of 
two of the conies ; then two pairs of conjugate rays of a pencil in involution, 
are at right angles, and therefore from 6, every pair is at right angles. 

Hence is on the director-circle of every conic of the Eiystem. 

9. This is a particular case of the preceding, since the line joining the 
centres of similitude of two circles is the limiting form of a conic which 
touches their four common tangents. 

10. Let AB, A'B' be the two given straight lines, and let P, P* be any 
corresponding points of division. 

•Then it is clear that 

{APBao} = {A'P'B'a:i}, 

from which it follows that AB, A'B\ AA\ BE, PP" and the line at infinity 
all touch a conic. Hence PP' touches the parabola determined by the four 
tangents AB, A'B\ AA' and BB\ 

11. Let A, B, C he three fixed points and P any fourth point on OA; 
and let A't B\ C and P' be the corresponding points on OA', 

Then {ABCP} = {A'B'CP'}. 

Hence if OA^a, OB=b, OC=c, OP=x, OA'=a\ OB'=b\ OC'=c' and 
OP'=y, we have 

(& - g) (x -c) _ {b' - a') (?/ - c') 
(x-a)(b-c)'^(y-a')(h'-cy 
which is of the form 

lxy'\-mX'\-ny-\-n—0, 

Hence the locus of Q is a conic whose asymptotes are parallel to OJ, 
OA'. 

12. Project the two common points into the circular points at infinity ; 
there the proposition becomes : — 

The radical axes of three circles meet in a point, and any line through 
this point is cut by the three circles in six points in involution. 

13. Let ABC, A'B'C be the triangles, and let P, <?, B be the points of 
intersection of BC and B'C, CA and C'A', AB and A'B' respectively. 

In any plane through PQR draw arcs of circles through PQ and QR each 
containing angles of 60®, and let V be one of the points of intersection of 
these circles. Then, if V be the vertex and the plane of projection be 
parallel to VPQB, two of the angles of each triangle will be projected into 
angles of 60®: the triangles will therefore be projected into equilateral 
triangles. 
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14. Let Pt P*; Q, Q'; and JJ, R' be the lines bounding the three angles ; 
and let X, X' be the other pair of straight lines through the points of inter- 
section of P, P\ Q, Q'. Let i?, R' meet X, X' in the points r, /, and let the 
line through r and r' meet P, P* in p, p' and Q, <?' in q, q'. Then r, r'; p, p'; 
and g, g' are in involution [Art. 320, Ex. 2]. Hence, if in any plane through 
7t'j circles be described on pp', qq' and r/ respectively as diameters, these 
circles will have a common point, V suppose. 

Now take V for vertex, and a plane parallel to Vrr' for the plane of 
projection, and the three angles will all be projected into right angles. 

15. Take any point P on the curve, and find the line PD which is such 
that P{ABCD} is harmonic. Then, if D be on the curve, and if the circle 
on BD as diameter cut the conic again in X, the pencil 

X{ABCD}=:P{ABCD}, 

And, as the pencil X {A BCD} is harmonic and XDj XB are at right angles, 
it follows that XA and XC make equal angles with XB, 

16. Take the given triangle for the triangle of reference, and let be 
</, <7, h). Then, if the equation of OA'B'C'P be 

Za + mj3 + 717=0 (i), 

the equation of BB' will be 

Za + 717 = 0. 

Hence [Art. 56] the equation of BP is 

la-ny^O (ii). 

Also since la-\-m^-{-ny=0 goes through the point 0, we have 

lf+mg-\-nh=0 (iii). 

Eliminating Z, m, n from the equations (i), (ii) and (iii), we have the 
equation of the locus of P, namely 

= 0. 



a, iS, 


7 


a, 0, 


-7 


/» f7, 


h 



Thus the loous of P is a conic which passes through A^B^C and 0. 

17. Let iSi=0 and 6*2=0 be any two conies of the system; then the 
equations of any two others will be of the forms 5, - XiS2=0 and S-^ - \S^=0. 
Also, it is easy to see that if 0^=0 and 03=0 be the equations of the polars of 
any point with respect to the first two conies, the polars of the same point 
with respect to the other two conies will be ai-\a^^O and ai-\^=Q, 
These four polars clearly pass through the same point, and the cross ratio of 
the pencil formed by them is from Axt. 56 equal to X2/Xi« and is therefore con- 
stant. 
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268 CONIC SECTIONS. [chap. XIV. 

18. Let ^, ^ be the two fixed vertices about which the angles turn. Let 
PAP*, QA Q\ RA R\ SAS' be any four positions of one angle, and PBP', QBQ', 
RBR\ SBS' be the four corresponding positions of the other angle. 

Then smce PAF=QAQ'=RAR'=SAS\ &ndPBP'=QBQ'=::RBR'=SBS', 
it follows that 

A{PQRS} = A{P'Q'R'S'}, 

and B {PQRS} =B {P*Q'R'S'}. 

But, since A, By P, Q^ R, 8 are on a fixed conic, we have 

A {PQRS} =B {PQRS}; ^ ^ 

... A {P'Q'R'S'}=B {P'Q'R'S'}, 

which shews that the six points A, By P\ Q\ R\ S' are on a conic. But five 
points are sufficient to determine a conic; hence the conic through Ay B 
and any three of the points P', Q', JB', S^.., will pass through every other 
point. 

19. Let ABCD...PQR be the polygon, and let AB, J5C,..., QR pass re- 
spectively through the fixed points a, 6,,.., q. Then, if any four possible 
positions of the polygon be taken, as in the figure to Art. 323^ Ex. 4, we have 

{AA'A"A'"} =a {AA'A"A"'} =a {BB'B"B'"] = {BB'B"B'"}y 

{BB'B"B'"}=b {BB'B"B"'} = b {CC'CG'"} = {CC'C"C"'\. 



Hence {AA'A"A'"} = {RR'R"R'"}. Therrfore AA'y RR\ ARy A'R'y A"R'\ 
A"'R"' all touch a conic, and therefore the conic which touches AA'y ^i2'and 
any three positions of AR will touch AR in every other position. 

20. This is the reciprocal of Ex. 9, Art. 323. 
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